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Abstract

The concept of aggregation has been usu-
ally associated with that of aggregation func-
tions, assuming that any aggregation pro-
cess can be represented by a function. Re-
cently, computable aggregations have been
introduced considering that the core of the
aggregation processes is the program that en-
ables it. In this new framework, the concept
of monotonicity of an aggregation, linked
to the monotonicity of the function defin-
ing the aggregation, should be revisited once
there is not such a function. The new con-
cept of aggregation also opens a new sce-
nario where the aggregation can even be non-
deterministic.

Assuming these premises, the present
work focuses on monotonicity of non-
deterministic computable aggregations, con-
sidering the situation where the program im-
plementing the aggregation is a black box,
that is, only inputs and outputs are available.
But due to non-determinism, a certain input
will not always produce the same output, and
the analysis should be based on multiple ex-
ecutions of the program, generating for that
single input a collection of outputs (a list)
that could be analysed as such, or interpreted
as a distribution.

Monotonicity analysis will require the com-
parison of those lists of outputs in terms of
ordering, and to do so it is needed the previ-
ous definition of an order relation in the set
of lists.

Keywords: Aggregation, Computable ag-
gregation, non-deterministic aggregation,
partial orders of lists, monotonicity.

1 Introduction

Aggregation is a fundamental part of decision, com-
pression and summarization processes considering
complex information [2, 3, 4, 7].

Usually, aggregation processes have been associated in
literature with aggregation functions. An aggregation
process was represented by a function (or a family of
functions). Recently, the association between aggrega-
tion processes and functions was broken in [12] with
the definition of computable aggregations. In that pa-
per, the authors put the emphasis in the programs en-
abling the aggregation processes, not necessarily be-
ing expressed in terms of functions. Given a function
that describes an aggregation process, it can be im-
plemented in many ways resulting in significant dif-
ferences. This approach focuses on the way each ag-
gregation is obtained, i.e., the procedure that produces
the aggregated value. Relevant properties come from
these procedures, and it is the specific procedure we
apply what should be the main object of study.

It is even possible that the program (the considered
procedure) does not implement any function. The
rupture between functions and aggregation operators
allows to open the domain of aggregation processes
to a field not yet analysed in this discipline: non-
deterministic computable aggregations [6]. Those ag-
gregation processes where we cannot guarantee that
the obtained result will coincide if we replicate the pro-
cess, that is, considering the same input information
we can obtain a different output. Such an aggregation
process can not be described in terms of a function (a
mapping). This type of aggregation procedure is very
common in statistics, where, due to the volume of in-
formation that is processed, it is frequent to choose a
representative sample on which it is operated. Obvi-
ously, replicating the process does not imply that the
sample coincides and therefore the result varies. This
kind of computable aggregations need to redefine some
common properties of the aggregation operator func-
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tions that are no longer valid in non-deterministic com-
putable aggregations.

The purpose of this paper is to revisit and adapt the
concept of monotony (as a central property of aggrega-
tion processes) for non-deterministic computable ag-
gregations. Considering the probabilistic nature of
some of the methods applied in the paper, it would
be possible to approach the concept from an stochas-
tic point of view, in terms of distributions (as in [10]),
even assuming some additional knowledge on the ag-
gregation process and analysing the theoretical distri-
butions of the generated outputs. But in the present
case the redefinition will only consider input-output in-
formation, without assuming a deeper knowledge of
the program itself. That will allow us to consider even
those cases where the aggregation process (the pro-
gram) is a black box. To do so, the analysis of mono-
tonicity will be approached from an empirical point of
view.

The paper is structured as follows. Section 2 con-
tains some background and preliminary knowledge on
computable aggregations and non-deterministic com-
putable aggregations. Section 3 considers different op-
tions for characterising a computable aggregation (ei-
ther deterministic or not) in terms of its outputs con-
sidered as a list, the distribution describing that list,
or even the theoretical distribution corresponding to
that output. Section 4 defines and compares some or-
ders on the set of non-empty finite lists in [0,1], that
will be considered to compare the outputs of a com-
putable aggregation. Section 5 extends the concept of
monotonicity for non-deterministic computable aggre-
gations, considering the case where those computable
aggregations are described in terms of lists of outputs.
Finally, Section 6 presents some conclusions and fu-
ture works.

