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Abstract

Fuzzy sets can help us with imprecision,
however, there are situations we are not able
to assign an accurate value. Interval-valued
fuzzy sets are applied in decision-making
to deal with imprecision. The convexity of
interval-valued fuzzy sets establishes some
interesting results about decision local and
global maximizers.

Keywords: Interval-valued fuzzy sets, con-
vexity, decision-making.

1 Introduction

In a decision-making process there are at least three
relevant elements to keep in mind, 1) a set of alterna-
tives, 2) a set of constraints on the option within several
alternatives, and 3) a utility function that connects the
gain or loss resulting from the election of that alterna-
tive with each decision. In many real situations, it is
too difficult to specify accurately the objective func-
tion and the constraints. In order to work with impre-
cision, fuzzy sets can be a very useful tool [7]. Since
Zadeh [20] introduced them, several extensions have
been studied. The one we are considering is the family
of interval-valued fuzzy sets (IVFS), which were intro-
duced independently by Zadeh [21], Grattan-Guiness
[10], Jahn [12] and Sambuc [16] in the seventies.

On the other hand, convexity is a mathematical no-
tion that can be a useful tool in many different prob-
lems and, in particular, in decision-making problems.
Since Zadeh introduced convexity for fuzzy sets, sev-
eral authors have been developing this theory (see, for
instance, Ammar and Metz [1], Diaz et al. [8], Ramik
and Vlach [15], Syau and Lee [17] and Yang [19]). It
has important applications in areas such as optimiza-
tion [13].

Taking into account the previous comments, the main
aim of this paper is to introduce a theory for applying
convex interval-valued fuzzy sets to deal with decision-
making and optimization problems, when the impreci-
sion can be represented by means of this kind of sets.

This paper is organized as follows. In Section 2, some
basic concepts are introduced and notations are fixed.
Section 3 is devoted to propose a method for using
interval-valued fuzzy sets to decision-making prob-
lems. In Section 4 we remark the importance of the
concept of convexity for this kind of problems. Finally,
some conclusions are drawn in Section 5.

2 Basic concepts

Let X denote the universe of discourse. A fuzzy subset
A of X is characterized by a function A : X — [0,1].
The collection of all the fuzzy sets in X is denoted
by FS(X). One of the fuzzy set extensions is the col-
lection of interval valued fuzzy sets (IVFS). An IVFS
on X is defined by a function A : X — L([0, 1]) such

that A(x) = [A(x),A(x)], where L([0, 1]) expresses the
family of closed intervals contained in the unit interval
[0,1]. Thus, an IVFS A is described by two functions,
A and A, from X into [0, 1] such that A(x) < A(x), for all
x € X. If A(x) = A(x), for all x € X, then A is a classi-
cal fuzzy set. Let us denote by IV FS(X) the collection
of all the IVFS in X. A usual notation for describing
the membership degrees of an IVFS at any point of the

universe is the following:

A={{x,A(x)) :x € X}

Since there is not a unique order to compare intervals,
all the concepts for IVFSs are directly related to the
chosen order on L([0,1]). One of the most usual or-
der for intervals, which is induced by the usual partial
order on R2, is the lattice order [9], defined as:

a=<i,bifa<banda<b
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for any a = [a,a] and b = [b,b] in L([0, 1]).

This relation in L([0, 1]) is an order, but it is not a linear
order. In order to solve this questions, Bustince et al.
[5] introduced admissible orders, as a way to be coher-
ent with this order but, at the same time, to deal with a
linear order.

Definition 2.1 [5] Let (L([0,1]),=) be a poset. The
order < is called an admissible order if

i) = is a linear order on L([0,1]),

ii) for all [a,b],[c,d] € L([0,1]), [a,b] =< [c,d] when-
ever a,b] <p, [c,d)].

An interesting property of admissible orders is that
they can be built using aggregation functions [6].

Definition 2.2 [2, 14] Let </ : |J'[0,1]" — [0,1]
such that

« /(0,0,...,0)=0,a/(1,1,...,1) =1,

* o/ is monotone in each variable,

then <f is an aggregation function.

