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Abstract

Revising the definitions of fuzzy rela-
tional erosion and dilation introduced by N.
Madrid et al. (L-fuzzy relational mathemati-
cal morphology based on adjoint triples. Inf.
Sci. 474, 75–89, 2019), we define the struc-
tured versions of these operators and study
their basic properties. Our principal inter-
est is aggregation of fuzzy relational, specif-
ically structured, erosions and dilations. We
base such aggregation on a dual pair of bi-
nary operators (�,�) (e.g. a t-norm and the
t-conorm); � is applied for aggregation of
erosions and � for aggregation of dilations.

Keywords: structured fuzzy relational ero-
sion, structured fuzzy relational dilation, ag-
gregation, duality, adjunction.

1 Introduction

Mathematical morphology has its origins in geologi-
cal problems centered in the processes of erosion and
dilation. The founders of mathematical morphology
are engineers G. Matheron [10] and J. Serra [13]. The
idea of the classical mathematical morphology can be
explained as the process of modifying a subset A of a
cube in an n-dimensional Euclidean space Rn by cut-
ting out pieces of B from A (in case of erosion) or glue-
ing them down to the set A (in case of dilation). The
set B, intuitively, small if compared with A, is called
the structuring element. In the first works on fuzzy
morphology, A and B were crisp sets, however soon
the interest of some researchers was directed also to
the case when A and B could be fuzzy. This allowed
to describe grey scale processes of erosion and dila-
tion. The first fundamental works on fuzzy mathemat-
ical morphology are papers by B. De Baets, E. Kerre
and M. Gupta [3]. Later much work has been done in

fuzzy mathematical morphology in the framework of
an Euclidean space, a detailed survey of different ap-
proached to the subject of mathematical morphology,
in particular fuzzy, is presented in [7].

In the middle nineties of the previous century some re-
searches were attracted by the prospects to have a gen-
eral abstract approach to (fuzzy) mathematical mor-
phology, that would not depend on the specific lin-
ear structure of the Euclidean space. As the back-
ground for this theory complete distributive lattices
sometimes with an additional algebraic structure were
usually taken. Concerning the properties of erosion
and dilation that should be preserved in any general-
ized theory, the two fundamental features of the clas-
sical mathematical morphology were taken as a basis.
Namely, they are the duality between erosion and dila-
tion and the adjunction of this pair of operators. The
detailed survey and analysis of this general approach to
fuzzy mathematical morphology and the related ques-
tions is contained in the paper [1].

In a recent paper, [9] the authors applied this general
algebraic approach in case when erosion and dilation
operators are defined by means of an L-fuzzy relation
which is defined on a set X and takes values in L. This
approach in some sense can be viewed as intermediate
between the abstract algebraic approach and the “clas-
sical” one: the L-fuzzy relation R laid in the base of
this approach determines a structure on a set X , and
that can be viewed as a certain substitute of the linear
structure in Euclidean space. This approach was fur-
ther developed in [14].

While being very well interpreted as an important
specification of the general algebraic approach to fuzzy
mathematical morphology, this approach still misses
an essential feature of the “classical” one. Namely,
while fuzzy relation R may be considered as a sub-
stitute for the linear structure of the Euclidean space,
the fuzzy relational approach misses the second im-
portant ingredient of the classic approach, namely the
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structuring element B. Of course, one may assume that
the fuzzy relation R is a combined substitute both of
the linear structure of Rn and the structuring element.
However, in our opinion, this is not a natural interpre-
tation, neither it is appropriate for different manipula-
tions with fuzzy morphological operators, in particular
in the process of aggregation. In order to overcome this
problem, in [15] we proposed a structured version of
fuzzy relational morphological operators. It assumes
intermediate use of the product and co-product in the
definition of erosion and dilation and this created in-
convenience in the study and especially in the use of
such operators. As different from that approach, here
we define structured versions of relational erosion and
dilation operators by incorporating the structuring ele-
ment B in the local modification of the original L-fuzzy
relation; this seems to be more natural and convenient
for the manipulation with operators.

The paper consists of five sections, including this in-
troduction and conclusion. In the second, preliminary
section, basic concepts and results used in this paper
are expounded. In the third section, we define fuzzy
relational structured erosion and dilation and investi-
gate their basic properties and interrelations. In the
fourth section, consisting of four subsections we define
and study some schemes for aggregation fuzzy erosion
and dilation. These schemes are based on a pair (�,�)
where a product (specifically a t-norm) � is used for
aggregation of erosion operators while the co-product
� is used for aggregating of a dilation operators. In
conclusion section we sketch some directions were ag-
gregation theory initiated here should be continued.

2 Preliminaries

In this section, we recall some concepts from the the-
ory of lattices (see e.g. [4]), quantales (see e.g. [12])
and L-fuzzy relations (see e.g. [17], [16]) and adapt
them in a way appropriate for the context of our work.

