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Abstract

The objective of this paper is to character-
ize the quotient structures of fuzzy multiset
finite automata. We introduce different con-
gruence relation on multiset associated with
fuzzy multiset finite automata and show that
each congruence relation associates a semig-
roup with the fuzzy multiset finite automata.
We also discuss the charaterization of fuzzy
multiset finite automata by defining an ad-
missible relation.
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1 Introduction

The finite automaton is one of the well-known math-
ematical model of computation in the computing
science. After the introduction of fuzzy set by Za-
deh [25], the notion of classical automaton has been
generalized to the fuzzy case in the paper of Wee [23]
and Santos [14]. A number of research presented in
(cf., [7, 9, 10, 13, 24]) highlights the development on
fuzzy automata.

A multiset is a generalization of the concept of a
set, which allows multiple instances for each of its
elements [2]. In the recent years, the diverse applic-
ations of multiset has been shown in various areas
such as mathematics, computer science, biology and
biochemistry (cf., [1, 3, 11]). It has been shown that
the concept of multiset is useful in the characterization
of automata theory and then the concepts of multiset
grammars and multiset finite automata are introduced
and studied ( [3, 4]). In another direction, author of
(cf., [4]) studied the theory of Mealy multiset automata
in membrane computing. Further, a category theoretic

approach has been used to discuss the algebraic
and coalgebraic properties of Mealy type multiset
automata [5].

In recent years the concept of finite automata has
been generalized to fuzzy finite automata having
memebership values in more general structures such
as distributive lattice, complete residuated lattice
and lattice ordered monoids. Motivated by this
generalization Wang, Yin and Gu [21] introduced
the notion of fuzzy multiset finite automata as a
generalization of multiset finite automata. In [21], it is
shown that a fuzzy multiset finite automata accepts the
fuzzy multiset regular grammar, which is generated
from a fuzzy multiset language. After that Tiwari et
al. [19], studied the determinization (i.e., behavior
of equaivalence of fuzzy multiset finite automaton
and deterministic fuzzy multiset finite automata) and
minimal realization problems of fuzzy multiset finite
automata. Sharma et al. (c.f., [16–18]) have discussed
the algebraic study of fuzzy multiset finite automata
and fuzzy multiset languages. The minimization
of fuzzy multiset finite automata with membership
value in a distributive lattice were studied by Wang
et al. [22] and a simplified version of fuzzy multiset
automata has been discussed in [20]. Recently, Pal
et al. [12] applied the Brzozowski’s algorithm to
study the minimal realization of an L-valued multiset
language. However, the study of quotient structure
based fuzzy multiset finite automata is still missing.
In order to give deeper insight into the algebraic study
of fuzzy multiset finite automata, in this paper we
discuss the quotient structures of fuzzy multiset finite
automata. For this purpose, we define a congruence
relation on multiset in such a way that each associate
a semigroup with a fuzzy multiset finite automata.
We also introduce an admissible relation on a given
fuzzy multiset automata and give its characterization.
Interestingly, we establish an isomorphism between
a fuzzy multiset finite automata and the quotient
structure on another fuzzy multiset finite automata.
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This paper is organized as following. Section 2,
is introductory and contains the basic notions of
multiset, multiset finite automata and fuzzy multiset
finite automata. Section 3 contains the main result
of this paper. We introduce a congruence relation
on fuzzy multiset finite automata and show that each
congruence relation associates a semigroup with the
fuzzy multiset finite automata. Furthermore, we define
the admissible relation on a fuzzy multiset finite
automata and discuss its characterization.

2 Preliminaries

In this section we review the concepts of multisets,
multiset finite automata, and fuzzy multiset finite auto-
mata. Below we recall the definition of multiset and
multiset finite automata from [2, 6].

Definition 2.1 Let Σ be a finite set of alphabet and N
be the set of non-negative integers. Then a map u : Σ→
N is called a multiset over alphabet Σ.