Aggregation functions are defined on |J,[0,1]", but
we would like to work on L([0,1]). However, it is
immediate that there is a natural bijection between
L([0,1]) and K ([0, 1]) = {(u,v) € [0,1]* |u < v} which
associates any interval [a,a] in L([0,1]) to the point
(a,a) in [0,1]? (see [5]). Thus, we can use aggrega-
tion functions to obtain just a value as a representative
of the interval. Based on this idea, Bustince et al. con-
struct the following method to make admissible orders.

Proposition 2.1 [5] Let </, % : [0,1]> — [0,1] be
two continuous aggregation functions, such that for
all (u,v),(',v') € K([0,1]), the equalities < (u,v) =
W'V and B(u,v) = B V') can only hold if
(u,v) = (u',V'). Define the relation <. 5 on L([0,1])
by a 27,2 b if and only if

o (a,a)(< (b,b)
or
o (a,a) = o (b,b) and %(a,a) < B(b,b)).
Then <y s is an admissible order on L([0,1]).

Two particular examples of admissible orders obtained
by means of the previous proposition are the well-
known lexicographical orders (see [5]):

* Lexicographical (lrder type 1: a Zrex1 bifa<b
ora=banda <b.
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* Lexicographical order type 2: a <pen bif a < b
ora=banda <bh.

Given A and B two IVFSs and an order relation be-
tween intervals, denoted by =<,, we say that A is o-
contained in B iff A(x) <, B(x) for all x in X.

Taking in account this notion, Huidobro et al. [11] pro-
posed a definition for the intersection of IVFS as the
largest IVES contained on them, which is the follow-
ing:

Definition 2.3 Let A, B be two interval-valued fuzzy
sets in X and let <, be an order on L([0, 1]). We define
the o-intersection of A and B, and we denote AN, B
as the greatest interval-valued fuzzy set such that AN,
BC,Aand AN,B C, B.

As there is not a unique way to compare intervals, this
definition changes depending on the chosen order on
IVFS(X), as it was shown in [11]. In addition, if we
use admissible orders, the existence of the intersection
is ensured as admissible orders are linear orders too.

3 Decision-making based on IVFSs

In the literature, some theories can be found about us-
ing fuzzy sets in the field of decision-making. For in-
stance, Bellman and Zadeh [3] pointed out that a deci-
sion could be seen as a group of goals and constraints
with symmetry between these two concepts. This ap-
proach allow us to deal with goals and constrains as if
they were notions which are connected in a symmetric
manner by “and” connective.

In fuzzy set theory, it is accepted that we know the
membership degree of the elements to the set. How-
ever, it often happens that the membership function is
an imperfect information and it is not known precisely
[4].There are situations where we are not sure about
which is the proper value to assign to a fuzzy mem-
bership value, however, we can solve this problem by
assigning an interval where the value is contained. Ob-
viously, if we choose the same value for the endpoints,
we are in the particular case of fuzzy sets.

We will continue using Bellman and Zadeh approach
(see [3]), that is, if we consider the constraints and the
goals as IVFS over the set of alternatives, X, then the
decision D would be the intersection of all the interval-
valued fuzzy constraints and goals.

In [18], Yager and Basson built a decision as the inter-
section of all the goals and the constrains. Taking into
account this idea, we can obtain the following defini-
tion.

Definition 3.1 Let X = {x|,,...,x,} be the set of al-
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ternatives, G,,...Gp be the set of goals that can be
expressed as IVFSs on the space of alternatives, and
Ci,...,Cy be the set of constraints that can also be
expressed as IVFSs on the space of alternatives. Let
=0 be an order on L([0,1]). The goals and constraints
then combine to form a decision D, which is an IVFS
resulting from the intersection of the goals and the con-
strains. Thus, D = G1Ny,...M Gp Mo C1 Ny ..My Cpp.

The interpretation of D(x) could be the degree to that
the alternative x satisfies the goals and constraints, for
any x € X. Once the decision is built, we have to select
the best alternative.

It is immediate from this definition that D directly de-
pends on the chosen order =<, in L([0,1]), since the
intersection is really an o-intersection. Thus, the deci-
sion D, build as the intersection of the goals and con-
straints, would change depending on the order we are
using.

Let us show an example, which is based on the exam-
ple shown in [18].