2.1. Lattices, quantales. In our paper, (L,≤,∧,∨)
is a complete infinitely distributive lattice with bot-
tom and top elements 0L and 1L respectively. Given
a binary commutative associative monotone operation
∗ : L×L→ L, the tuple (L,≤,∧,∨,∗) is called a (com-
mutative) quantale if ∗ distributes over arbitrary joins:
a ∗ (

∨
i∈Ibi) =

∨
i∈I(a ∗ bi). Operation ∗ will be re-

ferred to as the product in L. Product ∗ is called meet-
distributive if it distributes over arbitrary meets, that is
a∗(

∧
i∈Ibi) =

∧
i∈I(a∗bi). A quantale is called integral

if the top element 1L acts as the unit, that is 1L ∗ a for
every a ∈ L. In what follows saying quantale we mean
a commutative integral quantale.

In a quantale a further binary operation 7→: L×L→ L,

the residuum, can be introduced as associated with op-
eration ∗ of the quantale (L,≤,∧,∨,∗) via the Galois
connection, that is a ∗ b ≤ c⇐⇒ a ≤ b 7→ c for all
a,b,c ∈ L. We need the following known property of
quantales:

Lemma 2.1 (see, e.g. [5].) In a quantale a 7→ (b 7→
c) = a∗b 7→ c for any a,b,c ∈ L.

Proof a 7→ (b 7→ c) =
∨
{λ | λ ∗a ≤ b 7→ c} =

∨
{λ |

λ ∗a∗b≤ c}= a∗b 7→ c.

2.2. De Morgan quantales One of the two funda-
mental properties of (fuzzy) mathematical morphology
is duality between its two basic operators: erosion and
dilation. In order to consider the counterpart of this
property in the framework of our approach, we have to
enrich the background of research with an order revers-
ing involution. Recall that an unary operator c : L→ L
is called negation if it is an order reversing involution,
that is a≤ b =⇒ bc ≤ ac and (ac)c = a for all a,b ∈ L.
A lattice L endowed with a negation that is the tuple
(L,≤,∧,∨,c ) is called a De Morgan algebra; respec-
tively, the tuple (L,≤,∧,∨,∗,c ) will be referred to as a
De Morgan quantale. In a De Morgan quantale a fur-
ther binary operation, co-product ⊕, can be defined by
setting a⊕b = (ac ∗bc)c for all a,b ∈ L. Co-product is
a commutative associative monotone operation and, in
case (L,≤,∧,∨,∗) is integral, 0L acts as a zero, that is
a⊕0L = a for every a ∈ L. Important properties of De
Morgan quantales are collected in the next lemmas:

Lemma 2.2 [15] Operation ⊕ in a De Morgan quan-
tale (L,≤,∧,∨,∗) is meet-distributive:
a⊕ (

∧
i∈Ibi) =

∧
i∈I(a⊕bi) ∀a ∈ L,∀{bi|i ∈ I} ⊆ L.

Lemma 2.3 [15] If operation ∗ in a De Morgan quan-
tale (L,≤,∧,∨,∗) i is meet-distributive, then the corre-
sponding operation ⊕ distributes over arbitrary joins:
a⊕ (

∨
i∈Ibi) =

∨
i∈I(a⊕bi) ∀a ∈ L, ∀ {bi : i ∈ I} ⊆ L.

Example 2.4 Important examples of De Morgan
quantales are the following three. Let L = [0,1] be
the unit interval viewed as the lattice with the standard
“less or equal" relation ≤:
∗M defined by a∗M b = a∧b is the minimum t-norm;
∗L defined by a ∗L b = min(a + b − 1,0) is the
Łukasiewicz t-norm;
∗P defined by a∗P b = a ·b, is the product t-norm.
Further let c : L → L be the standard negation, that
is ac = 1− a for every a ∈ L. Then (L,≤,∧,∨,∗∧),
(L,≤,∧,∨,∗L), (L,≤,∧,∨,∗P), are meet-distributive
De Morgan quantales.

2.3. Girard quantales In order to deal with duality
between operators of erosion and dilation, it is impor-
tant that negation c in a quantale is well-coordinated
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with the original quantale structure (L,≤,∧,∨,∗). Ex-
plicitly, this means that the negation should be defined
according to the laws of fuzzy logic, that is ac = a 7→ 0.
Therefore, to satisfy the properties of the negation,
considering the problem of duality we have to request
that (a 7→ 0) 7→ 0 = a for every a ∈ L. Quantales
(L,≤,∧,∨,∗) satisfying this property are called Girard
quantales, cf [12], [11], [6]. An important example of
Girard quantales are MV-algebras. Obviously a Girard
quantale is a special kind of a De Morgan quantale. In
particular, the De Morgan quantale (L,≤,∧,∨,∗L) de-
fined above is a Girard quantale.

We will need also the following Lemma:

Lemma 2.5 In a Girard quantale (L,≤,∧,∨,∗) a 7→
b = (a∗ (b 7→ 0)) 7→ 0. for all a,b ∈ L.

