
Generalized Peterson’s Rules in Fuzzy Natural Logic

Petra Murinová and Viktor Pavliska and Michal Burda
University of Ostrava,

Institute for Research and Applications of Fuzzy Modeling NSC IT4Innovations,
30. dubna 22 701 03 Ostrava 1, Czech Republic,

petra.murinova@osu.cz,viktor.pavliska@osu.cz,michal.burda@osu.cz

Abstract

The main objective of this paper is to con-
tinue the study of generalized Peterson’s syl-
logisms and to formally define Peterson’s 
rules of distributivity, quantity and quality. 
While past results were based on mathemat-
ical definitions of generalized quantifiers the 
idea of this article is to take advantage of the 
position of quantifiers w ithin g raded Peter-
son’s square of opposition.
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1 Introduction

1.1 Generalized syllogisms

The theory of generalized syllogisms was studied by
several authors as a generalization of classical Aris-
totle’s syllogisms ([14]) and new forms of Peterson’s
syllogisms [16, 13], who proposed 69 new syllogisms
with intermediate quantifiers. Intermediate quantifiers
are special linguistic expressions, for example almost
all, few, many, a large part of, which were introduced
and deeply studied by Thompson [16] and later by Pe-
terson in his book [13].

Thompson did not consider a possibility of two inter-
mediate quantifiers in both premises. This work was
later extended by Peterson in [13], where he proved an-
other special group of so-called non-trivial syllogisms
containing intermediate quantifiers in both premises.
Verification of the validity of special group of syllo-
gisms was performed using Venn diagrams. Peterson’s
extension was based on an idea to replace classical
quantifier by an intermediate one in the four classical
figures, which yielded in new 105 valid intermediate

syllogisms. The typical example of a non-trivial inter-
mediate syllogism is as follows:

P1 : Almost all multinational companies
publish shares.
P2 : Most multinational companies are on
the World Stock Markets.
C : Some multinational companies on
the World Stock Markets publish shares.

Later in the 20th century, several authors followed up
this work and proposed several forms of syllogisms
with generalized quantifiers. In 1985, L. Zadeh seman-
tically analyzed a special class of syllogisms with in-
termediate quantifiers in both premises ([18]). Zadeh’s
work was later extended and elaborated by many au-
thors. The extended syllogistic reasoning (see, e.g.,
[1, 15]) adds new quantifiers. Other mathematical
models of some generalized quantifiers and its corre-
sponding syllogisms were suggested by, for example,
Hájek, Pereira and others [3, 2, 11, 12].

The original Peterson’s book inspired Novák to de-
velop mathematical formal definitions of generalized
quantifiers in the frame of Łukasiewicz fuzzy type the-
ory (LFTT). In several papers [10, 8, 9, 5] 105 ba-
sic syllogisms were syntactically proven and a general
structure of generalized syllogisms was proposed and
the question of syllogisms with more premises was dis-
cussed. These results demonstrate the power of that
formalism in developing a formal model of natural hu-
man reasoning.

1.2 Methods for the verification of syllogisms

Below is a list of methods, which can be used for inter-
pretation of classical as well as generalized syllogisms.

• Applying of Venn’s diagram and to construct al-
gebraic proof

• Using graded Peterson’s square of opposition

Atlantis Studies in Uncertainty Modelling, volume 3

Joint Proceedings of the 19th World Congress of the International Fuzzy Systems Association (IFSA), the 12th Conference of the European Society

for Fuzzy Logic and Technology (EUSFLAT), and the 11th International Summer School on Aggregation Operators (AGOP)

Copyright © 2021 The Authors. Published by Atlantis Press International B.V.
This is an open access article distributed under the CC BY-NC 4.0 license -http://creativecommons.org/licenses/by-nc/4.0/. 383



• To find formal (syntactical) proofs of correspond-
ing syllogisms

• Using Aristotle’s and Peterson’s rules

The verification of the validity of 105 classical syl-
logisms with intermediate quantifiers using modified
Venn’s diagram was introduced in [13] in Section 3.
Peterson interpreted main Aristotle’s syllogisms and
selected species of intermediate syllogisms. Another
verification of validity of syllogisms is based on “Pe-
terson’s square” of opposition. A model of the Pe-
terson’s square in mathematical fuzzy logic was in-
troduced in [7]. The authors showed that this square
can be interpreted using the formalism of higher-order
fuzzy logic (the fuzzy type theory).