Given a finite set of alphabet Σ, the norm of u is defined
by |u| = ∑a∈Σu(a). We shall denote by Σ⊕, the set of
all multisets over Σ. The multiset 0Σ ∈ Σ⊕ is defined by
0Σ(a) = 0,∀a ∈ Σ. Further, a multiset b ∈ Σ⊕, denoted
by < b> is called singleton multiset, if for each a∈Σ,
it has the following form

< b > (a) =
{

1 if b = a,
0 otherwise.

Let Σ⊕ be the set of all multisets over Σ. Then for
multisets u,v ∈ Σ⊕, the operations of inclusion ⊆, ad-
dition ⊕, and difference 	 on multiset Σ⊕ are defined
as follows.

u⊆ v if u(a)≤ v(a),(u⊕ v)(a) = u(a)+ v(a),

(u	 v)(a) = ∨(0,u(a)− v(a)),∀a ∈ Σ.

Furthermore, u ⊂ v if u ⊆ v and u 6= v. Also, for
A,B⊆ Σ⊕, A⊕B = ∪{u⊕v| u ∈ A,v ∈ B}. Obviously,
Σ⊕ is a commutative monoid with identity element 0Σ

with respect to the binary operation ⊕.

For a given alphabet Σ, let Σ = {< a >: a ∈ Σ}.
Consider Σ= {a,b,c}, the multiset u= (1/a,2/b,0/c)
can be expressed as < a >⊕< b >⊕< b >.

Below, we recall the concept of multiset finite
automata from [6]

Definition 2.2 A nondeterministic multiset finite
automaton (in short NMA) is a triple M = (Q,Σ,d),
where Q and Σ are nonempty finite sets called the

state-set and input-set, respectively and d : Q×Σ⊕→
2Q is a map called state transition map.

A configuration of a nondeterministic multiset finite
automaton M is a pair (p,u), where p and u de-
note current state and current multiset, respectively.
The transition in a multiset finite automaton are de-
scribed with the help of configurations. The transition
from configuration (p,u) leads to configuration (q,v) if
there exists a multiset w ∈ Σ⊕ with w⊆ u, q ∈ d(p,w)
and v = u	w, and is denoted by (p,u)→ (q,v).

Definition 2.3 A nondeterministic multiset finite auto-
maton M = (Q,Σ,d) is said to be determin-
istic multiset finite automaton (in short DMA) if
|d(p,u)| ≤ 1, ∀q ∈ Q and u ∈ Σ⊕.

Definition 2.4 Let M = (Q,Σ,d) and M ′ =
(Q′,Σ,d′) be two nondeterministic multiset finite auto-
mata. A map h : Q→ Q′ is said to be homomorphism
from M to M ′ if h(d(p,u)) = d′(h(p),u).

Since Zadeh [25], introduced the notion of fuzzy set,
further studies have been generalized with values from
more general structures. Throughout this paper, we
denote L as a distributive lattice with the least element
0L and the largest element 1L. We use ∨ to represent
the finite supremum operation, and ∧ to represent the
finite infimum operation. We shall denote by LX the
set of all fuzzy subsets of X (i.e. maps λ : X → L).
Furthermore, support of fuzzy set λ is defined as
supp(λ ) = {x ∈ X : λ (x) > 0L}. For a nonempty set
X , a fuzzy relation R on X is a fuzzy subset of X ×X
(i.e. a map R : X×X → L).

Below, we recall the concept of fuzzy multiset
finite from [21] with membership value from L.

Definition 2.5 A fuzzy multiset finite automaton (in
short, FMA) is a triple A = (Q,Σ,δ ), where Q and Σ

are nonempty finite sets called the state-set and input-
set, respectively δ : Q×Σ⊕×Q→ L is a map called
fuzzy state transition map.