Proof Given a,b ∈ L, we get a∗ (b 7→ 0) 7→ 0 =
∨
{λ |

λ ∗a∗ (b 7→ 0)≤ 0}=
∨
{λ | λ ∗a≤ (b 7→ 0) 7→ 0}=∨

{λ | λ ∗a≤ b}= a 7→ b. 2

Corollary 2.6 In a Girard quantale a ∗ (b 7→ 0) =
(a 7→ b) 7→ 0 for any a,b ∈ L.

2.4 L-fuzzy relations Let L be a quantale, X be a set
and R : X × X → L be an L-fuzzy relation (see e.g.
[17],[16]). An L- fuzzy relation R on a set X is called
reflexive if R(x,x) = 1L for every x ∈ X ; An L-fuzzy
relation R on a set X is called symmetric, if R(x,y) =
R(y,x) for all x,y ∈ X ; An L-fuzzy relation R on a set
X is called transitive, if R(x,y) ∗R(y,z) ≤ R(x,z) for
all x,y,z ∈ X . In what follows all L-fuzzy relations are
assumed to be reflexive.

3 Structured L-fuzzy relational erosion
and dilation

3.1 Definitions and basic properties

Let X be a set and R : X×X→ L be an L-fuzzy relation.
Modifying the definition of L-fuzzy relational erosion
given in [9], see also [14] to the case when the fuzzy
erosion of a fuzzy set A ∈ LX is structured by a fuzzy
set B ∈ LY , we come to the following definition:

Definition 3.1 Let A,B ∈ LX . The erosion of A struc-
tured by B in the space (X ,R) is the L-fuzzy set
ER(A,B) ∈ LX defined for every y ∈ X by
ER(A,B)(y) =

∧
x∈X (R(x,y)∨B(x) 7→ A(x)).

Considering erosion for all A ∈ LX when B ∈ LX is
fixed, we get operator of erosion ER(·,B) : LX → LX .

In the next proposition we collect some properties of
erosion operators.

Proposition 3.2 Let R : X×Y → L be an L-fuzzy rela-
tion. Then
(1) ER(A,B)≤ A for every A ∈ LX ;
(2) ER(aX ,B) = aX where aX is the constant fuzzy set
with value a ∈ L;
(3) if A1 ≤ A2 ∈ LX then ER(A1,B)≤ ER(A2,B);
(4) if B1 ≤ B2 ∈ LX then ER(A,B1)≥ ER(A,B2) for ev-
ery A ∈ LX ;
(5) Given a family {Ai | i∈ I}⊆ LX and B∈ LX , it holds
ER (

∧
i∈IAi,B) =

∧
i∈IER(Ai,B).

Proof (1) ER(A,B)(y) =
∧

x(R(x,y)∨B(x) 7→ A(x))≤
R(y,y)∨B(y) 7→ A(y) = A(y).
(2) ER(aX ,B)(y) =

∧
x∈X (R(x,y) ∨ B(x) 7→ aX ) =

(
∨

x(R(x,y)∨B(x)) 7→ a = 1 7→ a = aX .
The proof of the third and fourth statements follows
directly from the definitions and the properties of the
residuum.
For the proof of the fifth statement let a fam-
ily {Ai | i ∈ I} ⊆ LX and y ∈ X be given.
Applying 2.1 we have εR (

∧
i∈IAi,B)(y) =∧

x∈X (
∧

i∈I (R(x,y)∨B(x) 7→ Ai(x))) =∧
i∈I (

∧
x∈X (R(x,y)∨B(x) 7→ Ai(x))) =∧

i∈IER(Ai,B)(y). 2

Proposition 3.3 If L-fuzzy relation R is transitive,
and B is a constant fuzzy set then ER(ER(A,B)B) =
ER(A,B) and hence operator ER(·,B) is idempotent.

Proof Let z ∈ X then ER(ER(A,B),B)(z) =∧
y∈X (R(y,z)∨B(y) 7→ ER(A,B)) =∧
y∈X (R(y,z)∨B(y) 7→ (

∧
x∈X (R(x,y)∨B(x) 7→ A)))=

∧
x,y∈X (R(y,z)∨B(y) 7→ (R(x,y)∨B(x) 7→ A)) =∧
x,y∈X (R(y,z)∨B(y)∗ (R(x,y)∨B(x) 7→ A)) =∧
x,y∈X ((R(y,z)∗ (R(x,y))∨ (B(y)∨B(x)) 7→ A))≥∧
x,∈X (R(x,z)∨B(x)) 7→ A)) = ER(A,B)(z).

and hence ER(ER(A,B)B)(z) ≥ ER(A,B)(z). Since the
opposite inequality follows from Proposition 3.1 we
get the required equality ER(ER(A,B)B) = ER(A,B). 2

Turning to the structured version of dilation, let X be a
set and R : X×X → L an L-fuzzy relation.