2 Preliminaries

2.1 Computable aggregations

Although it is not the only option, aggregation opera-
tors [1, 5, 8, 13, 14] are usually associated to the use of
membership functions, and this is the reason why they
are usually defined as follows:

Definition 1. [2] An aggregation operator is a mapping
Ag : [0,1]n→ [0,1] that satisfies:

1. Ag(0,0...,0) = 0 and Ag(1,1, ..,1) = 1.

2. Ag is monotonic.

Let us observe that this definition presents an aggrega-
tion operator as a function that is linked to the value

of n. There is a different function for each n. Other
authors (see [2] for example) present an aggregation
operator as a function that considers any cardinality
for the set of items to be aggregated, defining Ag as
a function Ag : ∪n[0,1]n→ [0,1].

In [12], it was introduced the concept of computable
aggregation focusing on the idea that in aggregation
processes we should pay our attention in the program
that makes possible the aggregation, better than in a
generic function that has not yet been implemented.

In order to formally introduce computable aggrega-
tions, we previously need to introduce the concepts of
program, list and algorithm.

Definition 2. A list L is an abstract data type that rep-
resents a sequence of values. A list can be defined by
its behaviour, and its implementation must provide at
least the following operations: test whether a list is
empty, add a value, remove a value, and compute the
length of a list (number of elements).

Definition 3. [11] In mathematics and computer sci-
ence, an algorithm is a self-contained step-by-step set
of operations to be performed.

Algorithms can be expressed using quite different
notations, including natural languages, pseudo-code,
flowcharts, drakon-charts, programming languages,
and control tables.

Definition 4. [15] A computer program, or simply a
program, is a sequence of instructions written to per-
form a specific task on a computer.

Considering that this paper will use a list notation, Def-
inition 1 can be reinterpreted as follows.

Definition 5. Let L be the set of non-empty and finite
lists of degrees in [0,1]. Then an aggregation operator
is a mapping Ag : L→ [0,1] that satisfies:

1. Ag(0,0...,0) = 0 and Ag(1,1, ..,1) = 1.

2. Ag is monotonic.

It is even possible in some cases to define aggrega-
tion processes going beyond functions by considering
methods that do not match with the concept of func-
tion.

To analyse this option let us remind the concept of
computable aggregation ([12]) focusing on the idea
that in aggregation processes we should pay our atten-
tion in the program that makes possible the aggregation
instead of a generic function that has not yet been im-
plemented. The main contribution in [12] was to sep-
arate the strong association that existed between "ag-
gregation process" and explicit functions.
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Definition 6. [6] Let L < T > be a finite and non-
empty list of n elements with type T . A computable ag-
gregation is a program P that transform the list L<T >
into an element of T .

In [9], it was proofed that any classical aggregation
process (aggregation operators, pre-aggregations, fu-
sion functions or extended fusion functions) can be im-
plemented by an algorithm and by a program.

However, given a program, there exist some situations
in which it is not possible to build a function associated
to it. This is the case, for example, of non-deterministic
programs.

It is important to emphasize that the computable ag-
gregation paradigm broadens the set of possible aggre-
gation methods, being in this case not limited to those
methods for which there is a function that explains the
aggregation process.
Example 1. Let’s consider a population X of size n
(X = {x1, . . . ,xn}). Suppose that the objective of the
aggregation process is to estimate the average value
of X . If n is too large considering the available time
for computing the aggregation, a reasonable solution
would be to estimate the average value through sta-
tistical sampling. In such a situation, k elements of
the population will be drawn at random to further cal-
culate the average, i e., given the set {x1, ..xn}, we
choose {xi1, . . . ,xik} at random, computing the arith-
metic mean of these k elements. Obviously, this aggre-
gation process can’t be defined by means of an explicit
function since the same input does not always produce
the same output. This is a computable aggregation that
can’t be modelled as an aggregation function, and it is
important to integrate such a situation in aggregation
processes.