The next method for a verification of validity of syl-
logisms, which will be mainly discussed in this paper,
is based on applying of Aristotle’s rules for Aristotle’s
syllogisms and Peterson’s rules for syllogisms with in-
termediate quantifiers. There are many publications
which present Aristotle’s rules ([13]). In [13], Peter-
son analyzed syllogisms with intermediate quantifiers
which form classical Peterson’s square using “Peter-
son’s rules”. This approach is devoted to designing
generalized Peterson’s rules which will be used for a
verification a validity of generalized syllogisms with
intermediate quantifiers based on generalized Peter-
son’s square of opposition (see [7]).

1.3 Main goals

In this paper we build on our previous article [5] in
which we proposed an algorithm for generalized syl-
logisms with one middle formula based on generalized
Peterson’s rules. We inferred all the valid forms of syl-
logisms which fulfilled all Peterson’s rules.

The main idea is to formally define main Peterson’s
rules (distributivity and quality) and formally prove
that the derived rules of quantity can be inferred. The
motivation for future is to extend this approach for gen-
eralized Peterson’s syllogisms and to propose general-
ized Peterson’s rules for n quantifiers and n premises.

2 Preliminaries

The main objective of this section is, at first, to recall
Aristotle’s and Peterson’s square of opposition. Then
we introduce Peterson’s rules which can be used for
the verification of the validity of Peterson’s syllogisms
with intermediate quantifiers. It is important to em-
phasize that the idea of applying of rules is based on
the position of quantifiers within Aristotle’s and Peter-
son’s square of opposition, respectively. The position

of individual quantifiers is related to distribution rules,
which play a very important role in verifying the valid-
ity of logical syllogisms.

2.1 Aristotle’s square

The Aristotle’s square of opposition is constructed us-
ing basic properties stated in the diagram below:

A : All S are P E : No S are P

I : Some S are P O : Some S are not P

where the pairs A to O and E to I contradict each other,
the two formulas of the top row A and E are contraries,
the two formulas of the bottom row I and O are sub-
contraries, and the top of each column entails the for-
mula under it. The precise definition of all the men-
tioned properties can be found in [6, 13]. We can ob-
serve that both formulas A and E are universal and I
and O are particular. Furthermore, the pair A and I is
affirmative and E and O is negative.

2.2 Peterson’s square

To work with Peterson’s square of opposition means
to assume intermediate quantifiers, which lay between
classical ones.

Definition 2.1 (Proposition) Proposition is an ex-
pression in the form either

Q(B,A) or Q(B,¬A)

where Q is a 〈1,1〉 quantifier according to the classifi-
cation introduced in [4] and A,B are terms. Q(B,A) is
an affirmative and Q(B,¬A) is a negative proposition.

Quantifier Q specifies the quantity of elements satisfy-
ing B that also satisfy A.

Peterson’s square of opposition is formed by four main
properties as follows:

Definition 2.2 • We say that two formulas are con-
tradictory if in any model they cannot be both true,
and they cannot be both false.

• We say that two formulas are contrary if in any
model they cannot be both true, but both can be
false.

• We say that two formulas are sub-contrary if in
any model they cannot be both false, but both can
be true.

Atlantis Studies in Uncertainty Modelling, volume 3

384



• A formula is sub-altern of another one, called a
super-altern formula, if, in any model, it must be
true if its super-altern is true. At the same time,
the super-altern must be false if the sub-altern is
false.

Below we introduce Peterson’s square of opposition as
an extension of the first Peterson’s square with “Al-
most all” and “Many”. The straight lines mark con-
tradictories, the dashed lines contraries and the dotted
lines sub-contraries. The arrows indicate the relation
superaltern–subaltern.