Example 3.1 A person has to choose to locate a new
plant in one of three locations x1, x, and x3. He wants
to select a location that minimizes real estate cost, G,
and is located near supplies, Cy. Let X = {x1,x2,x3}.
In this case, there is imprecision in the data, so IVFS
would be more proper sets than FS. Let’s suppose that
the membership functions of the interval-valued fuzzy
goal G is

{(x1,[0.2,0.7]), (x2,[0.6,0.7]), (x3,[0.4,0.8]) }

and the membership function of the interval-valued
fuzzy constraint Cy is

{(x1,[0.5,0.6]), (x2,[0.5,0.9]), (x3,[0.3,0.6]) }

If we consider lexicographical order type 1, we empha-
size the lower endpoint of the interval. Then the mem-
bership functions of the interval-valued fuzzy decision
Dlexl is:

{{(x1,[0.2,0.7]), (x2,[0.5,0.9]), (x3,[0.3,0.6]) }

and the optimal decision would be x,, since it is the
alternative with a maximum value of Dj.1 with respect
to the lexicographical order type 1.

However, if we use lexicographical order type 2, then
he membership functions of the interval-valued fuzzy
decision Dy, is:

{<xl ) [0'570'6D7 <x27 [0'6a0'7]>a <)C3, [04708]>}

and the optimal decision changes to x3.
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After this easy example, we can see the importance of
a good selection of the order on L([0,1]) we are con-
sidering.

In an interval-valued fuzzy decision, like the previous
one, all the goals and constraints are interval-valued
fuzzy sets over the same set of alternatives, but in some
situations it can change. Using the extension principle
we can avoid this situation.

Definition 3.2 (Extension principle) Let <, be an
order on L([0,1]). Any given function f : X —
Y induces two functions, f :IVFS(X) — IVFS(Y)
and f~' 1 IVFS(Y) — IVFS(X), which are defined
by [f(A)](y) = supyy—pwA(x) for all A € IVFS(X),
where sup denotes the supremum using the order =<,
and [f~'(B)](x) = B(f(x)) for all BE IVFS(Y).

With this technique, the situation where the interval-
valued fuzzy constraints or goals are defined in differ-
ent spaces can be mapped into the same space. When
we have an n-ary function which maps X; x Xp X --- X
X, to Y, we would assume that if A € IVFS(X; x Xp x
<+ X Xp), then A(xy,x2,...,%,) = A(x1) No A(x2) Ny
<My Axy).

Let us illustrate it by the following example.

Example 3.2 Suppose the same conditions as in Ex-
ample 3.1, but now there is another space Y meaning
a set of former works developed by the potential finan-
cial directors, Y = {y1,y2,y3,y4}. We have some infor-
mation about these former works: y1 and y, were made
by x1, y3 was supervised by x, and y4 was produced by
xp and x3.

With this information we construct the following map-
pig:
fiY—=X

defined by f(y1) = x1, f(y2) = x1, f(y3) = x2 and
f(ya) = {x2,x3}.

We also known a fuzzy constraint over Y that measures
the impact of each one of works defined by: Cr(Y) =
{(y1,[0.4,0.6]), (v2,[0.7,0.9]), (y3,[0.75,0.8]),
(v4,[0.6,09])}. It is denoted as C,(Y) in order
to point out that it is an interval-valued fuzzy set
over the space Y. Now we should apply the extension
principle to have all the goals and constraints as
interval-valued fuzzy sets over the same space. To
apply the extension principle we should first decide
which order are we taking into account, in this case,
we would use lexicographical order type 1. For xi,
[f(CZ)](xl) = Supy\y:f(x)CZ(x) = supy1,y2C2(x) -
sup{C2(y1),C2(y2)} = [0.7,0.9].  Analogously,
[f(C2)](x2) = [0.75,0.8] and [f(C2)](x3) = [0.6,0.9].
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Consequently, C>(X) =

{(x1,]0.7,0.9]), (x2,[0.75,0.8]), (x3,[0.6,0.9]) }.

Finally, the decision is
D=GNCINCy

that is, the membership degrees for the different alter-
natives in D are:

{<)C1 ) [02706}% <x27 [05509]>a <X3, [03706]>}
Thus, the optimal decision is still x;.

There are situations where some parameter in the deci-
sion is conditional upon other space. To be able to deal
with such situations, Yager and Basson introduced the
concept of fuzzy conditional set in [18]. Taking into
account these ideas, we obtain the following definition
for interval-valued fuzzy sets.

Definition 3.3 An IVFS B(y) in X is conditional on'y if
its membership function depends on y as a parameter.
This dependence is denoted B(x|y).

