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Abstract

Gaussian Markov Random Fields over
graphs have been widely used in the con-
text of both theoretical and applied Statistics.
In this paper, we study the influence of the
graph on the continuous entropy of the dis-
tribution. In particular, since the continuous
entropy is highly dependant on the correla-
tions between adjacent nodes in the graph,
we consider the particular case of Gaussian
Markov Random Fields with uniform corre-
lation, i.e., Gaussian Markov Random Fields
in which such correlations are equal. We
define a partial order relation on the set of
graphs that orders the graphs according to
their contribution to the continuous entropy.
We also present a graded version of this or-
der relation that allows to compare incompa-
rable graphs with respect to the original or-
der relation. Finally, an example for the il-
lustration of the graded order relation is pro-
vided.

Keywords: Gaussian Markov Random
Fields, Uniform correlation, Continuous En-
tropy, Fuzzy order of graphs.

1 Introduction

A Markov Random Field (MRF) is a random vector for
which the conditional statistical independence struc-
ture can be expressed as a graph in which the nodes
are the indices of the variables [10]. More precisely,
the statistical dependence of two variables is linked to
the paths that connect those variables in the graph. If
the random vector is multivariate Gaussian, the notion
of statistical dependence becomes equivalent to that of
linear dependence (see, e.g., [16]) and, thus, the con-
ditional independence of the variables can be studied

by identifying null elements of the inverse of the co-
variance matrix [22]. In this case, the random vector is
called a Gaussian Markov Random Field (GMRF).

The modelling of problems by means of a GMRF is,
in general, computationally attractive, mainly because
the inverse of the covariance matrix is positive defi-
nite and typically sparse. For this type of matrices
efficient algorithms have been developed, for exam-
ple, to factorize or solve linear systems of equations
[8, 21]. For this reason, many applications of GMRFs
have been addressed in different areas, such as image
processing [9, 18] and disease control [12, 15]. In re-
cent years, many advances have been made towards
learning structures [14], sampling methods [2], sim-
ulation [19, 23, 24] and inference [7] over a GMRF
model.

The continuous entropy is an extension of the Shannon
entropy [25] to continuous random vectors. This quan-
tity measures the average surprisal of the random vec-
tor [17]. Finding the distribution that maximizes the
continuous entropy given some restrictions is a highly
studied field, some examples can be found in [1, 4, 29].
Given the variances and some of the covariances be-
tween a collection of variables, the GMRF distribution
(over the graph where the nodes are adjacent if and
only if the covariance is specified) maximizes the con-
tinuous entropy, since the resultant covariance matrix
maximizes the determinant [6].

We are interested in studying how the graph structure
influences the value of the continuous entropy. Unfor-
tunately, the continuous entropy is highly dependant
on the variances and the values of the correlations be-
tween adjacent nodes in the graph. To avoid the influ-
ence of the variances, we focus the study on the corre-
lation matrix rather than the covariance matrix. Addi-
tionally, we consider a particular type of GMRF (GM-
RFs with uniform correlation) in which the correlation
between variables associated with adjacent nodes in
the graph is always the same. We thus study the cor-
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relation matrix of GMRFs with uniform correlation in
order to compare the contribution of different graphs
to the continuous entropy of the associated distribu-
tion. In particular, we focus our study on the function
τ(G,ρ0), defined in [27], that equals the determinant
of the correlation matrix of the distribution as a func-
tion of the graph G and the value ρ0 of the uniform
correlation. We compare the contribution to the contin-
uous entropy of two graphs G1 and G2 by comparing
τ(G1,ρ0) and τ(G2,ρ0) as functions of ρ0.

The remainder of the paper is organized as follows. In
Section 2, we introduce some basic concepts related
to GMRFs and, in particular, to GMRFs with uniform
correlation. In Section 3, the relation between the con-
tinuous entropy of the distribution and the graph is ex-
plained in terms of the function τ(G,ρ0). The most
important properties of τ(G,ρ0) are presented. A pre-
order relation for ordering graphs in terms of their con-
tribution to the continuous entropy is defined in Sec-
tion 4. A graded extension of this preorder relation is
provided in Section 5, focusing on the set of graphs of
order five. Finally, some conclusions and open ques-
tions are provided in Section 6.