From previous example we can distinguish between
those computable aggregations in which there exist
an explicit function, from those in which this explicit
function does not exist.

To go one step forward in our analysis, let’s consider
now the idea of deterministic and non-deterministic
programs.
Definition 7. A program P is a deterministic program,
also known as repeatable, if it produces the very same
output when given the same input, no matter how many
times it is run.

Obviously, a program or an algorithm are non-
deterministic when they do not match with the previous
definition.

It is clear according to the definitions that a non-
deterministic algorithm will always produce a non-
deterministic program. Consequently, when analysing

if a computable aggregation is deterministic or non-
deterministic we should simply consider the corre-
sponding Program.

Definition 8. A computable aggregation P over the set
T is a non-deterministic computable aggregation if and
only if the program implementing it is non determinis-
tic.

From this definition we will say that a computable ag-
gregation P is deterministic when the program imple-
menting it is deterministic, implying that the underly-
ing algorithm is also deterministic.

2.2 Some non deterministic computable
aggregations

Our interest relies on programs describing aggregation
processes that are intrinsically non-deterministic, pro-
cesses where, as an example, random or probabilistic
decisions are involved. Some of them are the following
[6]:

Definition 9 (Probability sampled computable aggre-
gation). Given a value p ∈ (0,1], and given a family
of aggregation operators {Agn : [0,1]n −→ [0,1], n ≥
1}, let us define the computable aggregation PAg,p as
the three steps program that for a given list L1 =
(x1, . . . ,xn) ∈ L < [0,1] > performs the following ac-
tions:

• Step 1. To reduce the list L1 into another list L2
of lower (or equal) dimension by randomly re-
moving each element (of the list) with probability
1− p.

• Step 2. If list L2 is empty repeat Step 1.

• Step 3. Return the value Ag|L2|(L2), where |L2| ≥
1.

Note that the computable aggregation PAg,p=1 becomes
the program associated with the family of aggregation
operators {Agn, n ≥ 1} and is deterministic since for
p = 1, results L2 = L1.

Another way to build a class of non deterministic com-
putable aggregations would be to fix a value k, and
randomly select k elements from the list, as those to
be aggregated. Given a list of n elements of [0,1],
L1 = {x1, . . . ,xm} ∈< [0,1] >, let us denote by Selk
a program that, if m > k, randomly chooses a sam-
ple (without re-sampling) of k elements of the list, and
maintains the same list when m≤ k.

Definition 10 (k-sampled computable aggregation).
Given a family of aggregation operators {Agn n ≥ 1},
the computable aggregation PAg,k, with 0 < k ≤ n, is
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defined as the program that for a given list L1 of m el-
ements, first applies the procedure L2 = Selk(L1), and
then computes the value Ag|L2|(L2).

Note that in the previous definitions the sampled list of
degrees L2 is contained in L1.

Definition 11 (Noisy computable aggregation). Given
a normal distribution N(µ,σ) and a family of aggre-
gation operators {Agn : [0,1]n −→ [0,1], n > 1}, we
define the noisy computable aggregation PN(µ,σ),Ag
as the program that for any list L1 ∈< [0,1] >, with
|L1| ≤ n, returns PN(µ,σ),Ag = Ag(L2), where L2 is the
list generated by replacing each element in L1 with
the same element after being modified by adding noise
generated by the normal distribution (truncated to 0 or
1 in case that the resulting value was out of the [0,1]
interval).

The previous definitions just explore some options to
design non-deterministic computable aggregations, but
obviously are not the only ones.