Definition 3.4 Given A ∈ LX , its L-fuzzy dilation
structured by B ∈ LX is an L-fuzzy set DR(A,B) ∈
LX for every y ∈ X defined by DR(A,B)(y) =∨

x∈X (R(y,x)∨B(x))∗A(x).
Considering dilation for all A ∈ LX we get operator of
dilation DR(·,B) : LX → LX .

In the next proposition we collect basic properties of
dilation operator DR(·,B).

Proposition 3.5 Let R : X × Y → L be an L-fuzzy
relation. Then
(1) DR(A,B)≥ A for every A ∈ LX ;

Atlantis Studies in Uncertainty Modelling, volume 3

669



(2) DR(aX ,B) = aX ;
(3) A1 ≤ A2 ∈ LX =⇒DR(A1,B)≤DR(A2,B);
(4) if B1 ≤ B2 ∈ LX , then for every A ∈ LX

DR(A,B1)≤DR(A,B2);
(5) Given a family of L-fuzzy sets {Ai | i ∈ I} ⊆ LX , it
holds DR (

∨
i∈IA,B) =

∨
i∈IDR(Ai,B).

Proof The proof of the first four properties follows
directly from the definitions. The proof of the 5th

property follows from the next equalities:
DR (

∨
i∈I Ai,B) =

∨
x∈X (R(y,x)∨B(x))∗ (

∨
i∈I Ai)) =∨

x∈X (
∨

i∈I (R(y,x)∨B(x))∗Ai)) =∨
i∈I (

∨
x∈X (R(y,x)∨B(x))∗Ai)) =

∨
i∈I D(Ai,B).

From propositions 3.2 and 3.5 follows corollary:

Corollary 3.6 ER(A,B)≤ A≤DR(A,B).

Theorem 3.7 If R is transitive and B is a constant
fuzzy set, then DR(DR(A,B),B) = DR(A,B) for every
A ∈ LX .

Proof Let z ∈ X . Then DR(DR(A,B),B)(z) =∨
y∈X (R(z,y) ∨ B(y)) ∗ (DR(A,B))(y) =∨
y∈X ((R(z,y)∨B(y))∗ (

∨
x∈X (R(y,x)∨B(x))∗A(x)))=∨

x,y∈X (R(z,y) ∨ B(y)) ∗ (R(y,x) ∨ B(x)) ∗ A(x)) ≤∨
x,∈X (R(z,x)∨B(x))∗A(x),

and hence DR(DR(A,B),B)(z) ≤ DR(A,B)(z) for
every z ∈ X . Since the opposite inequality fol-
lows from Proposition 3.5, we get the equality
DR(DR(A,B),B) = DR(A,B).

3.2 Interrelations between structured fuzzy
relational erosion and dilation

One of the most important attributes of mathematical
morphology is the interrelations between erosion and
dilation which manifest in two ways: as the adjunc-
tion between erosion and dilation and as the duality
between erosion and dilation.

Theorem 3.8 Let (L,≤,∨,∧,∗,c ) be a Girard quan-
tale. Then for every B ∈ LX operators ER(·,B) and
DR(·,B) make a dual pair:

E c
R(A,B)=DR(Ac,B), Dc

R(A,B)=ER(Ac,B) ∀A∈LX .

Proof We prove the theorem by a series of equivalent
transitions which are justified by the definition of Gi-
rard quantale and statement 2.6 :

E c
R(A,B)(y) = (

∧
x∈X (R(x,y)∨B(x) 7→ A(x))) 7→ 0 =∨

x∈X ((R(x,y)∨B(x) 7→ A(x)) 7→ 0) =∨
x∈X (R(x,y)∨B(x))∗ (A(x) 7→ 0)) = DR(Ac,B)(y).

The second equality can be proved in a similar way or
obtained from the first one by applying the duality law.
2

Theorem 3.9 Let (L,≤,∧,∨,∗) be a quantale: Then
(ER(·,B),DR(·,B)) is an adjunctive pair.

Proof Since both operators ER(·,B) and DR(·,B) are
defined and take values in the same lattice LX , the ad-
junction just means that for any A,C ∈ LX :
A≤ ER(C,B) ⇐⇒ DR(A,B)≤C.