A configuration of fuzzy multiset finite automaton
A is a pair (p,u), where p and u denote current state
and current multiset, respectively. The transitions in a
fuzzy multiset finite automaton are described with the
help of configurations. The transition from configura-
tion (p,u) leads to configuration (q,v) with member-
ship value l ∈ L if there exists a multiset w ∈ Σ⊕ with
w ⊆ u,δ (p,w,q) = l and v = u	 w and is denoted

by (p,u) l−→ (q,v). l′−→ ∗ denotes the reflexive and

transitive closure of l′−→, i.e., for (p,u),(q,v) ∈Q×Σ⊕,

(p,u) l′−→ ∗(q,v), if for some n ≥ 0, there ex-
ists (n + 1) states q0, ...,qn and (n + 1) multisets
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u0, ...,un such that q0 = p,qn = q,u0 = u,un = v

and (qi,ui)
li−→ (qi+1,ui+1), ∀i = 0, ...,n − 1, where

l′ = {l0∧ l1∧ ...∧ ln−1}. Now, we define
µA ((p1,u)→∗(p2,v)) =

∨
{l ′ : (p,u)→∗(p′,v)},

and

µA ((p1,u)→∗(p2,u)) =
{

1L if p1 = p2,
0L if p1 6= p2.

Example 2.1 Let A = (Q,Σ,δ ) be fuzzy multiset fi-
nite automata (FMA), where Q = {q1,q2,q3,q4}, Σ =
{a1,a2,a3} and the fuzzy transition functions are given
as;

δ (q1,< a2 >,q3) = 0.3,
δ (q3,< a2 >⊕< a3 >,q4) = 0.7,

δ (q4,< a1 >,q2) = 0.9,
δ (q1,< a2 >⊕< a3 >,q3) = 0.4,

δ (q3,< a2 >,q4) = 0.5.

Take u =< a1 > ⊕ < a2 > ⊕ < a2 > ⊕ < a3 > and
v = 0Σ, then the transition steps ((q1,u) → ∗(q2,v))
are given below;

(i) (q1,< a1 > ⊕ < a2 > ⊕ < a2 > ⊕ < a3 >)
0.3−→

(q3,< a1 >⊕< a2 >⊕< a3 >)
0.7−→ (q4,< a1 >

)
0.9−→ (q2,0Σ).

(ii) (q1,< a1 > ⊕ < a2 > ⊕ < a2 > ⊕ < a3 >)
0.4−→

(q3,< a1 > ⊕ < a2 >)
0.5−→ (q4,< a1 >)

0.9−→
(q2,0Σ).

Thus

µA((q1,u)→∗(q2,v))

=
∨
{0.3∧0.7∧0.9,0.4∧0.5∧0.9}

=
∨
{0.3,0.4}= 0.4.

The notion of homomorphism between two fuzzy
multiset finite automata is given below.

Definition 2.6 Let A = (Q,Σ,δ ) and A ′ = (Q′,Σ,δ ′)
be two fuzzy multiset finite automata. Then a homo-
morphism from A to A ′ is a map h : Q→ Q′ such
that for all q, p ∈ Q and v⊆ u ∈ Σ⊕ we have,

µA ((q,u)→∗(p,v))≤ µA ′((h(q),u)→∗(h(p),v)).

We shall denote by FMA (Σ⊕), the set of all fuzzy
multiset finite automata over a fixed multiset Σ⊕.

Definition 2.7 A homomorphism h from A to A ′

is said to be strong if for all q, p ∈ Q and v ⊆
u ∈ Σ⊕ we have, µA ′((h(q),u) → ∗(h(p),v)) =∨

r∈Q{µA ((q,u)→∗(r,v)) : h(r) = h(p)}.

Definition 2.8 A homomorphism (strong homomorph-
ism) h from A to A ′ is said to be an isomorphism if
h is both one to one and onto.