3 Characterizing non deterministic
computable aggregations

In previous papers we have analysed some structural
properties of a computable aggregation (as recursiv-
ity [9]) by relating them to properties of the program
implementing the aggregation. Some other properties
could be analysed in terms of input-output relations.
As an example, monotonicity relies on this kind of re-
lation, and consequently could be somehow explored
by considering the input-output relations generated by
the program. The problem when we enter into the area
of non-deterministic computable aggregations, is that
the input-output relation is also non-deterministic, so
any analysis requires some previous considerations.

Given a computable aggregation P that aggregates a
list L1 ∈ L < T >, how can we characterise the out-
put? A first option could be running the program
several times and compiling the outputs. In case our
computable aggregation being deterministic, all out-
puts should be the same. However, a non-deterministic
computable aggregation would probably produce sev-
eral different values.

From now on we will denote by LPm
L1
∈ L < T > the

list of length m obtained after m executions of the
computable aggregation (program) P, over the list L1.
These m-realizations could be characterized in terms
of a distribution.

Definition 12 (Empirical distribution of a computable
aggregation). Given a computable aggregation P, and
given a list L1 ∈ L < T >, the distribution of results

obtained after m executions of P over L1, will be re-
ferred as the empirical distribution with size m of the
computable aggregation P, over the list L1 in L, repre-
sented by DPm

L1
.

It is also possible that by simply analysing the program
we can determine what should theoretically be the dis-
tribution of outputs for a given input.

Definition 13 (Theoretical distribution of a com-
putable aggregation). Given a computable aggregation
P that aggregates a list L1 ∈ L < T >, let us denote by
P(L1) the theoretical distribution after all possible re-
alizations of P over the fixed list L1.

Obviously, if the computable aggregation P is deter-
ministic, the associated distribution P(L1) will be a
single value for each input list. For non deterministic
programs, we will have here a probability distribution
P(L1) for each input L1.

In general, given a non deterministic computable ag-
gregation P, it is not possible to know the theoretical
distribution P(L1). Nevertheless, we could try to ap-
proximate it by considering DPm

L1
.

In order to show the differences between empirical,
theoretical and list of execution (m-realizations), we
present the following example.

Example 2. Let L1 =< 0.1,0.3,0.5,0.7 > be a list of
four elements, and let P be a deterministic program
that calculates the average of the elements of the list.
Let m = 5 be the number of executions. In one hand,
it is easy to see that LP5

L1
=< 0.4,0.4,0.4,0.4,0.4 >

is a list of 5 elements each one of them takes the
value 0.4, since the program is deterministic and al-
ways gives the same result. On the other hand, the set
DP5

L1
= P(L1) = {0.4}

To analyse the aggregation process implemented by
a non deterministic computable aggregation, we have
several components to consider. There is a list L1 ∈
L < T > of elements to be aggregated. There is also
a family of aggregation operators ({Agn}) underlying
in the non deterministic aggregation process. Finally,
two distributions describe the aggregation process: the
theoretical distribution P(L1) and the empirical dis-
tribution (DPm

L1
). It is obvious that the interactions and

relations among these elements will describe and char-
acterize a non deterministic computable aggregation.

In this paper we will explore the monotonicity condi-
tion, consequently, if we assume that the output for a
certain input list L1 ∈ L < T > is described in terms of
m-realizations LPm

L1
∈ L < T >, being also a list, any

monotonicity analysis will require a method to com-
pare/order elements of L < T >.
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4 Orders on lists of degrees of the same
length

Let L be the set of non-empty and finite lists of degrees
in [0,1] that could also be represented as L < [0,1] >.
Let L1 = [a1, . . . ,an] and L2 = [b1, . . . ,bn] be two lists
of L with the same length n > 0. We will define some
relations in L allowing the comparison of the lists L1
and L2. For this purpose we will use orders and pre-
orders.

A preorder is a binary relation being reflexive and tran-
sitive, while orders are, in addition, antisymmetric. In
fact, both, equivalence relations and order relations are
special cases of preorders: an antisymmetric preorder
is an order, while a symmetric preorder is an equiva-
lence relation.