We prove this by the following series of transitions; the
transition from the third to the fourth line is justified by
replacing x with y and vice versa. Let y ∈ X . Then

DR(A,B)(y)≤C(y) ∀y ∈ X ⇐⇒
(
∨

x∈X (R(y,x)∨B(x))∗A(x))≤C(y) ∀y ∈ X ⇐⇒
((R(y,x)∨B(x))∗A(x))≤C(y) ∀x,y ∈ X ⇐⇒
(R(x,y)∨B(y))∗A(y)≤C(x) ∀x,y ∈ X ⇐⇒
A(y)≤ (R(x,y)∨B(y)) 7→C(x) ∀x,y ∈ X ⇐⇒
A(x)≤

∧
y∈X ((R(y,x)∨B(x)) 7→C(x)) ∀x,∈ X ⇐⇒

A(x)≤ ER(C,B)(x) ∀x ∈ X ⇐⇒ A≤ ER(C,B). 2

4 Aggregation of structured fuzzy
relational erosion and fuzzy relational
dilation

In order to develop an approach for the aggregation
problem in fuzzy morphology we have first to choose
an aggregation operator � that in the context of this
work will be a mapping � : L×L→ L satisfying cer-
tain conditions. Different kinds of aggregation oper-
ators were defined, studied and applied by many au-
thors, see, e.g. [2]. We start with aggregation of ero-
sion and dilation operators on the base of operator ∧
and its dual ∨ postponing consideration of other possi-
ble operators for aggregation to Subsection 4.3

4.1 (∧,∨)-aggregation

Our first choice is to aggregate on the basis of the dual
min-max pair, that we call (∧,∨)-aggregation.

Let (L,≤,∧,∨,∗) be, as usually, a quantale, X be a
set and R : X ×X → L an L-fuzzy relation. Further, let
{Bk : k = 1, . . . ,n}⊆ LX be a family of L-fuzzy sets and
ER(·,Bk) : LX → LX , be the corresponding erosion op-
erators. Since one can anticipate that the simultaneous
action of several erosion operators ER(·,Bk) : LX → LX

should increase the result of the erosion, that is dimin-
ish the image of the original fuzzy set A, we suggest
to aggregate the erosion operators ER(·,Bk) by taking
their minimum, that is to define the resulting erosion
operator by ER(·,B)1 =

∧n
i=k ER(·,Bk). As the next the-

orem shows, ER(·,B) is just the erosion realized by re-
lation R and the structuring element B =

∨n
k=1 Bi.

Theorem 4.1 ER (·,
∨n

k=1(·,Bk)) =
∧n

k=1ER(·,Bk).

1Theorem 4.1 will justify such notation
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Proof It is sufficient to prove the statement in case
of two aggregated erosion operators ER(·,B1) and
ER(·,B2); the general case will follow by induction.
Let A ∈ LX and y ∈ X be given. Then applying well-
known properties of the residuum 7→, (see e.g. [5], cf
also [8], etc.) we have:

ER(A,B1)∧ER(A,B2) =
(
∧

x∈X (R(x,y)∨B1(x) 7→ A(x)))∧
(
∧

x∈X (R(x,y)∨B2(x) 7→ A(x))) =∧
x∈X ((R(x,y)∨B1(x) 7→ A(x))∧

(R(x,y)∨B2(x) 7→ A(x))) =∧
x∈X ((R(x,y)∨B1(x))∨ (R(x,y)∨B2(x)) 7→ A(x)) =∧
x∈X ((R(x,y)∨B1(x)∨B2(x)) 7→ A(x)) =∧
x∈X ((R(x,y)∨ (B1∨B2)(x)) 7→ A(x)) =

ER(A,B1∨B2) 2

Corollary 4.2 Operator obtained by ∧-aggregation of
a family of fuzzy relational erosion operators struc-
tured by Bk, k = 1, . . . ,n is a fuzzy relational erosion
operator structured by B =

∨n
k=1 Bk, that is ER(·,B).

In order to ensure one of the principal requests of the
mathematical morphology, namely, to provide duality
between aggregated erosion and dilation operators, we
have to define aggregation of dilation operators on the
base of the ∨ operation. This seems also to be nat-
ural, since simultaneous action of several dilations is
expected to strengthen their result, that is to enlarge the
original image in the result of aggregating dilations.

Let Bk : X × X → L,k = 1, . . .n be a family of L-
fuzzy sets, R : X ×X → L be an L-fuzzy relation and
DR(·,Bk) : LX → L, be the corresponding dilation op-
erators. We define the dilation DR obtained by aggre-
gation of DR(·,Bk) : LX → L as its supremum, that is
DR(·,B)2 =

∨n
k=1DR(·,Bk).

Theorem 4.3 DR(·,
∨n

k=1 Bk) =
∨n

k=1 DR(·,Bk).

Proof Again, we restrict to the case when two dila-
tion operators DR(·,B1) and DR(·,B2) are aggregated.
Given A ∈ LX and y ∈ X we have:

(DR(A,B1)∨DR(A,B2))(y) =
DR(A,B1)(y)∨DR(A,B2)(y) =
(
∨

x∈X (R(x,y)∨B1(x))∗A(x)))∨
(
∨

x∈X (R(x,y)∨B2(x))∗A(x)) =∨
x∈X (((R(x,y)∨B1(x))∗A(x))∨

((R(x,y)∨B2(x))∗A(x))) =∨
x∈X ((R(x,y)∨B1(x)∨B2(x))∗A(x)) =

DR(A,B1∨B2)(x),

and hence DR(A,B1)∨DR(A,B2) =
DR(A,B1∨B2). 2

2Theorem 4.3 justifies such notation

Since (∧,∨)-aggregated fuzzy relational erosion and
dilation operators remain fuzzy relational erosion and
dilation, they satisfy all properties established for such
operators in Section 2 and Section 3. Especially we
highlight the following:

Theorem 4.4 [Duality] Let L be a Girard quantale,
R : X ×X → L, be an L-fuzzy relation and {Bk | k =
1, . . .n} ⊆ LX be a family of L-fuzzy sets. Then for ev-
ery A ∈ LX

∧n

k=1
ER(Ac,Bk) = (

∨n

k=1
DR)

c(A,Bk).