A : All S are P

��

E : No S are P

��
P : Almost all S are P

��

B : Almost all S are not P

��
T : Most S are P

��

D : Most S are not P

��
K : Many S are P

��

G : Many S are not P

��
I : Some S are P O : Some S are not P

The implemented denoting of intermediate quantifiers
stems from the position of individual quantifiers in the
Peterson’s square of opposition. Denoting AEIO for
the Aristotle’s square was explained in the previous
subsection. The position of quantifier "Almost all" at
a Predominant position implies being denoted as P,
and dually B for a negative form. Quantifier "Most"
is denoted as T (majoriTy), and dually D for a negative
form. Finally, quantifier "Many" has a common posi-
tion and thus is denoted K, and dually G for a negative
form.

Peterson’s square gives us an information if quantifiers
are positive or negative, how “big” they are, etc. To
verify validity/invalidity of syllogisms using general-
ized Peterson’s rules does not mean to know the precise
mathematical definitions of quantifiers, but we need
to know the position of all the quantifiers inside the
graded Peterson’s square.

2.3 Categorical syllogism

Definition 2.3 (Syllogism) A syllogism is a triple
〈P1,P2,C〉 of three propositions. P1,P2 are called
premises (P1 is major, P2 is minor) and C is called a
conclusion. In these propositions, there appear a total
of exactly three terms S,P,M, each of which is used ex-
actly twice: term S (subject) appears somewhere in P2

and as the first term of C, term P (predicate) appears
somewhere in P1 and as the second term of C; a term
not present in the conclusion C is called a middle term
M. A syllogism is valid if the conclusion C logically
follows from premises P1 and P2.

Syllogisms with a single middle term yield the follow-
ing four figures:

Figure I
Q1 M is P

Q2 S is M
Q3 S is P

Figure II
Q1 P is M

Q2 S is M
Q3 S is P

Figure III
Q1 M is P

Q2 M is S
Q3 S is P

Figure IV
Q1 P is M

Q2 M is S
Q3 S is P

For the sake of simplicity, let us introduce a condensed
expression of a syllogism, 〈MP,SM|SP〉, which corre-
sponds to Figure-I. Typical examples of natural lan-
guage linguistic expressions which form syllogisms
with intermediate quantifiers are as follows:

• Several people during the COVID pandemic are
stressed.

• Most people who live in area affected by heavy
industry suffer from asthma.

• Many people after undergoing COVID have wors-
ened chronic diseases.

The intermediate syllogism is obtained from any tradi-
tional syllogism (valid or not) replacing one or more of
its formulas by formulas containing intermediate quan-
tifiers. By non-trivial syllogism we denote the inter-
mediate syllogism where both premises and also the
conclusion consist of non-trivial1 intermediate quanti-
fiers.

3 Peterson’s rules

3.1 Peterson’s rules for Aristotle’s syllogisms

In [13], Peterson suggested modified Aristotle’s rules
for Aristotle’s syllogisms. Below we recall Peterson’s
six rules of which only four, distribution and quality,
turn out to be absolutely necessary. In [13], Peterson
introduced four rules: two involving distribution and
two involving quality. The other two rules of quan-
tity were added, but these rules were inferred from the
rules mentioned earlier. Differences between Aristo-
tle’s and Peterson’s rules can be found in [5]. There
are the mentioned rules:

1. Rules of Distribution

1By trivial intermediate quantifiers we means the quanti-
fiers “All” and “Some”.
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(R1) The middle formula must be distributed at
least once.

(R2) No formula is distributed in the conclusion
unless it is distributed in one premise.

To use these rules, we have to know what distribution
is. We very briefly introduce that the subject formulas
of universal formulas (A and E) and the predicate for-
mulas of negative formulas (E and O) are distributed.
The other formulas are not distributed.

There is a deeper explanation. So, in the formula A,
“All S are P”, the formula “S” is distributed, because
the formula “All S are P” says something about every
single S – namely, that they are all P. In the formula
E, “No S are P”, both the formulas S and P are dis-
tributed, since you are making a claim about all S’s,
and all P’s. Moving on to the formula I, “Some S are
P”, neither formula is distributed, and that’s pretty easy
to see. You are not making a claim about all of S, nor
are you making a claim about all of P. In the formula
O, “Some S are not P”, the formula P is distributed,
because we have asserted something about all of P –
namely, that all of P falls outside at least one S.