4.1 Max-Min preorder

Two lists of degrees in L are Max-Min comparable if
the maximum degree of one of them is lower than (or
equal to) the minimum degree of the other.

Definition 14 (Max-Min preorder). A list L1 =
[a1, . . . ,an] in L is Max-Min lower or equal than a list
L2 = [b1, . . . ,bn] in L, if and only if the highest degree
in L1 is lower or equal than the minimum value of L2.
It is:

L1 ≤MaxMin L2 if and only if ai ≤ b j,∀i, j = 1, . . .n.

This definition presents a relation that is not antisym-
metric. Two lists of different length but with all their
elements taking the same value are related in both di-
rections (with L1 = [0.5,0.5] and L2 = [0.5,0.5,0.5],
we have L1 ≤MaxMin L2 and L2 ≤MaxMin L1, but L1 6=
L2). Consequently the relation does not define an or-
der but a preorder.

4.2 1to1 partial order

The previous condition is quite restrictive, so it is pos-
sible to relax it and compare the elements of the two
lists just one by one. For this purpose we will first sort
both lists in increasing order.

Two lists of degrees in L are sorted one to one com-
parable if, for all integer k from one to the length of
the lists, the kth degree of one of the sorted lists (repre-
sented by s(L1)) is always lower or equal to the corre-
sponding kth degree of the other sorted list (represented
by s(L2)).

Definition 15 (Sorted 1to1 preorder). A list L1 in L is
S1to1 lower or equal than a list L2 in L, if and only
if the kth degree of s(L1) is lower or equal to the kth

degree of s(L2), for all k from 1 to n, that is:

L1 ≤S1to1 L2 if and only if s(L1)k ≤ s(L2)k for all k.

It would also be possible to compare the lists without
previously sorting then. In that case the obtained 1to1
partial order would be equivalent to ordering the lists
as vectors in R|L1|, that is,

L1 ≤1to1 L2 if and only if L1k ≤ L2k for all k.

4.3 Aggregation preorder

Definition 16 (Aggregation preorder). Let Ag : L→
[0,1] be an aggregation operator. A list L1 =
[a1, . . . ,an] in L is Ag-lower or equal than a list L2 =
[b1, . . . ,bn] in L, if and only if the aggregation of L1 is
lower or equal than the aggregation of L2. That is:

L1 ≤Ag L2 if and only if Ag(L1)≤ Ag(L2).

As an example, if AVG is the arithmetic mean, then

L1 ≤AVG L2 if and only if AVG(L1)≤ AVG(L2).

4.4 Comparing orders of lists with the same
length

In some cases, some lists orders can be compared with
others.

Proposition 1. Let L1 = [a1, . . . ,an] and L2 =
[b1, . . . ,bn] two lists in L, then L1 ≤MaxMin L2 =⇒
L1 ≤S1to1 L2.

Proof. Considering that L1 = [a1, . . . ,an] and L2 =
[b1, . . . ,bn] are two lists of degrees in L, if L1 ≤MaxMin
L2 then ai ≤ b j for all i, j ∈ {1, . . . ,n}, and conse-
quently ai ≤ bi for all i, that is, L1 ≤S1to1 L2.

Proposition 2. Let L1 = [a1, . . . ,an] and L2 =
[b1, . . . ,bn] two lists in L, then L1 ≤MaxMin L2 =⇒
L1 ≤Ag L2.

Proof. Let L1 = [a1, . . . ,an] and L2 = [b1, . . . ,bn] be
two lists of degrees in L. If L1 ≤MaxMin L2 then ai ≤
bi for all i ∈ {1, . . . ,n}. As Ag is monotonic then
Ag([a1, . . . ,an])≤ Ag([b1, . . . ,bn]) and L1 ≤Ag L2.