3 Main Results

The construction of quotient structures of fuzzy auto-
mata and intuitionistic fuzzy automata have already
been studied in [8, 10, 15]. Here, we discuss the
quotient structures on fuzzy multiset finite automata.
For this purpose, we define a congruence relation
on multiset Σ⊕ in such a way that each associate
a semigroup with a fuzzy multiset finite automata.
We also introduce an admissible relation on a given
fuzzy multiset automata and give its characterization.
Interestingly, we establish an isomorphism between
a fuzzy multiset finite automata and the quotient
structure on another fuzzy multiset finite automata.

For each A = (Q,Σ,δ ) ∈ FMA (Σ⊕). Define
a relation ∼ on Σ⊕ by u ∼ v if and only if there exists
w∈ Σ⊕ such that µA ((q,u)→∗(p,w)) = µA ((q,v)→
∗(p,w)), for all p,q ∈ Q. Now we have the following

Proposition 3.1 Let A = (Q,Σ,δ ) ∈ FMA (Σ⊕).
Then the relation ∼ on Σ⊕ is a right congruence re-
lation on Σ⊕.

Proof. Clearly ∼ is an equivalence relation on Σ⊕.
Now let us assume that u ∼ v and α ∈ Σ⊕. Then
∀q, p ∈ Q, we have;

µA ((q,u⊕α)→∗(p,w))

=
∨
r∈Q

{µA ((q,u)→∗(r,α))∧

µA ((r,α)→∗(p,w))}
= ∃r ∈ Q,(µA ((q,u)→∗(r,α))∧

µA ((r,α)→∗(p,w))),

= ∃r ∈ Q,(µA ((q,v)→∗(r,α))∧
µA ((r,α)→∗(p,w))),(since u∼ v)

=
∨
r∈Q

{µA ((q,v)→∗(r,α))∧

µA ((r,α)→∗(p,w))}
= µA ((q,v⊕α)→∗(p,w)),

i.e., µA ((q,u ⊕ α) → ∗(p,w)) = µA ((q,v ⊕ α) →
∗(p,w)). Hence u⊕α ∼ v⊕α or ∼ is a right con-
gruence relation on Σ⊕. �
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Remark 3.1 Note that the above-defined relation ∼
on Σ⊕, is not a left congruence relation. The proof
is easy and we leave it to the reader to verify.

Now for u ∈ Σ⊕, we define a set [u] = {v ∈ Σ⊕|u∼ v}
and S(A ) = {[u]|u ∈ Σ⊕}. We have the following.

Proposition 3.2 Let A = (Q,Σ,δ ) ∈ FMA (Σ⊕)..
Define a binary operation � on S(A ) by [u]� [v] =
[u⊕ v], for all u,v ∈ Σ⊕. Then 〈S(A ),�〉 is a finite
semigroup with identity.

Now we define another type of relation ≈ on Σ⊕

by u ≈ v if and only if there exists w ∈ Σ⊕ such
that µA ((q,u) → ∗(p,w)) > 0L ⇐⇒ µA ((q,v) →
∗(p,w))> 0L, for all u,v ∈ Σ⊕ and q, p ∈ Q.

Proposition 3.3 Let A = (Q,Σ,δ ) ∈ FMA (Σ⊕).
Then the relation ≈ on Σ⊕ is a right congruence re-
lation.

Proof. Clearly ≈ is an equivalence relation on Σ⊕.
Now let us assume that u≈ v and α ∈ Σ⊕. Then for all
q, p ∈ Q, we have

µA ((q,u⊕α)→∗(p,w))> 0L

⇐⇒
∨
r∈Q

{µA ((q,u)→∗(r,α))∧

µA ((r,α)→∗(p,w))}> 0L

⇐⇒ ∃r ∈ Q,{µA ((q,u)→∗(r,α))∧
µA ((r,α)→∗(p,w))}> 0L

⇐⇒ ∃r ∈ Q,(µA ((q,v)→∗(r,α))∧
µA ((r,α)→∗(p,w)))> 0L,

(since u≈ v)

⇐⇒
∨
r∈Q

{µA ((q,v)→∗(r,α))∧

µA ((r,α)→∗(p,w))}> 0L

⇐⇒ µA ((q,v⊕α)→∗(p,w))> 0L.