Theorem 4.5 [Adjunction] Let L be a quantale, R :
X × X → L, be an L-fuzzy relation and {Bk | k =
1, . . .n} ⊆ LX be a family of L-fuzzy sets. Then
(
∧n

k=1ER(·,Bk),
∨n

k=1DR(·,Bk)) is an adjunctive pair,
that is, for any A,B,C ∈ LX

∧n

k=1
ER(A,Bk)≤C⇐⇒ A≤

∨n

k=1
DR(C,Bk)).

4.2 (∨,∧)-aggregation.

One can ask what will be obtained if we interchange
the roles of ∧ and ∨ in defining aggregation of ero-
sions and dilations. Namely, aggregate erosions by ∨
and aggregate dilations by ∧. However, we do not see
any practical motivation for this: the joint use of ero-
sions is expected to strengthen both the erosion and
dilation, not weaken them as it will happen in the dis-
cussed case. And second, in this case we will have
only the trivial (as obvious corollaries of propositions
3.2 and 3.5) results, namely:

Proposition 4.6 Let R : X × X → L and let
{B1, . . . ,Bn} be a family of L-fuzzy sets. Then
ER(·,

∧n
k=1Bk)≥

∨n
k=1ER(·,Bk);

DR(·,
∨n

k=1Bk)≥
∧n

k=1DR(·,Bk).

Nevertheless also this aggregation process preserves
the duality and adjunctness of the obtained operators.

Proposition 4.7 Let (L,≤,∧,∨,∗) be a Girard quan-
tale.Then for all A,Bk,∈ LX∨n

k=1ER(Ac,Bi) = (
∧n

k=1DR)
c (A,Bk),

(
∨n

k=1ER)
c (A,Bk) =

∧n
i=1DRi(A

c,Bk).

The proof follows directly from the definitions.

Proposition 4.8 Let (L,≤,∧,∨,∗) be a linearly or-
dered quantale. Then for all A,Bi,C ∈ LX∨n

i=1ER(A,Bi)≤C⇐⇒ A≤
∧n

i=1DR(C,Bi).

Proof We prove the statement in case of two opera-
tors. Let D(A,B1)∧D(A,B2) ≤ C and y ∈ Y . Then
D(A,B1)(y) ∧D(A,B2)(y) ≤ C(y). Without loss of
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generality assume that D(A,B1)(y)) ≤C(y). Then re-
ferring to the proof of theorem 3.9, A(x)≤ E (A,B1)(x)
and hence A(x)≤ E (A,B1)(x)∨E (A,B2)(x) for every
x ∈ X , that is, A≥ E (A,B1)∨E (A,B2).

4.3 Aggregation of fuzzy morphological
operators: the general approach

As in the previous subsections, we consider structured
L-fuzzy erosion and dilation operators ER(·,Bk) : LX →
LX and DR(·,Bk) : LX → LX where (L,≤,∧,∨,∗,c ) is
a De Morgan quantale, R : X ×X → L is a reflexive L-
fuzzy relation and Bk ∈ LX . In the previous subsections
we considered aggregation of such operators by means
of the ∧ and ∨ operations on (L,≤,∧,∨,∗,c ). In this
and the next subsection we analyse the perspectives to
aggregate erosion and dilation operators on the base
of alternative pairs of operators (�,�), where � is a
binary operation on L and � is its dual, that is, a�
b = (ac �bc)c . We assume that � satisfies the following
properties:
(�1) 1L �a = a ∀a ∈ L;
(�2) a≤ b =⇒ a� c≤ a� c≤ b� c ∀a,b,c ∈ L;
(�3) a�b = b�a ∀a,b ∈ L;
(�4) (a�b)� c = a� (b� c) ∀a,b,c ∈ L.

From the properties of � we obtain the corresponding
properties for its dual operator �:

(�1) 0L�a = a ∀a ∈ L;
(�2) a≤ b =⇒ a� c≤ b� c ∀a,b,c ∈ L;
(�3) a�b = b�a ∀a,b ∈ L;
(�4) (a�b)� c = a� (b� c) ∀a,b,c ∈ L.

We define aggregation of erosion and dilation opera-
tors by means of the pair (�,�) of operators as fol-
lows. Let R : X ×X → L be an L-fuzzy relation and
{Bk | k = 1, . . . ,n} ⊆ LX be a family of L-fuzzy sets.