Proposition 3. Let L1 = [a1, . . . ,an] and L2 =
[b1, . . . ,bn] two lists in L, if AgSym is a symmetric ag-
gregation operator, then L1 ≤S1to1 L2 =⇒ L1 ≤AgSym
L2.
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Proof. Let L1 and L2 be two lists of degrees in
L. If L1 ≤S1to1 L2 then s(L1)i ≤ s(L2)i for all
i ∈ {1, . . . ,n}. As AgSym is monotonic and symmetric
then AgSym(L1) = (AgSym([s(L1)1, . . . ,s(L1)n]) ≤
AgSym([s(L2)1, . . . ,s(L2)n]) = AgSym(L2) and
L1 ≤AgSym L2.

It is important to notice that ≤AgSym is not a new pre-
order, but a particular case of≤Ag (with Ag being sym-
metric).

If we consider Propositions 1 to 3, the following struc-
ture arises:

L1≤MaxMin L2 =⇒

{
L1 ≤S1to1 L2 =⇒ L1 ≤AgSym L2

L1 ≤Ag L2

Remark 1. From the previously defined orderings,
≤MaxMin, ≤S1to1 and ≤AgSym are not affected by re-
sorting of the compared lists, while ≤Ag is sensitive to
resorting when Ag is not symmetric.
Remark 2. It is also important to notice that any or-
dering that either includes a previous sorting or is not
affected by resorting, will be a preorder. For any two
lists L1 and L2, made up of exactly the same elements
but in a different order: L1 ≤ L2, L2 ≤ L1 and L1 6= L2.
That is, the relation will not be antisymmetric (will not
be an order).

5 Empirical monotonicity for
non-deterministic computable
aggregations

How to generalize the idea of monotonicity from clas-
sical aggregation operators to non-deterministic com-
putable aggregations is not a trivial task. In general
terms, monotonicity implies that if we have two input
lists L1 ≤ L2, their outputs should maintain that order.
Consequently, the usual concept of monotonicity of ag-
gregation operators is not valid for non-deterministic
computable aggregations, as these aggregations do not
produce the same output when receiving the same in-
put. To cope with this situation, the concept of Em-
pirical and Theoretical Distribution of a computable
aggregation (DPm

Li
and P(L1)) were previously intro-

duced. Also, the concept of list associated to m exe-
cutions for a given list L1 (LP(L1)). This concept de-
scribes the result obtained (a list Lo ∈ L) after m ex-
ecutions of the program P over the list Li. When m
is large enough, it allows an empirical analysis of the
computable aggregation.

Beyond a probabilistic framework and modelling the
output of a computable non deterministic as a distri-
bution function (see [10]), it is possible, from an algo-
rithmic point of view, to represent as a list of elements

the output-data generated after m executions. The fol-
lowing properties try to answer the question of how to
define monotony from this point of view.

Given a list of degrees Li = [a1, . . . ,an], LPm
Li

=
[x1, . . . ,xm] is a new list of degrees where x j is the result
of the jth execution of P(Li), with j = {1, . . . ,m}.
Definition 17 (Strong ≤-monotonicity of non-deter-
ministic computable aggregations). Let P be a non-
deterministic computable aggregation. Let L1 =
[a1, . . . ,an] and L2 = [b1, . . . ,bn] be two lists of degrees
in L. Let ≤ be a partial order (or a preorder) on the set
L of non-empty and finite lists of degrees (see Section
4). A non-deterministic computable aggregation P is
strong ≤-monotone if and only if, when L1 ≤ L2 then
(LPm

L1
)≤ (LPm

L2
) for any m≥ 1.

For example, a non-deterministic computable aggre-
gation P is strong MaxMin-monotone, if and only if,
when L1 ≤MaxMin L2 then (LPm

L1
) ≤MaxMin (LPm

L2
) for

any m≥ 1.

Previous definition imposes that the orders for the in-
put and output set of lists be the same. In the following
definition we generalize this idea with two different or-
ders.