i.e., µA ((q,u ⊕ α) → ∗(p,w)) > 0L ⇔ µA ((q,v ⊕
α)→ ∗(p,w)) > 0L. Hence u⊕ α ≈ v⊕ α or ≈ is
a right congruence relation on Σ⊕. �

Remark 3.2 For each A = (Q,Σ,δ ) ∈ FMA (Σ⊕)
and u ∈ Σ⊕, we define a set [[u]] := {v ∈ Σ⊕|u ≈ v}
and S̃(A ) := {[[u]]|u ∈ Σ⊕}.

Proposition 3.4 Let A = (Q,Σ,δ ) ∈ FMA (Σ⊕).
Define a binary operation } on S̃(A ) by

[[u]]} [[v]] = [[u⊕ v]],∀[[u]], [[v]] ∈ S̃(A ).

Then 〈S̃(A ),}〉 is a finite semigroup with identity.

Proof. Clearly, the binary operation } is well-
defined and associative. For all [[u]] ∈ S̃(A ), we

have [[u]]} [[0Σ]] = [[u⊕ 0Σ]] = [[u]] = [[0Σ ⊕ u]] =
[[0Σ]]} [[u]]. It means that [[0Σ]] is the identity of
〈S̃(A ),}〉. The finiteness of S̃(A ) is conclude with
the finiteness of Σ. Hence 〈S̃(A ),}〉 is a finite
semigroup with identity. �

From the previous propositions, we have the fol-
lowing.

Proposition 3.5 Let A = (Q,Σ,δ ) ∈ FMA (Σ⊕)
and h : S(A )→ S̃(A ) be map such that h([u]) = [[u]],
for all [u] ∈ S(A ). Then h is homomorphism of S(A )
onto S̃(A ).

Proof. Let u,v ∈ Σ⊕ and [u] = [v]. Then for
all p,q ∈ Q and there exsts w ∈ Σ⊕ such that
µA ((q,u)→ ∗(p,w)) = µA ((q,v)→ ∗(p,w)). This
implies that for all q, p ∈ Q µA ((q,u)→ ∗(p,w)) >
0L ⇐⇒ µA ((q,v)→ ∗(p,w)) > 0L, or u ≈ v. Hence
[[u]] = [[v]] or h([u]) = h([v]). This shows that h
is well-defined. Obviously h is onto. Now for all
[u], [v] ∈ S(A ), we have f ([u]� [v]) = f ([u⊕ v]) =
[[u⊕ v]] = [[u]]} [[v]] = h([u])}h([v]). Since S(A ) is
finite, therefore S̃(A ) is also finite. �

Let A = (Q,Σ,δ ) be a fuzzy multiset finite automaton
and u ∈ Σ⊕. For some u,w ∈ Σ⊕, define a fuzzy
relation uR in Q by uR(q, p) = µA ((q,u)→ ∗(p,w)),
for all q, p ∈ Q. Further, let Q,S, T be nonempty
sets and R,R′ be a fuzzy relation in Q× S and S×T ,
respectively. Then the composite relation R ◦ R′ in
Q×T is defined by;

R◦R′(q, t) =
∨
s∈S

{R(q,s)∧R′(s, t)},∀q ∈ Q, t ∈ T.

We use the composition of realtions ◦ defined above in
the next proposition.

Proposition 3.6 Let A = (Q,Σ,δ ) ∈ FMA (Σ⊕)
and SR(A ) := {uR|u ∈ Σ⊕}. Then

(i) for all u,v ∈ Σ⊕, uR ◦ vR = [u⊕ v]R,

(ii) 〈SR(A ),◦〉 is a finite semigroup with identity and
isomorphic to 〈S(A ),�〉.