Definition 4.9 Let ER(·,Bk) : LX → LX , be fuzzy re-
lational erosion operators structured by L-fuzzy sets
Bk. We define aggregation of these operators by
3n

k=1ER(·,Bk) :
(
LX
)n→ LX , or explicitly,

ER(A,B1)(y)�, . . . ,�ER(A,Bn)(y) ∀ A ∈ LX , y ∈ X .

From Proposition 3.2 we easily can get the following
properties of the aggregated erosion operator:

Proposition 4.10
(1) 3n

k=1ER(A,Bk)≤ A for every A ∈ LX ;
(2) 3n

k=1ER(aX ,Bi) = aX ;
(3) If A1 ≤ A2 ∈ LX then 3n

k=1ER(A1,Bk) ≤
3n

k=1ER(A2,Bk);
(4) If Bk ≤ B′k ∈ LX for every k = 1, . . . ,n, then for
every A ∈ LX 3n

k=1ER(A,Bk)≥3n
k=1ER(A,B′k).

Definition 4.11 Let DR(·,Bk) : LX → LX , be fuzzy re-
lational dilation operators structured by L-fuzzy sets
Bk. We define aggregation of these operators by⊙n

k=1 DR(·,Bk) :
(
LX
)n→ LX , or explicitly

DR(A,B1)(y)�, . . . ,�DR(A,Bn)(y) ∀ A ∈ LX , y ∈ X .

From Proposition 3.5 we easily get the following prop-
erties of the aggregated dilation operator:

Proposition 4.12
(1)
⊙n

k=1 DR(A,Bk)≥ A for every A ∈ LX ;
(2)
⊙n

k=1 DR(aX ,Bk) = aX ;
(3) If A1 ≤ A2 ∈ LX then

⊙n
k=1 DR(A,Bk) ≤⊙n

k=1 DR(A,Bk).

Thanks to the assumed duality of the pair (�,�) we
have the following important duality between the ag-
gregated operators:

Theorem 4.13
3n

k=1ER(Ac,Bk) =
⊙n

k=1 Dc
R(A,Bk) for every A ∈ LX ;⊙n

k=1 DR(Ac,Bk) =3n
k=1E

c
R(A,Bk) for every A ∈ LX .

Proof We can restrict the proof for the case of aggre-
gation of two operators. Thus to prove the first equal-
ity we have to show that the equality ER(Ac,B1)(y) �
ER(Ac,B2)(y) = Dc

R(A,B1)(y) � Dc
R(A,Bn)(y) holds

for every A ∈ LX .
We get it as follows. Referring to the duality of the pair
(�,�) and the duality between operators E (·,Bk) and
D(·,Bk), see Theorem 3.8, for every A ∈ LX and every
y ∈ X we have
(ER(Ac,B1)(y) � ER(Ac,B2)(y))c = E c

R(A
c,B1)(y) �

E c
R(A

c,B2)(y) = DR(Ac,B1)(y)�DR(A,B2)(y)).
Form this equality we get the requested one just by re-
placing Ac with A.

The second equality can be proved similarly or ob-
tained from the first one by referring to duality of
(�,�). 2

4.4 Additional properties of (�,�)-aggregated
erosion and dilation operators

Going further with the study of operators obtained by
aggregation erosions and dilations, first we have to
note the following important fact. As different from the
case of (∧∨)-aggregation, generally we do not know
whether the operators obtained by (�,�) are indeed
respectively structured fuzzy relational erosion and di-
lation operators. Therefore for (�,�) aggregated oper-
ators we will use notations not specifying an L-fuzzy
relation and a structuring element:

E(A) =3n
k=1ER(A,Bk), D(A) =

⊙n

k=1
DR(aX ,Bk).
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Second, to state some non-trivial assertions, we addi-
tionally have to assume certain relations between op-
erators � and � used for aggregation and the original
operator ∗ in the De Morgan quantale (L,≤,∧,∨,∗,c ).

Patterned after definitions specified in Section 2, we
call operation � meet continuous, if (

∧
i∈I ai) � b =∧

i∈I(ai �b) for any {ai | i ∈ I} ⊆ L, b ∈ L. Obviously,
by duality, meet continuity of � is equivalent to join
continuity of the operation �, that is, (

∨
i∈I ai)� b =∨

i∈I(ai�b) for any {ai | i ∈ I} ⊆ L, b ∈ L.

As an example of meet continuous operation one can
take any continuous t-norm T : [0,1]× [0,1]→ [0,1] in
the role of � and its dual t-conorm in the role of �.