Thus, if we are working with two spaces, X and Y,
and y € Y, when there exists an interval-valued fuzzy
set B(y) on X, if we consider A € IVFS(Y), then A
induces an IVFS B in X whose membership function is

B(x) = supymin{A(y), B(x[y)}.

Example 3.3 Suppose the same conditions of
Example 3.2. The company is forced to min-
imize the facility of employing workers. They
would concentrate on the distance to the main
office. Let Y = {Near(N),Med(M),Far(F)}.
This constrain is given by the IVFS C3(Y) =
{(N,]0.8,1]),(M,[0.4,0.7]), (F,[0.1,0.3]) }. The
relation between the alternatives and the prox-
imity to the main office is given by the following
conditioned IVFSs: C3(X|N) = {(x1,[0.7,0.8]),
(62.[05,0.6), (x3,[0.3,0.6)},  Cy(x|M) =
{{x1,[0.5,0.6]), (x2,[0.5,0.7]), (x3,[0.6,0.9]) },

and C3(X|F) = {{x1,[0.3,0.7]),(x2,[0.4,0.6]),
(x3,10.3,0.7]) }. Thus, we can construct the
interval-valued fuzzy set facility of hiring work-
ers: For xi, C3(x1) = sup,min{C3(y),C3(x1]y)} =
sup{min{Cz(N) = [0.8,1],C3(x1|N) =
[0.7,0.8]},min{C3 (M) = [0.4,0.7],C3(X1 |M) =
[0.5,0.6]},min{C3(F) = [0.1,0.3],C5(x1|F) =
[0.3,0.7]}} = sup[0.7,0.8],[0.4,0.7],[0.1,0.3] =
[0.7,0.8]. We have to repeat the same procedure for x;
and x3. Thus, we obtain that the interval-valued fuzzy
set C3(X) is given by:

{(x1,[0.7,0.8]), (x2,[0.5,0.6]), {x3,[0.4,0.7]) }.
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Finally, the decision is D = GNCyNCy NC3, that is,
the decision if the interval-valued fuzzy set D defined
as:

{(x1,0.2,0.6]), (x2,[0.5,0.6]), (x3,[0.3,0.6])}.

Thus, x; is again the optimal decision.

4 Convexity of interval-valued fuzzy sets

Convexity is a very important property, mainly when
we consider some specific decision-making problems.
We will show its importance when the information is
provided by means of interval-valued fuzzy sets.

Along this work, we will consider the notion of a con-
vex interval-valued fuzzy set proposed by Huidobro et
al. in [11].

Definition 4.1 [11] Let X be an ordered space and let
=0 be an order on L([0,1)). An interval-valued fuzzy
set A on X is said to be o-convex, if for eachx <y < z
in X the following inequalities are fulfilled:

A(x) 2o A(y) or A(z) =, A(y).

But when we consider convexity as a tool in decision-
making, we need also the concept of strict convexity.

Definition 4.2 Let X be an ordered space and let <,
be an order on L([0, 1]). An interval-valued fuzzy set A
on X is said to be o-strictly convex, if for eachx <y <z
in X the following inequalities are fulfilled:

A(x) <0 A(y) or A(z) <o A(y)
which means that
A(x) 2o A(y) and A(x) # A(y)

A(z) =2, A(y) and A(z) # A(y).

Combining convexity with admissible orders, which
are also total orders, allowed Huidobro et al. [11] to
prove that the intersection of two convex IVFS using
admissible orders is also a convex IVFS. We will com-
plete this result with the strict case. Thus,

Proposition 4.1 Let X be an ordered space and let
2w 2 be an admissible order based on two aggre-
gations functions of and %B. If A,B € IVFS(X)
are of . B-convex (resp. of ,B-strictly convex) then
ANy z B is also o ,%B-convex (resp. of ,PB-strictly
convex), whenever it is not empty.
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This theorem is important if we think about the goals
and the constraints in a decision-making process. If
they are convex, then their intersection is also convex.
Once the decision is a convex interval-valued fuzzy set,
we can apply the following theorem, which allow us to
obtain some interesting results in optimization.

Theorem 4.1 Let A be a convex IVFS over the or-
dered space X. Let <, be an order on L([0,1]). If
x* €supp(A) ={x€ X :[0,0] <, A(x)} is a strict local
maximizer of A(x), then it is also a global maximizer
of A(x) over supp(A). The set of points at which A(x)
attains its global maximum over its support is a crisp
convex set.