2 Gaussian Markov Random Fields with
uniform correlation

A random vector (X1, . . . ,Xn) has a Multivariate Gaus-
sian random distribution if any linear combination of
its components has a Univariate Gaussian distribu-
tion [16]. The joint probability density function of a
Multivariate Gaussian random vector has the follow-
ing expression:

f (~x) =
1√
|2πΣ|

exp
(
− (~x−~µ)′Σ−1(~x−~µ)

2

)
,

for any~x ∈Rn, where~µ is the mean vector and Σ is the
covariance matrix, which is always a positive semidef-
inite matrix. We denote the set of positive definite ma-
trices of order n by Pn . The diagonal elements of
the covariance matrix are equal to the variances of the
variables (i.e Σi,i = σ2

i ). The elements of the corre-
lation matrix P are Pi, j = ρi, j, where ρi, j denotes the
Pearson’s correlation coefficient between the variables
Xi and X j.

Two continuous random vectors ~XA and ~XB of dimen-
sions nA and nB are said to be conditionally inde-
pendent [20] given another continuous random vector
~XC of dimension nC if there exist h : RnA+nC → [0,∞]
and g : RnB+nC → [0,∞] such that, for any ~xa ∈ RnA ,
~xb ∈ RnB and ~xc ∈ RnC , it holds that the joint density
function can be decomposed as follows: f (~xa,~xb,~xc) =
h(~xa,~xc)g(~xb,~xc).

Given ~XV = {Xi | i ∈ V = {1, . . . ,n}} and A,B,C ⊂
V three pairwise disjoint subsets of V , we denote by
~XA ⊥ ~XB | ~XC the fact that ~XA and ~XB are conditionally
independent given ~XC. The shorthand ~X−C is used for
referring to ~X{1,...,n}\C.

Interestingly, for a Multivariate Gaussian distribution,
conditionally independent variables given all other
variables are characterized by the null elements of the
inverse of the covariance matrix.

Theorem 1. [22] Let ~X be a multivariate Gaussian
random vector with mean vector~µ and covariance ma-
trix Σ. For any i 6= j, it holds that Xi⊥X j | ~X−{i, j} ⇐⇒(
Σ−1

)
i j = 0.

It is possible to associate the components of a Multi-
variate Gaussian random vector with the nodes of the
graph, representing the conditional dependence of the
components by means of the edges of the graph. Be-
fore explaining how to associate a node and a random
vector, we are going to recall some necessary concepts
concerning graphs.

A graph is a pair G = (V,E), where V is any set and
E is a set of subsets of V of cardinality equal to 2. In
particular, we will consider simple graphs, which are
graphs containing no graph loops ((i, i) 6∈ E for any i ∈
V ) or multiple edges (E is not a multiset). Any element
in V is called a node and the number of nodes is called
the order of the graph. Unless otherwise is specified,
we assume that the order of the graph G is n. Any
element in E is called an edge.

For any i1, ik ∈ V , it is said that they are connected
if there exists a sequence of nodes (i2, . . . , ik−1) such
that (i j, i j+1) ∈ E for any j ∈ {1, . . . ,k− 1}. The se-
quence of vertices and edges from i1 to ik is called a
walk. A path is a walk in which none of the vertices or
edges is repeated. The length of a path is the number
of edges that it contains. If two vertices are connected
by a path of length 1 (i.e., by a single edge), the ver-
tices are called adjacent. The distance between two
connected nodes is the minimum length among all the
paths between them. If i1 = ik, then the path is called
a cycle. A graph is called connected if any two nodes
are connected and it is called acyclic if it contains no
cycles.

The subgraph induced by A ⊂ V is the graph G′ =
(A,E ′), where E ′ = {(i, j) ∈ E | i, j ∈ A}. Given three
pairwise disjoint subsets A,B,C ⊂ V , it is said that C
separates A and B if any path between any node of A
and any node of B contains a node of C. For more de-
tails on Graph Theory we refer to [13].