Quantifier Quantity Quality Distributed
All S are P A universal affirmative S
No S are P E universal negative S and P

Some S are P I particular affirmative none
Some S are not P O particular negative P

Example 3.1 (Rule (R1)) The rule (R1) explains a
formal mistake in which a syllogism contains a middle
formula that is not distribute in either premise. There
is an example of invalid syllogism:

AAA-III
P1 : All sharks are fish.
P2 : All salmon are fish.
C : All salmon are sharks.

Example 3.2 (Rule (R2)) The rule (R2) explains a
formal mistake in which a syllogism contains a middle
formula that is not distribute in either premise. There
is an example of invalid syllogism:

AOO-I
P1 : All horses are animals.
P2 : Some dogs are not horses.
C : Some dogs are not animals.

2. Rules of Quality

(R3) At least one premise is affirmative.
(R4) The conclusion is negative if and only one

premise is.

The rule (R3) says that no conclusion draw from two
negative premises. The rule (R4) says that negative
premise requires a negative conclusion, and a negative

conclusion requires a negative premise. Finally, if a
syllogism has a negative premise, it must have a nega-
tive conclusion, and vice versa.

Example 3.3 (Rule (R3)) There is an example of neg-
ative syllogism:

EOI-I
P1 : No birds are mammals.
P2 : Some dogs are not birds.
C : Some dogs are birds.

Example 3.4 (Rule (R4)) Similarly, the rule (R4)
says that any syllogism having exactly one negative
formula is invalid. There is an example of invalid syl-
logism:

AOI-I
P1 : All crows are birds.
P2 : Some wolves are not crows.
C : Some wolves are birds.

Thus, a negative conclusion cannot follow from posi-
tive premises.

3. Rules of Quantity

(R5) At least one premise is universal.
(R6) If either premise is particular, the conclusion

is particular.

Example 3.5 (Rule (R5)) There is an example of in-
valid syllogism:

III-III
P1 : Some jokes are funny.
P2 : Some jokes are old.
C : Some old jokes are funny.

Example 3.6 (Rule (R6)) There is an example of in-
valid syllogism:

III-I
P1 : Some jokes are funny.
P2 : All jokes are old.
C : All old jokes are funny.

3.2 Peterson’s rules for intermediate syllogisms

The main objective of this section is to recall Peter-
son’s rules for the verification of the validity of inter-
mediate syllogisms.

We can notice that the rules (R2), (R3) and (R4) remain
unchanged. The first distribution rule is reformulated
with respect to the number of intermediate quantifiers.
Furthermore, an important role is played by the quan-
tifier, which determines majority, which is used in the
rule (R5).
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(R1) In a valid syllogism, the sum of distribution
indices for the middle formula must exceed
5.

(R2) No formula may be more nearly distributed
in the conclusion than it is in the premises.

Let us, for example, recall that the sum of distribution
of valid syllogisms must exceed 5, which ensures non-
empty intersection of domains if the middle formulas
are on the position of subject. For an explanation re-
lated to other figures see [13].

The rules o quality remain unchanged.

2. Rules of Quality

(R3) At least one premise must be affirmative.
(R4) The conclusion is negative if and only if one

of the premises is negative.

Example 3.7 (Rule (R3)) The rule (R3) says that no
conclusion draw from two negative premises. There is
an example of negative syllogism:

EDD-I
P1 : No fish are mammals.
P2 : Most dogs are not fish.
C : Most dogs are not mammals.

Example 3.8 (Rule (R4)) Similarly, the rule (R4)
says that any syllogism having exactly one negative
formula is invalid. There is an example of invalid syl-
logism:

AOI-III
P1 : All crows are birds.
P2 : Some wolves are not crows.
C : Some wolves are birds.

3. Rules of Quantity

(R5) At least one premise must have a quantity of
majority (T or D) or higher.