Proof. (i) Let q, p ∈ Q. Then

[u⊕ v]R(q, p)

= µA ((q, [u⊕ v])→∗(p,w))

=
∨
r∈Q

{µA ((q,u)→∗(r,v))∧

µA ((r,v)→∗(p,w))}
=

∨
r∈Q

{[u]R(q,r)∧ [v]R(r, p)}

= ([u]R ◦ [v]R)(q, p).
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Hence uR ◦ vR = [u⊕ v]R, for all u,v ∈ Σ⊕.
(ii) Clearly the binary operation ◦ is well-defined
and associative with identity 0ΣR . Since Q and Σ are
finite, therefore 〈SR(A )〉 is also finite. Now define
a map h : SR(A ) → S(A ) by h([u]R) = [u], for all
[u]R ∈ SR(A ). Let [u]R, [v]R ∈ SR(A ). Then

[u]R = [v]R

⇐⇒ [u]R(q, p) = [v]R(q, p),∀q, p ∈ Q

⇐⇒ µA ((q,u)→∗(p,w))

= µA ((q,v)→∗(p,w)),

⇐⇒ [u] = [v].

Thus h is well-defined and one-one. Obviously h is
onto. Now h([u]R ◦ [v]R) = h([u⊕v]R) = [u⊕v] = [u]�
[v] = h([u]R)� h([v]R). Hence h is a homomorphism.
Therefore 〈SR(A ),◦〉 is isomorphic to 〈S(A ),�〉. �

Definition 3.1 Let A = (Q,Σ,δ ) ∈ FMA (Σ⊕) and
w be an equivalence relation on Q. Then w is called
an admissible relation if it satisfies: for all q, p,r
and ∀a ∈ Σ, q w p, µA ((q,〈a〉)→ ∗(r,0Σ)) > 0L ⇒
∃ s ∈Q such that sw r and µA ((p,〈a〉)→∗(s,0Σ))≥
µA ((q,〈a〉)→∗(r,0Σ)).

Below we give the characterization of admissible rela-
tion in fuzzy multiset finite automata.

Proposition 3.7 Let A = (Q,Σ,δ ) ∈ FMA (Σ⊕)
and w be an equivalence relation on Q. Then w is
admissible relation if and only if for all q, p,r ∈ Q
and ∀v⊆ u ∈ Σ⊕, qw p, µA ((q,u)→ ∗(r,v))> 0L⇒
∃s ∈ Q such that s w r and µA ((p,u) → ∗(s,v)) ≥
µA ((q,u)→∗(r,v)).

Proof. Let us assume that w is an admissible re-
lation on Q. Let q, p,r ∈ Q and v ⊆ u ∈ Σ⊕ such
that q w p and µA ((q,u) → ∗(r,v)) > 0L. We
prove the result by method of induction on |u| = n.
Now if n = 0, then u = 0Σ and so µA ((q,u) →
∗(r,0Σ)) = µA ((q,0Σ) → ∗(r,0Σ)) > 0L ⇒ q = r
and µA ((q,u) → ∗(q,0Σ)) = 1L. If we take s = p,
then s w r and µA ((p,u) → ∗(s,0Σ)) = 1L =
µA ((q,u) → ∗(q,0Σ)). Hence the result is true
for n = 0. Suppose it is true for all w ∈ Σ⊕ with
|w|= n−1,n > 0. Let u = w⊕〈a〉, where a ∈ Σ. Then
µA ((q,w⊕ 〈a〉) → ∗(r,0Σ)) =

∨
q1∈Q{µA ((q,w) →

∗(q1,〈a〉)) ∧ µA ((q1,〈a〉) → ∗(r,0Σ))} > 0L. Let
s ∈ Q be such that µA ((q,w) → ∗(s,〈a〉)) ∧
µA ((s,〈a〉) → ∗(r,0Σ)) =

∨
q1∈Q{µA ((q,w) →

∗(q1,〈a〉)) ∧ µA ((q1,〈a〉) → ∗(r,0Σ))}. Then
µA ((q,w) → ∗(s,〈a〉)) > 0L, µA ((s,〈a〉) →
∗(r,0Σ)) > 0L. It follows from the induction hy-
pothesis that there exists ts ∈ Q such that ts w
s, µA ((p,w)→ ∗(ts,〈a〉)) ≥ µA ((q,w)→ ∗(s,〈a〉)).