Formally, given a graph G = (V,E), a Gaussian
Markov Random Field over G is a Multivariate Gaus-
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sian random vector ~X = (Xi | i ∈ V ) such that the fol-
lowing restriction, referred to as the Global Markov
Property, is fulfilled: XA ⊥ XB | ~XC, for any pairwise
disjoint A,B,C⊂V such that C separates A and B. This
is equivalent to fulfilling the Pairwise Markov Prop-
erty [22]: Xi ⊥ X j | ~X−{i, j}, for any i, j ∈ V such that
(i, j) /∈ E and i 6= j.

As a result of Theorem 1, given a GMRF, the Global
Markov Property is characterized by the null elements
of Σ−1.
Example 1. Consider the bull graph and the 4-
complete graph with an isolated node, K4 ∪K1 (see
Figure 1) and the Multivariate Gaussian random vec-
tors ~XA and ~XB with mean vectors~µA =~µB =~0 and the
following covariance matrices:

ΣA =


1 0.5 0.5 0.35 0.4

0.5 1 0.5 0.7 0.4
0.5 0.5 1 0.35 0.8

0.35 0.7 0.35 1 0.28
0.4 0.4 0.8 0.28 1



ΣB =


10 0 0 0 0
0 1 −0.1 0.2 0.3
0 −0.1 1 0.4 0.5
0 0.2 0.4 1 0.6
0 0.3 −0.5 0.6 1


It holds that ~XA is a GMRF over the bull graph and
~XB is a GMRF over K4 ∪K1. This can be verified by
inverting their covariance matrices and checking that
the elements associated with non adjacent nodes in the
graph are equal to 0.

(ΣA)
−1 ≈


1.5 −0.5 −0.5 0 0
−0.5 2.46 −0.5 −1.37 0
−0.5 −0.5 3.28 0 −2.22

0 −1.37 0 1.96 0
0 0 −2.22 0 2.78



(ΣB)
−1 ≈


0.1 0 0 0 0
0 1.22 −0.42 −0.10 −0.51
0 −0.42 1.51 −0.25 −0.73
0 −0.10 −0.25 1.60 −0.81
0 −0.51 −0.73 −0.81 2.00



1

2 3

4 5

1

2 3

4 5

Figure 1: Representation of the bull graph (left-hand
side) and K4∪K1 (right-hand side).

We focus on the structure of the graph and just consider
GMRFs with uniform correlation, which are GMRFs

in which all Pearson’s correlation coefficients between
adjacent variables are equal, as in [27].
Definition 1. Let G = (V,E) be a graph. A multivari-
ate Gaussian random vector ~X = (Xi | i ∈V ) is called
a GMRF with uniform correlation ρ0 ∈ (−1,1) over G
if the corresponding correlation matrix P satisfies that:
• Pi,i = 1, for any i ∈V ;
• Pi, j = ρ0, for any (i, j) ∈ E;
• (P−1)i, j = 0, for any (i, j) /∈ E with i 6= j.

Given a graph G and a value ρ0 for the uniform cor-
relation, we aim at finding the correlation matrix of
a GMRF with uniform correlation ρ0 over G. This
problem is a particular case of the GMRF construction
problem defined in [26].
Theorem 2. [26] Let R,S ∈ Pn and a graph G =
(V,E) of order n. There exists a unique F ∈Pn that
satisfies:
(1) Fi, j = Ri j, for any (i, j) ∈ E or i = j,
(2) F−1

i, j = Si, j, for any (i, j) /∈ E with i 6= j.

In particular, setting S = In, it is concluded that there
exists a (unique) correlation matrix of a GMRF with
uniform correlation ρ0 over G as long as there exists
a positive definite matrix R satisfying that Ri,i = 1 for
any i ∈ V and Ri, j = ρ0 for any (i, j) ∈ E. From now
onward, we focus on the case of positive correlation
(i.e., ρ0 ≥ 0) since such matrix R always exists. For
instance, consider the definite positive matrix R such
that Ri,i = 1 for any i ∈ V and Ri, j = ρ0 for any i, j ∈
V with i 6= j. The uniqueness of the solution implies
that any GMRF with positive uniform correlation ρ0
over a graph G has the same correlation matrix, which
will be denoted by P(G,ρ0). A very important concept
to our purposes is the determinant of the correlation
matrix P(G,ρ0), which will be denoted by τ(G,ρ0), as
in [27]. We extend the function to the case in which
ρ0 = 1, as follows. If the graph has at least one edge,
the associated correlation matrix is not invertible, so
we set τ(G,1) = 0. If G has no edges, the correlation
matrix is the identity matrix, so we set τ(G,1) = 1.