(R6) If any premise is non-universal, the the con-
clusion must have a quantity that is less than
or equal to that premise.

4 Generalized Peterson’s rules

The main objective of this section and also of this paper
is to propose mathematical definitions of Peterson’s
rules for intermediate quantifiers. We need to know if
the quantifier is affirmative or negative2. Furthermore,
we need to know a position of quantifier. It means to

2If we will say that the quantifier is positive then also the
corresponding premise is positive. Similarly for the negative
quantifier.

define the position inside of the generalized Peterson’s
square. Recall that if we work with five basic Peter-
son’s quantifiers we speak about five positions as fol-
lows: universal, predominant, majority, common, par-
ticular. Finally, we want to analyze the position of the
middle formula in the corresponding syllogisms. So,
we continue with new functions which represent above
mentioned properties.

A set of all considered quantifiers will be de-
noted by Q. For Peterson’s framework of gen-
eralized intermediate syllogisms, we have Q =
{“all”, “almost all”, “most”, “many”, “some”}. Each
quantifier Q ∈ Q must have assigned a quantity(Q)
which is explained in the subsequent definition.

Definition 4.1 (Quantity) Let Q be a quantifier. We
say that

(a) 0 < quantity(Q)≤ 1 for all Q ∈Q;

(b) quantity(Q1) ≤ quantity(Q2) iff for Q1,Q2 ∈Q,
proposition Q1(B,A) is superaltern of proposition
Q2(B,A);

(c) quantity(Q) > 0.5 iff for Q ∈ Q, proposition
Q(B,A) is contrary to Q(B,¬A);

(d) quantity(Q1)+quantity(Q2)> 1 if Q1(B,A) and
Q2(B,¬A) form a contradictory pair.

For Peterson’s framework we can set (see [17])

• quantity(“all”) = 1,

• quantity(“almost all”) = p,

• quantity(“most”) = t,

• quantity(“many”) = k,

• quantity(“some”) = ε

such that

(a) 0 < ε < k < 0.5 < t < p < 1− ε < 1,

(b) k+ p > 1,

(c) t + k ≤ 1.

The property (a) guarantees a monotonous position of
quantifies in Peterson’s square. Specially, the condi-
tion k < 0.5 < t < p means that P,B have predominant
position and T,D have majority position. Moreover all
positive as weĺl as negative quantifiers A,E,P,B,T,D
are preponderance quantifiers while K,G,I,O are not.

1. Rules of Distribution
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Table 1: An overview of all properties related to the Peterson’s rules
Quantifier Quantity Quality Distributed

All S are P A universal affirmative DI5:subjects, DI1:predicates
No S are P E universal negative DI5:subjects, DI5:predicates

Almost all S are P P predominant affirmative DI4:subjects, DI1:predicates
Almost all S are not P B predominant negative DI4:subjects, DI5:predicates

Most S are P T majority affirmative DI3:subjects, DI1:predicates
Most S are not P D majority negative DI3:subjects, DI5:predicates

Many S are P K common negative DI2:subjects, DI1:predicates
Many S are not P G common negative DI2:subjects, DI5:predicates

Some S are P I particular affirmative DI1:subjects, DI1:predicates
Some S are not P O particular negative DI1:subjects, DI5:predicates

The condition (b) express the property of a contradic-
tory of the pair [P,G] as well as of [B,K] while the
condition (c) express the fact that [K,D] and [G,T] do
not constitute a contradictory pair.

For the sake of brevity, we put quantity(P) =
quantity(Q), for any proposition P= Q(., .).

Definition 4.2 (Signum) The signum of proposition
P is defined as

signum(P) =

{
1 if P is affirmative,
0 if P is negative.

Definition 4.3 (Distribution) The distribution of term
T in proposition P, dist(T,P), equals to

1. quantity(Q) if P= Q(T,X);

2. ε if P= Q(X ,T ) and P is affirmative;

3. 1 if P= Q(X ,T ) and P is negative.

Below we introduce all the six Peterson’s rules of dis-
tributivity, quality and quantity defined using general-
ized logical operations.