Now µA ((s,〈a〉) → ∗(r,0Σ)) > 0 and ts w s,
then there exists t ∈ Q such that µA ((ts,〈a〉) →
∗(t,0Σ)) ≥ µA ((s,〈a〉)→ ∗(r,0Σ)) and t w p. Thus
µA ((p,w) → ∗(ts,〈a〉)) ∧ µA ((ts,〈a〉) → ∗(t,0Σ)) ≥
µA ((q,w)→ ∗(s,〈a〉))∧ µA ((s,〈a〉)→ ∗(r,0Σ)), for
some t ∈ Q, and so µA ((q,w⊕ 〈a〉) → ∗(r,0Σ)) =
µA ((q,w) → ∗(s,〈a〉)) ∧ µA ((s,〈a〉) → ∗(r,0Σ)) ≤
µA ((p,w) → ∗(ts,〈a〉)) ∧ µA ((ts,〈a〉) → ∗(t,0Σ)) ≤∨

r1∈Q{µA ((p,w) → ∗(r1,〈a〉)) ∧ µA ((r1,〈a〉) →
∗(t,0Σ))} = µA ((p,w ⊕ 〈a〉) → ∗(t,0Σ)) =
µA ((p,u) → ∗(t,0Σ)), and t w r. Therefore the
result is true for every n,n = |u|,u ∈ Σ⊕ by induction
hypothesis. The converse of this is trivial and leave it
to the reader. �

Let A = (Q,Σ,δ ) ∈ FMA (Σ⊕) and w be an
admissible relation on Q. For q ∈ Q, let [q] denote the
equivalence class of q. Define a set Q̃ = {[q]|q ∈ Q}.
Let δ̃ : Q̃× Σ⊕ × Q̃ → L be a fuzzy state transition
map whose configuration is defined as µ̃A (([q],u)→
∗([p],v)) =

∨
r∈[p]{µA ((q,u)→∗(r,v))},∀ [q], [p]∈ Q̃

and v⊆ u∈ Σ⊕. Now we show that δ̃ is a single-valued
map. Let us suppose that [q] = [q′], [p] = [p′], u = u′,
v = v′, ∀q,q′, p, p′ ∈ Q and ∀u,u′,v,v′ ∈ Σ⊕. Then
qw q′ and pw p′. Now

µ̃A (([q],u)→∗([p],v))

=
∨

r∈[p]
{µA ((q,u)→∗(r,v))}

and
µ̃A (([q′],u′)→∗([p′],v′))

=
∨

r′∈[p′]
{µA ((q′,u)→∗(r′,v))}.

Let r ∈ [p] be such that µA ((q,u) → ∗(r,v)) > 0L.
Since w is admissible there exists r′ ∈ Q
such that r′ w r and µA ((q′,u) → ∗(r′,v)) ≥
µA ((q,u) → ∗(r,v)). Now since r′ w r,
r′ ∈ [p] = [p′]. Thus there exists r′ ∈ [p′] such that
µA ((q′,u) → ∗(r′,v)) ≥ µA ((q,u) → ∗(r,v)) > 0L.
Similarly if µA ((q′,u) → ∗(r′,v)) > 0L for some
r′ ∈ [p′], then there exists r ∈ [p] such that
µA ((q,u) → ∗(r,v)) ≥ µA ((q′,u) → ∗(r′,v)) > 0L.
Hence µA ((q′,u)→∗(r′,v))= µA ((q,u)→∗(r,v)) or
µ̃A (([q],u)→ ∗([p],v)) = µ̃A (([q′],u′)→ ∗([p′],v′)).
Thus δ̃ is a single-valued map. Hence ˜A = (Q̃,Σ, δ̃ )
is a fuzzy multiset finite automaton. Now we define a
map h̃ : Q→ Q̃ by h̃(q) = [q],∀q ∈ Q. Clearly h̃ maps
Q onto Q̃. Let q, p ∈ Q and v⊆ u ∈ Σ⊕. Then
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µ̃A ′(([q],u)→∗([p],v))