If we have a strictly convex IVFS instead of just a con-
vex IVFS we can obtain better results. If we have
strictly convexity, then the local maximizer is also a
global maximizer while we need a strict local max-
imizer to assure that when we have convexity (not
strict). Another interesting point is that if a strictly con-
vex IVFS attains its maximum, it is unique.

Theorem 4.2 Let A be a strictly convex IVFS over the
ordered space X. Let <, be an order on L(]0, 1]).

i) If x* € supp(A) is a local maximizer of A(x), then
it is also a global maximizer.

ii) A(x) attains its maximum over supp(A) at no
more than one point.

It is time to combine a decision-making problem with
the previous theorems:

Corollary 4.1 Let <, be an order on L([0,1]),
let Gi,...,Gp be the interval-valued fuzzy goals,
Ci,...,Cy the interval-valued fuzzy constraints, and
D =GiN,...NG,NCN,...NCy, be the resulting de-
cision.

* Ifthe interval-valued fuzzy goals and the interval-
valued fuzzy constraints are convex IVFS, then the
resulting decision D is a convex IVFS and the set
of maximizing decisions of the IVFS D is a convex
crisp set.

o [fthe interval-valued fuzzy goals and the interval-
valued fuzzy constraints are strictly convex IVFS,
then the resulting decision D is a strictly convex
IVFS and the set of maximizing decisions of D is
a singleton or an empty set.

Let us summarize the decision-making problem of Ex-
ample 3.3 in the following example.
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Example 4.1 In the previous examples we consider
one interval-valued fuzzy goal G =

{(x1,]0.2,0.7]), (x2,[0.6,0.7]), (x3,[0.4,0.8]) }
and three interval-valued fuzzy constraints C| =

{(x1,[0.5,0.6]), (x2,[0.5,0.9]), (x3,[0.3,0.6]) },
C, =

{(x1,[0.7,0.9]), (x2,[0.75,0.8]), (x3,[0.6,0.9]) }
and C3 =

{(x1,[0.7,0.8]), (x2,[0.5,0.6]}, (x3,[0.4,0.7]) }.

If we suppose x1 < xp < x3, it is clear that G, C1, C>
and Cs are strictly convex IVFS with respect to the lex-
icographical order type 1, so the decision D is also a
convex IVFS w.r.t. the same order. It is easy to check
it, since D =

{(x1,[0.2,0.7]), (x2,[0.5,0.6]), (x3,[0.3,0.6))}.

We can apply the previous result to assert that x, is a
global maximizer.

As changing the order could be also interesting, in the
following example we show what happens if we use
lexicographical order type 2.

Example 4.2 Using the same IVFS for the goal and
contraints from the previous example, the decision-
making problem is G =

{(x1,]0.2,0.7]), (x2,[0.6,0.7]), (x3,[0.4,0.8]) },

C, =
{{x1,]0.5,0.6]), (x2,[0.5,0.9]), (x3,{0.3,0.6]) },
G =
{(x1,{0.7,0.9]), (x2,[0.6,0.9]), (x3,{0.6,0.9]) }
and C3 =

{(x1,0.7,0.8]), (x2,[0.4,0.7)), (x3,[0.4,0.7))}.

It should be noticed that there are changes in the con-
strains Cy and C3 because we used lexicographical or-
der type 2 and it affects to the supremum and the min-
imum. Moreover, the constraints Co and C5 are convex
IVFS while G and Cy are stryctly convex IVFS. We can
also see that D is a convex IVFS, as D =

{(x1,[0.5,0.6]), (x2,[0.4,0.7]), (x3,[0.3,0.6]) }.

Thus, D is not only convex but strictly convex, so we
can assure that x is the unique optimal decision.
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5 Concluding remarks

In this paper, we propose a method for using interval-
valued fuzzy sets and their convexity to decision-
making or optimization problems. It must be noticed
that the subjectivity of IVFSs when assigning member-
ship functions to the sets may help to construct convex
interval-valued goals and constraints. That could be
very useful as we were able to prove that a local max-
imizer could be easily a global maximizer. We also
would like to point out that the order used to compare
intervals is really relevant in order to obtain an optimal
decision.
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