Definition 4.4 (Peterson’s rules) Let ⊗ be
Łukasiewicz t-norm, ∧ be Gödel t-norm (minimum),
∨ be Gödel t-conorm (maximum), S = 〈P1,P2,C〉 be
a syllogism such that S is the first term of conclusion
C, P is the second term of conclusion C and M is the
middle term.

1. Rules of Distribution

(R1) dist(M,P1)⊗dist(M,P2)> 0;
(R2a) dist(S,C)≤ dist(S,P2);
(R2b) dist(P,C)≤ dist(P,P1);

2. Rules of Quality

(R3) signum(P1)∨ signum(P2) = 1;
(R4) signum(P1)∧ signum(P2) = signum(C);

3. Rules of Quantity

(R5) quantity(P1)∨quantity(P2)> 0.5;
(R6) quantity(P1)∧quantity(P2)≥ quantity(C).

Theorem 4.5 The syllogism S is valid if the rules of
distributivity and quality are satisfied.

Lemma 4.6 Let rules (R1-R4) be satisfied. Then the
rule (R5) holds.

Proof 4.7 The proof will be constructed by analysis of
the following cases:

• Figure-I

Q1 M P
Q2 S M
QC S P

Q1 M¬P
Q2 S M
QC S¬P

Q1 M P
Q2 S¬M
QC S ¬P

Let P1 = Q1(M,P) or P1 = Q1(M,¬P) and P2 =
Q2(S,M). Then dist(M,P1) = quantity(Q1) and
dist(M,P2) = ε . From the assumed validity of (R1) we
know that

quantity(Q1)+ ε > 1,

from which we obtain quantity(Q1) > 1− ε > 0.5,
which again yields (R5). Let 〈MP,S¬M|S¬P〉. This
situation cannot occur because the rule (R2b) is vio-
lated.

• Figure-II

Q1 PM
Q2 SM
QC S P

Q1 P¬M
Q2 S M
QC S ¬P

Q1 P M
Q2 S¬M
QC S ¬P

The first form cannot occur because the (R1) is vio-
lated.

Let P1 = Q1(P,¬M) or P1 = Q1(P,M) and P2 =
Q2(S,M) or P2 =Q2(S,¬M) and C =Q3(S,¬P). Then
dist(P,P1) = quantity(Q1) and dist(P,C) = 1. Using
the rule (R2b) we obtain that quantity(Q1) = 1 from
which it follows (R5).

• Figure-III
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Q1 MP
Q2 M S
QC S P

Q1 M¬P
Q2 M S
QC S¬P

Q1 M P
Q2 M¬S
QC S¬P

Let 〈MP,MS|SP〉, 〈M¬P,MS|S¬P〉, 〈MP,M¬S|S¬P〉
be possible forms. Let P1 = Q1(M,P) or P1 =
Q1(M,¬P) and P2 = Q2(M,S). Then dist(M,P1) =
quantity(Q1) and dist(M,P2) = quantity(Q2). Using
the rule (R1) we obtain

quantity(P1)+quantity(P2)> 1

and therefore

quantity(P1)∨quantity(P2)> 0.5.

The form 〈MP,M¬S|S¬P〉 cannot occur because the
rule (R2b) is violated.

• Figure-IV

Q1 P M
Q2 M S
QC S P

Q1 P¬M
Q2 M S
QC S ¬P

Q1 P M
Q2 M¬S
QC S¬P

Let P1 = Q1(P,M) and P2 = Q2(M,S) or P2 =
Q2(M,¬S). Then dist(M,P1) = ε and dist(M,P2) =
quantity(Q2). Then using the rule (R1) we have

quantity(Q2)+ ε > 1

which fulfills (R5).

Let P1 = Q1(P,¬M), P2 = Q2(M,S) and P3 =
Q3(S,¬P). Then dist(P,P1) = quantity(Q1) and
dist(P,C) = 1. Hence using the rule (R2b) it follows
that quantity(Q1) = 1 which yields (R5).