=
∨

r∈[p]
{µA ((q,u)→∗(r,v))};

≥ µA ((q,u)→∗(p,v)),

i.e., µA ((q,u) → ∗(p,v)) ≤ µ̃A ′((h̃(q),u) →
∗(h̃(p),v)). Hence h̃ is a strong homomorphism.

Definition 3.2 Let A = (Q,Σ,δ ) and A ′ =
(Q′,Σ,δ ′) ∈ FMA (Σ⊕) and let h : A → A ′

be strong homomorphism. Then the kernel of h (Kerh)
defined by Kerh = {(q, p)|h(q) = h(p)}.

Now we have the following.

Proposition 3.8 Let A = (Q,Σ,δ ) and
A ′ = (Q′,Σ,δ ′) ∈ FMA (Σ⊕) and h : A → A ′ be
strong homomorphism. Then Kerh is an admissible
relation.

Proof. Clearly Kerh is an equivalence relation on
Q. Let q, p ∈ Q be such that (q, p) ∈ Kerh. Then
h(q) = h(p). Let r ∈ Q, v ⊆ u ∈ Σ⊕ and µA ((q,u)→
∗(r,v)) > 0L. Then µ ′A ′((h(q),u) → ∗(h(r),v)) =
µ ′A ′((h(p),u) → ∗(h(r),v)) ≥ µA ((p,u) → ∗(r,v)).
Now by Proposition 2.2 there exists r′ ∈ Q such that
µA ((q,u)→∗(r′,v))≥ µA ((p,u)→∗(r,v))> 0L and
h(r′) = h(r). Since h(r′) = h(r), (r′,r) ∈ Kerh. Thus
Kerh is an admissible relation. �

Proposition 3.9 Let A = (Q,Σ,δ ) and A ′ =
(Q′,Σ,δ ′) ∈ FMA (Σ⊕) and let h : A → A ′ be
strong homomorphism. Then there exists an isomorph-
ism g : ˜A (= (Q/Kerh,Σ, δ̃ )) → A ′(= (Q′,Σ,δ ′))
such that h = g◦ h̃.

Proof. We define map g : Q/Kerh → Q′ by
g([q]) = h(q). Let q, p∈Q be such that [q] = [p]. Then
(q, p)∈Kerh and hence g([q]) = h(q) = h(p) = g([p]).
Thus g is well-defined. Also, we can easily check that
g is one-one and onto. Now, let v⊆ u ∈ Σ⊕. Then

µ ˜A (([q],u)→∗([p],v))

=
∨
{µA ((q,u)→∗(r,v))|r ∈ [p]};

=
∨
{µA ((q,u)→∗(r,v))|h(r) = h(p),r ∈ Q};

= µA ′((h(q),u)→∗(h(p),v));
= µA ′((g(q),u)→∗(g(p),v)).

Thus g is homomorphism and hence isomorphism
from Q/Kerh to Q′. Obviously, h = g◦ h̃. �

4 Conclusion

In this paper, we have tried to characterize quotient
structures of fuzzy multiset finite automata. We

introduced different congruence relation on multiset
associated with fuzzy multiset finite automata and
show that each congruence relation associates a
semigroup with the fuzzy multiset finite automata.
Moreover, we have introduced an admissible relation
on a fuzzy multiset finite automata and discuss its
characterization. Finally, we established an isomorph-
ism between fuzzy multiset finite automata and the
quotient structures on another fuzzy multiset finite
automata.

As a future work we plan to define and study the
operator oriented fuzzy multiset finite automata and
its association with fuzzy multiset topologies.
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