3 Entropy of a GMRF with uniform
correlation

The continuous entropy, also known as differential en-
tropy, is the extension of the Shannon entropy [25] to
continuous random vectors. Given a random vector ~X
with probability density function f (~x), the continuous
entropy is defined as

H(~X) =
∫

log( f (~x)) f (~x)d~x.

Given a covariance matrix, the Multivariate Gaussian
random vector maximizes the continuous entropy be-
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tween those with that covariance matrix [4]. The
continuous entropy of a Multivariate Gaussian ran-
dom vector ~X only depends on the covariance ma-
trix and has the following expression [25]: H(~X) =
n
2 log(2πe)+ 1

2 log |Σ|.
Example 2. Consider the random vectors ~XA and ~XB
from Example 1. The continuous entropy has the
following values: H(~XA) =

5
2 log(2πe)+ 1

2 log |ΣA| ≈
5.901 and H(~XB) =

5
2 log(2πe)+ 1

2 log |ΣB| ≈ 7.771.

Considering a GMRF with uniform correlation ρ0 over
a graph G, the relation between the covariance matrix
and the correlation matrix leads us to the following ex-
pression:

H(~X) =
n
2

log(2πe)+
1
2

log

(
τ(G,ρ0)

n

∏
i=1

σ
2
i

)
.

Aside of the variances of the components, the contin-
uous entropy of a GMRF with uniform correlation de-
pends only on the value of τ(G,ρ0). In addition, if the
value of ρ0 is fixed, the continuous entropy only de-
pends on the graph.

We are interested in studying the effect of the graph
on the continuous entropy, focusing on the study of
τ(G,ρ0). As a preliminary study, we verify that greater
values of ρ0 imply smaller values of τ(G,ρ0) and that
adding edges to the graph also makes τ(G,ρ0) to take
smaller values. The first statement is proven in [27]. In
particular, letting G fixed, τG(x) = τ(G,x) is a continu-
ous, monotone decreasing and logarithmically concave
function [27]. The second statement can be proven by
applying that the determinant of the matrix F is greater
than or equal to the determinant of the matrix R in The-
orem 2, see [6].
Proposition 1. Let G1 = (V,E1) and G2 = (V,E2) be
two graphs with the same set of nodes such that E1 ⊆
E2. Then, τ(G1,ρ0)≥ τ(G2,ρ0) for any ρ0 ∈ [0,1].

Another interesting property is that two isomorphic
graphs G and G′ (see [13]) satisfy that τ(G′,ρ0) =
τ(G,ρ0) for any ρ0 ∈ [0,1]. Moreover, it is clear from
the properties of the determinants that, adding an iso-
lated node, denoted by K1, to the graph does not change
τ(G,ρ0), i.e. τ(G∪K1,ρ0) = τ(G,ρ0) for any graph
G and ρ0 ∈ [0,1]. Thus, the converse of the previous
statement is not fulfilled, that is, there are also pairs of
non-isomorphic graphs for which the determinants of
the correlation matrices are equal. It is possible to find
a counterexample even in the case in which the graphs
are of the same order. In fact, we will see in Propo-
sition 2 that all trees of a fixed order share the same
function τ(G,ρ0).

Given a graph G, the function τ(G,ρ0) is, in gen-
eral, not easy to compute. Firstly, we need to deter-

mine P(G,ρ0). Although there are numerical methods
to compute the correlation matrix for a specific value
of ρ0 (see [3, 26, 27, 28]), a method to find the ex-
plicit expression in terms of ρ0 has not been devel-
oped yet. Here, in order to find P(G,ρ0), we identify
which of the elements of P(G,ρ0) must have the same
value, typically by using the automorphism group of
the graph. Subsequently, we compute the inverse of
the matrix and apply Theorem 1 for obtaining a non-
linear system of equations. This system typically has
more than one solution, although only one of these so-
lutions satisfies the conditions of the correlation ma-
trix of a GMRF with uniform correlation. Choosing
the adequate solution of the system, if there are more
than one, allows us to determine P(G,ρ0). Afterwards,
we only have to compute the determinant of P(G,ρ0)
in order to obtain τ(G,ρ0).
Example 3. Consider the graphs in Figure 1. It can be
proven, by inverting the matrices as in Example 1, that
the expression of P(bull,ρ0) and P(K4∪K1,ρ0) are the
following:

P(bull,ρ0) =


1 ρ0 ρ0 ρ2

0 ρ2
0

ρ0 1 ρ0 ρ0 ρ2
0

ρ0 ρ0 1 ρ2
0 ρ0

ρ2
0 ρ0 ρ2

0 1 ρ3
0

ρ2
0 ρ2

0 ρ0 ρ3
0 1



P(K4∪K1,ρ0) =


1 0 0 0 0
0 1 ρ0 ρ0 ρ0
0 ρ0 1 ρ0 ρ0
0 ρ0 ρ0 1 ρ0
0 ρ0 ρ0 ρ0 1


The computation of the determinant of the matri-
ces above leads to the following expressions of
τ(bull,ρ0) = (1+ 2ρ0)(1−ρ0)

2(1−ρ2
0 )

2 and τ(K4 ∪
K1,ρ0) = τ(K4,ρ0) = (1+2ρ0)

2(1−ρ0)
4.

We end this section by providing the expression of
τ(G,ρ0) for the families of tree graphs and complete
graphs.

A tree, denoted by Tn, is a connected acyclic graph. For
obtaining the general expression of τ(Tn,ρ0), we need
to determine the structure of P(Tn,ρ0).
Lemma 1. Let ~X be a GMRF with uniform correlation
ρ0 over a tree graph Tn. Two variables Xi,X j for which
their associated nodes are at a distance d in G have a
Pearson’s correlation coefficient of ρi, j = ρd

0 .

The iterative construction of P(G,ρ0) allows us to
compute the expression of τ(G,ρ0) in a simple way.
Proposition 2. Let Tn be a tree graph of order n. It
holds that τ(Tn,ρ0) = (1−ρ2

0 )
n−1.

A complete graph of order n, denoted by Kn, is a graph
in which any two nodes are adjacent. Determining the
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expression of P(Kn,ρ0) is straightforward from Defi-
nition 1, so we just need to compute the determinant.

Proposition 3. Let Kn be a complete graph of order n.
It holds that τ(Kn,ρ0) = (1+(n−1)ρ0)(1−ρ0)

n−1.

4 Ordering graphs by using continuous
entropy

The aim of this section is to use the relation be-
tween τ(G,ρ0) and the continuous entropy of Gaussian
Markov Random Fields to define an order relation on
the set of graphs of certain order n.

Definition 2. Let An be the set of graphs of order n,
up to isomorphism. The following binary relation � is
defined over An:

G� G′ if τ(G,ρ0)≤ τ(G′,ρ0) , ∀ρ0 ∈ [0,1] .

The fact that G � G′ is interpreted, in the context of
GMRFs with uniform correlation, as the contribution
of G to the continuous entropy is smaller than or equal
to the contribution of G′. Equivalently, it means that,
given the same marginal distributions and the same
value of ρ0, the continuous entropy of a GMRF with
uniform correlation ρ0 over G is smaller than or equal
to the continuous entropy of a GMRF with uniform
correlation ρ0 over G′.

The relation defined above is a preorder relation, since
it trivially holds that τ(G,ρ0) ≤ τ(G,ρ0) for any ρ0 ∈
[0,1] and, given G1,G2,G3 such that G1 � G2 and
G2 � G3, it then holds that G1 � G3 since τ(G1,ρ0)≤
τ(G2,ρ0)≤ τ(G3,ρ0) for any ρ0 ∈ [0,1].