Theorem 4.14 Let (L,≤,∧,∨,c ,∗) be a De Morgan
quantale and � : L×L→ L be a meet-continuous; let
ER(·,B1), . . .ER(·,Bn) be a family of structured fuzzy
relational erosion operations. Let 3n

k=1ER(·,Bk). Fur-
ther let {Ai | i ∈ I} be a family of L-fuzzy sets. Then

3n
k=1ER

(∧
i∈I

Ai,Bk

)
=
∧

i∈I
(3n

k=1ER(Ai,Bk)) ,

or in concise notations, E(
∧

i∈IAi) =
∧

i∈IE(Ai).

Proof We prove this statement in case when two
erosion operators are aggregated. Without loss of gen-
erality we may assume that the family A = {Ai | i∈ I}
is ≤-directed. By saying this we mean that if
Ai,A j ∈ A , then Ai ∧ A j ∈ A . Further, referring to
meet-continuity of � we are reasoning as follows:
E(
∧

i∈I Ai) = ER (
∧

i∈I Ai,B1) � ER (
∧

i∈I Ai,B2) =∧
i∈I ER(Ai,B1) �

∧
j∈I ER(Ai,B2) =

∧
i, j∈I(ER(Ai,B1) �

ER(Ai,B2)) =
∧

i∈I(ER(Ai,B1) � ER(Ai,B2)) =∧
i∈I E(Ai). 2

In a similar way, or applying the duality between ero-
sion and dilation operators (in case we are working in a
Girard quantale (L,≤,∧,∨,c ,∗,�)) we get the follow-
ing.

Theorem 4.15 Let (L,≤,∧,∨,c ,�) be a De Morgan
quantale and � be join-continuous; let DR(·,B1), . . . ,
DR(·,Bn) be a family of structured fuzzy relational di-
lation operations and let

⊙n
k=1 DR(·,Bk) be the aggre-

gated operator. Further let {Ai | i ∈ I} be a family of
L-fuzzy sets. Then⊙n

k=1
DR(

∨
i∈I

Ai,Bk) =
∨

i∈I

(⊙n

k=1
ER(Ai,Bk)

)
,

or, in concise notations, D(
∨

i∈I Ai) =
∨

i∈I D(Ai).

Remark 4.16 From Proposition 4.9, Theorem 4.14,
and referring to known results (see e.g. Definition
14.16 and Theorem 14.17 in [1]), we conclude that E
indeed can be considered as an erosion operator that

determines an adjunctive pair (E,DE) with some di-
lation operator DE. Similarly, from Proposition 4.11
and Theorem 4.15 we conclude that D indeed can be
considered as a dilation operator that determines an ad-
junctive pair (ED,D) with some erosion operator ED.
Unfortunately, generally we cannot state that DE =D
and ED = E as it was in case of �= ∧ and �= ∨.

Reasoning on the problem of aggregation fuzzy mor-
phological operators, in particular regarding the pre-
vious remark, it seems natural to be curious about
the connections between the result of aggregation of
structured erosion and dilation operators and opera-
tions with corresponding structuring elements. The-
orems 4.1 and 4.3 above give an exhaustive answer to
this question in case when aggregation is realised by
the pair (∧,∨). Unfortunately, concerning aggregation
by other pairs (∧,∨), we have only the following par-
tial and easily provable result:

Proposition 4.17 In case of Łukasiewicz t-norms ∗
and �
DR(A,B1)�DR(A,B2)≥D(A,(B1 ·B2));
ER(A,B1)�ER(A,B2)≤ E (A,(B1 �B2)).

Of course, the analogous statement holds also for ag-
gregation of any finite family of operators.

5 Conclusion

In this paper, we introduced the structured versions
of L-fuzzy relational erosion and dilation and studied
their basic properties. Our principal interest here was
aggregation of these operators. We realised such ag-
gregation on the basis of a pair of dual binary oper-
ators. Investigating aggregation of erosion and dila-
tion, we focused on preservation of the most important
properties of these operators, specifically duality and
adjunctness, in the process of aggregation. As the main
challenges for the further development of aggregation
theory in fuzzy morphology we view the following.

(1) We touched only aggregation of erosion and dila-
tion. The work must be continued by including also
aggregation of derived operators of fuzzy relational
mathematical morphology, such as closing, opening
and others.

(2) The problem to find the conditions under which
aggregated relational erosion and dilation remain re-
lational seem to us very challenging.

(3) Concerning the problem of preservation of adjunct-
ness under aggregation: it would be very useful to find
an effective description of operators DE and ED.

(4) We are interested to find some practical applica-
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tions for aggregation of fuzzy relational erosion and
dilation operators. Specifically, at present we are work-
ing on possible application of aggregation of fuzzy
morphological operators in problems of pattern recog-
nition. In this area fuzzy erosion and dilation operators
are already effectively used and we guess that restruc-
turing an image by aggregating fuzzy morphological
operators could be helpful in this field.

(5) In this paper we stick to the fuzzy relational ap-
proach in mathematical morphology. Aggregation in
the framework of other approaches to erosion and dila-
tion operators, it particular, in the framework of alge-
braic as well as classical approaches should be studied.
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