Definition 18 (Strong ≤1-≤2-monotonicity of non-de-
terministic computable aggregations). Let P be a
non-deterministic computable aggregation. Let L1 =
[a1, . . . ,an] and L2 = [b1, . . . ,bn] be two lists of de-
grees in L. Let ≤1 and ≤2 be orders or preorders on
the set L of non-empty and finite lists of degrees. A
non-deterministic computable aggregation P is strong
≤1-≤2-monotone, if and only if, when L1 ≤1 L2 then
(LPm

L1
)≤2 (LPm

L2
) for any m≥ 1.

Definition 19 (Asymptotic≤-monotonicity of non-de-
terministic computable aggregations). Let Ag : L →
[0,1] be a non-deterministic computable aggregation.
Let L1 = [a1, . . . ,an] and L2 = [b1, . . . ,bn] be two lists
of degrees in L. Let ≤ be a partial order or pre-
order on the set L of non-empty and finite lists of de-
grees. A non-deterministic computable aggregation P
is asymptotic ≤-monotone if and only if there exists
a natural number n0 > 0 such that If L1 ≤ L2 then
(LPm

L1
)≤ (LPm

L2
) for any m > n0.

Definition 20 (Asymptotic ≤1-≤2-monotonicity of
non-deterministic computable aggregations). Let Ag :
L→ [0,1] be a non-deterministic computable aggrega-
tion. Let L1 = [a1, . . . ,an] and L2 = [b1, . . . ,bn] be two
lists of degrees in L. Let ≤1 and ≤2 be (partial) orders
or preorders on the set L of non-empty and finite lists of
degrees. A non-deterministic computable aggregation
P is asymptotic ≤1-≤2-monotone if and only if, there
exists a natural number n0 > 0 such that If L1 ≤1 L2
then (LPm

L1
)≤2 (LPm

L2
) for any m > n0.
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Let us now consider how the different non-
deterministic computable aggregations previously de-
fined, behave when applying these monotonicity crite-
ria.

Proposition 4. • The Probability sampled and k-
sampled computable aggregations are Strong
≤MaxMin-Monotonic.

• The Probability sampled and k-sampled com-
putable aggregations are Strong ≤MaxMin-≤2-
Monotonic, being ≤2 any of the defined orders.

Remark 3. As a direct result of the definitions, Strong
≤-monotonicity implies Asymptotic ≤-monotonicity
and consequently Probability sampled and k-sampled
computable aggregations are Asymptotic ≤MaxMin-
Monotonic and Asymptotic ≤MaxMin-≤2-Monotonic,
being ≤2 any of the defined orders.

Intuitively we can say that Noisy computable aggrega-
tions will have asymptotic monotonicity for all those
orders that are not sensitive to resorting. But this as-
sertion can’t be proved in terms of lists comparisons,
it will require further analysis based on the asymptotic
behaviour related to the distribution of the values in
the list. Consequently, that analysis should be consid-
ered in the framework of either the empirical distribu-
tions (DPm

L1
) or the theoretical distributions (P(L1)) of

the lists, being part of the open questions for future re-
search.

6 Conclusions

The definition of Computable aggregation implies a
rupture between functions and aggregation processes
allowing the incorporation of a new class of aggrega-
tions: the non deterministic computable aggregation.
This new class of computable aggregations is charac-
terized by aggregations where the result of the process
could change even if we fix the information that has
to be aggregated. This situation affects the analysis of
some properties as monotonicity.

In this paper, we have tried to define monotonicity for
non-deterministic computable aggregations, when the
program implementing the aggregation is a black box,
and only input-output relations can be considered. To
do so we have first characterized the output, second
defined some orders to compare lists, and finally es-
tablished the idea of monotonicity in terms of those
previously defined orders.

In addition, the different orders defined have been
compared, and the strong monotonicity of the defined
non-deterministic computable aggregations have been
considered. The analysis of asymptotic monotonicity
should rely on the consideration of the underlying dis-

tributions, requiring a different kind of analysis to be 
considered for future research.
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