Additionally, if n ≤ 3, the relation is a total order
relation, and, if n ≤ 4, the relation is a total pre-
order relation (also called a weak order relation). This
can be easily proven by calculating the expressions of
τ(G,ρ0) for all G ∈ A3 and G ∈ A4. The correspond-
ing Hasse diagram for n = 4 is shown in Figure 2. For
the names of the graphs, we take as a reference the
Information System on Graph Classes and their Inclu-
sions, an online encyclopedia of graph classes that can
be found at www.graphclasses.org. We also do not in-
clude in the notation any isolated node, i.e. we denote
G∪K1 simply by G. We recall that adding an iso-
lated node to a graph does not change the expression
of τ(G,ρ0).

As an example, the Hasse diagram of � for n = 5,
shown in Figure 3, reveals that there are some pairs
of graphs, located in the middle of the diagram, that
cannot be ordered by using �. This implies that, for
any two incomparable graphs G and G′, there exist
two uniform correlation values ρ1,ρ2 ∈ (0,1) such that
τ(G,ρ1)< τ(G′,ρ1) and τ(G,ρ2)> τ(G′,ρ2).

empty

K2

P2 , 2K2

K3

K1,3 , P4

paw

C4

diamond

K4

Figure 2: Hasse diagram of � for non isomorphic
graphs of order 4.

Example 4. The representation of the functions
τ(G,ρ0) on the interval [0,1] associated with (a) K4∪
K1 (or, simply, K4 when restricted to A4), and (b)
the bull graph, can be found in Figure 4. As can
be seen, both functions intersect at a certain point
ρc, thus both graphs are incomparable with respect to
the order �. In particular, for ρ0 < ρc, it holds that
τ(K4 ∪K1,ρ0) < τ(bull,ρ0) and, for ρ0 > ρc, it holds
that τ(K4∪K1,ρ0)> τ(bull,ρ0).

Interestingly, after calculating and comparing the ex-
pressions of τ(G,ρ0) for all G ∈ A5, it is concluded
that there do not exist two graphs of order 5 (or less)
such that their respective τ(G,ρ0) functions intersect
at two or more different points (aside of the trivial in-
tersection points ρ0 = 0 and ρ0 = 1).
Remark 1. It is reasonable to think that if G has a
large contribution to the continuous entropy, then G
should have a small contribution. However, some of
the properties that we might expect are not satisfied.
For instance, the complementary of K4 ∈ A5 is K1,4 and
both graphs are incomparable (see Figure 3). There-
fore, the property G1 � G1 or G1 � G1 does not hold
in general. Moreover, if we consider the graphs K3 and
claw, in A5, and pay attention to Figure 3, we can see
that K3 � claw and K3 � claw. This is a counterexam-
ple for the property: G1 � G2 =⇒ G2 � G1.

5 A fuzzy order defined on the measure
of the support

For those cases in which the relation defined in the pre-
vious section is not total, we propose a fuzzy order re-
lation by measuring the support in which one τ(G,ρ0)
function is smaller than or equal to the other function.
First of all, we introduce some preliminary concepts
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empty

K2

P3 , W4

claw , P2∪P3 , cogem

K3

codart , K2∪K3

C4

cocricket

bull , cricket , P

P

C5

K1,4 , chair , P5

house

kite , dart , hourglass

K4

K2,3

claw

3− fan , K3

P3∪P2

W4

P3

K5− e

K5

Figure 3: Hasse diagram of � for non isomorphic
graphs of order 5.

concerning fuzzy binary relations and fuzzy preorder
relations. For more details, we refer to [5].

Definition 3. Let X be a non-empty set. A mapping
R : X×X→ [0,1] is called a binary fuzzy relation on X.

Definition 4. An associative, commutative and in-
creasing binary operation T : [0,1]× [0,1]→ [0,1] that
has 1 as a neutral element is called a t-norm.

The Łukasiewicz t-norm is one of the most common
t-norms [11], and it is defined as TL(a,b) = max{a+
b− 1,0}. Other common t-norms are the minimum
t-norm Tmin(a,b) = min(a,b) and the product t-norm
Tprod(a,b) = ab [11].

Definition 5. Let T : [0,1]× [0,1]→ [0,1] be t-norm.
A binary fuzzy relation R : X ×X → [0,1] is called a
T-preorder relation if it satisfies:
• Reflexivity: R(x,x) = 1 for any x ∈ X.

Figure 4: Representation of τ(K4,ρ0) on the interval
[0,1], where the red line represents the intersection
point.