Lemma 4.8 Let rules (R1-R4) be satisfied. Then the
rule (R5) holds.

Proof 4.9 The proof will be constructed by analysis of
the following cases:

• Figure-I

Q1 M P
Q2 S M
QC S P

Q1 M¬P
Q2 S M
QC S¬P

Q1 M P
Q2 S¬M
QC S ¬P

Let us assume P1 =Q1(M,P) or P1 =Q1(M,¬P), P2 =
Q2(S,M) and C = Q3(S,P) or C = Q3(S,¬P). From
the definition of distribution it follows dist(S,C) =
quantity(C) and dist(S,P2) = quantity(P2). Using the
rule (R2a) we have

quantity(C)≤ quantity(P2). (1)

Similarly, we know dist(M,P1) = quantity(P1) and
dist(M,P2) = ε . From (R1) we obtain

quantity(P1)+ ε > 1

and hence quantity(P1)> 1− ε > p which implies

quantity(C)≤ quantity(P1) (2)

Finally, from (1) and (2) we obtain quantity(C) ≤
quantity(P1)∧∧∧quantity(P2).

The last form violates the rule (R2b).

• Figure-II

Q1 PM
Q2 SM
QC S P

Q1 P¬M
Q2 S M
QC S ¬P

Q1 P M
Q2 S¬M
QC S ¬P

The first form cannot occur because the (R1) is vio-
lated.

Let P1 = Q1(P,¬M) or P1 = Q1(P,M) and P2 =
Q2(S,M) or P2 = Q2(S,¬M) and C = Q3(S,¬P). We
know that dist(S,P2) = quantity(P2) and dist(S,C) =
quantity(C). From (R2a) we have

quantity(C)≤ quantity(P2). (3)

Furthermore, dist(P,P1) = quantity(P1) and
dist(P,C) = 1. Hence using the rule (R2b)
quantity(P1) = 1 which means that

quantity(C)≤ quantity(P1). (4)

We can conclude that from (3) and (4) we obtain the
rule (R6).

• Figure-III

Q1 MP
Q2 M S
QC S P

Q1 M¬P
Q2 M S
QC S¬P

Q1 M P
Q2 M¬S
QC S¬P

Let P1 = Q1(M,P) or P1 = Q1(M,¬P) and P2 =
Q2(M,S). Then dist(S,C) = quantity(C) and
dist(S,P2) = ε . Then from (R2a) it follows that
quantity(C)≤ ε . Hence the rule (R6) is fulfilled.

The form 〈MP,M¬S|S¬P〉 cannot occur because the
rule (R2b) is violated.

• Figure-IV

Q1 P M
Q2 M S
QC S P

Q1 P¬M
Q2 M S
QC S ¬P

Q1 P M
Q2 M¬S
QC S¬P
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Let P1 = Q1(P,M) and P2 = Q2(M,¬S) and C =
Q3(S,¬P). Then dist(M,P2) = quantity(P2) and
dist(M,P1) = ε . Using the rule (R1) it follows
quantity(P2)> 1−ε and hence quantity(P2)= 1 which
means

quantity(C)≤ quantity(P2) (5)

Furthermore, dist(P,P1) = quantity(P1) and
dist(P,C) = 1. Using the rule (R2b) it follows
quantity(P1) = 1. Finally, together with (5) the rule
(R6) is fulfilled.

Let P1 = Q1(P,M) or P1 = Q1(P,¬M) , P2 =
Q2(M,S) and P3 = Q3(S,P) or P3 = Q3(S,¬P). Then
dist(S,P2) = ε and dist(S,C) = quantity(C). Hence
using the rule (R2a) it follows that quantity(C) = ε

which yields (R6).

5 Summary and Conclusion

In the article we continued to study generalized syl-
logisms using generalized Peterson’s rules. We sug-
gested formal definitions of distributivity, quality and
quantity rules, respectively. We formally proved that
the rules of quantity can inferred from the rules of di-
stirbutivity and quality. The main idea for the future
is to propose an algorithm based on generalized Peter-
son’s rules and to analyze syllogisms with k-quantifiers
and n-premises.
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