• T -transitivity: T (R(x,y),R(y,z)) ≤ R(x,z) for any
x,y,z ∈ X.

In particular, we propose a fuzzy preorder relation on
the set of graphs that is Łukasiewicz-transitive.

Proposition 4. Let An be the set of graphs of or-
der n, up to isomorphism. The fuzzy binary relation
R : An × An → [0,1], defined as R(G,G′) = µ({x ∈
[0,1]|τ(G,x) ≤ τ(G′,x)}), where µ is the Lebesgue
measure, is a Łukasiewicz-preorder relation.

We can interpret the value of R(G,G′) as the degree in
which the contribution to the continuous entropy of G
is smaller than or equal to the contribution of G′.

Example 5. The intersection point ρc ∈ (0,1) of
τ(bull,ρ0) and τ(K4,ρ0) is ρc ≈ 0.281. Therefore,
since τ(K4,ρ0) < τ(bull,ρ0) for any ρ0 < ρc and
τ(K4,ρ0) > τ(bull,ρ0) for any ρ0 > ρc, it holds that
R(K4,bull)≈ 0.281 and R(bull,K4)≈ 0.719.

The behaviour of this fuzzy order relation is coherent
with respect to the preorder relation defined in the pre-
vious section, i.e., G � G′ implies R(G,G′) = 1. Re-
turning to the Hasse diagram in Figure 3, we provide
the values of R(G,G′) for the graphs that are incompa-
rable with respect to � in Table 1. All the values have
been computed approximately, except for the graphs
kite and C5, for which R(kite,C5) equals 0.5.

Unfortunately, R is not transitive with respect to the
product t-norm. For instance, consider the graphs of
order 5 denoted previously as cocricket, K1,4 and K4.
Computing the corresponding values of R, see Table 1,
results in R(cocricket, K1,4)≈ 0.39, R(K1,4,K4)≈ 0.48
and R(cocricket,K4) = 0 < 0.39 ·0.48. Therefore, R is
also not transitive with respect to the minimum t-norm
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R(G1 ,G2) K1,4 cocr. bull P K4 C5 kite
K1,4 1 0.61 0 0 0.48 0 0

cocricket 0.39 1 0 0 0 0 0
bull 1 1 1 0 0.72 0 0
P 1 1 1 1 0.81 0 0

K4 0.52 1 0.28 0.19 1 0.17 0
C5 1 1 1 1 0.83 1 0.5
kite 1 1 1 1 1 0.5 1

Table 1: Values of R(G1,G2) for the graphs of order 5
that are incomparable with respect to �, where G1 is
the graph at the header of the row and G2 is the graph
at the header of the column.

since it is pointwise larger (i.e. Tmin(a,b)≥ Tprod(a,b)
for any a,b ∈ [0,1]) than the product t-norm.

6 Conclusions and open problems

The relation between a graph and the continuous en-
tropy of a GMRFs with uniform correlation over this
graph has been studied. In particular, we use the func-
tion τ(G,ρ0) for defining a preorder relation on the set
of all graphs of the same order in terms of their con-
tribution to the continuous entropy. This preorder rela-
tion is proven to be a total preorder relation if n≤ 4 and
a total order relation if n≤ 3. For n≥ 5, incomparable
graphs appear. For such cases, we have defined a fuzzy
relation based on measuring the support in which one
τ(G,ρ0) function is smaller than or equal to the other
one. This fuzzy relation is proven to be a fuzzy pre-
order relation with respect to the Łukasiewicz t-norm.

There are still some open problems in this work.
Firstly, although the Lebesgue measure is the most in-
tuitive choice of measure in Proposition 4, an alterna-
tive definition arises if other (probability) measure on
[0,1] is considered. We wonder if there exists a mea-
sure for which R is transitive with respect to the prod-
uct or minimum t-norms.

Another problem is to further study the conditions un-
der which two graphs are either comparable or incom-
parable according to �. It was already discussed that
G2⊆G1 implies G1�G2. An easy way to find pairs of
incomparable graphs is to select a connected but sparse
graph and a dense but unconnected graph. However,
there are pairs of connected graphs that cannot be com-
pared, for instance, C5 and kite in Figure 3.
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