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Abstract

Statistics with interval-valued data are get-
ting less interest from practitioners than it
really deserves. This is partly because the
solutions it offers are often too conservative
and hence do not fully meet the expecta-
tions of potential users. Thus it is neces-
sary to develop methods which, despite im-
precise input data, will lead to more precise
final statistical decisions. In the paper we
discuss several refinement-oriented methods
that may be useful in estimation based on
interval-valued data.
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1 Introduction

The famous statistician, Churchill Eisenhart, defined
the “practical power” of a mathematical procedure as
“the product of the mathematical power by the prob-
ability that the procedure will be used”. This sen-
tence is sometimes quoted to emphasize the gap be-
tween theoretical achievements and what practitioners
expect to meet their needs. It happens sometimes that
academia offers sophisticated mathematical construc-
tions which surely deserve respect because of their
complexity, generality or just beauty. However, these
merits do not automatically guarantee their practical
usefulness. Indeed, practitioners often look for such
tools which are simple and in some sense compact, i.e.
can admit somewhat reduced properties “for what is
practically important” [20].

It seems that the situation in question is somehow typ-
ical for statistics with imprecise data, where two kinds
of uncertainty – randomness and imprecision – coex-
ist. For ages uncertainty was perceived as a flaw in

a perfect construction of science. It was only a hun-
dred years ago that people realized that uncertainty was
an indelible feature and they had to get used to living
with it. However, while randomness alone described
by probability theory and classical statistics was tamed
relatively early and boasts a huge number of imple-
mentations, the situation is different in the case of un-
certainty when randomness and imprecision occur to-
gether. Actually, even in the case of the simplest model
of interval-valued data we can talk about quite a large
number of theoretical models but definitely little in-
terest from practitioners. Why? Obviously, there are
many reasons such as getting used to traditional crisp
methods or insufficient knowledge of new models. But
it seems that quite often the most common reason for
the lack of interest in statistics with interval-valued
data are too conservative models that are proposed.
This excessive conservatism comes from the fact that
we are not yet able to cope well with overlapping un-
certainty of both types (i.e. randomness and impreci-
sion) and at the same time we want to provide models
with a low risk of error. Such caution gives solutions
that are safe, but at the same time ineffective in prac-
tice, which discourages potentially interested users.

Obviously, it is not possible to provide a unique and
universal solution to the aforementioned problem. In
this paper we restrict our attention to some estimation
problems based on interval data and consider several
scenarios of how to deal with the problem of excessive
uncertainty in this context. Thus we show how to make
at least a step forward in precisiation of imprecise out-
puts (see [23]).

The paper is organized as follows: a brief introduction
to interval-valued data is given in Sec. 2, while in Sec.
3 we summarize basic ideas and problems connected
with statistical inference based on epistemic interval
data. Next, in Sec. 4, we discuss several ways one can
follow to obtain precise estimators from interval data.
The considered approaches are compared and summa-
rized in Sec. 5, while in Sec. 6 we conclude the paper.
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2 Interval data

Interval-valued data appear naturally in many areas of
science and engineering. However, one should be con-
scious that an interval may serve for modeling two
kinds of information: either the imprecise description
of a point-valued quantity or the precise description of
a set-valued entity.

Indeed, quite often the experimental results are impre-
cisely observed or so uncertain that they are recorded
as intervals containing the precise outcomes. It may
also happen the exact values of a variable are hid-
den deliberately for some confidentiality reasons. In
all such cases intervals are considered as disjunctive
sets representing incomplete information so they cor-
respond to the epistemic view, according to [2]. Thus
an epistemic interval A contains an ill-known actual
value of a point-valued quantity x, so we can write
x ∈ A. Please, notice that interval A represents here
the epistemic state of an agent, so it does not exist per
se.

There are also situations when data appear as essen-
tially interval-valued which describe a precise infor-
mation, such as a range of fluctuations of some phys-
ical measurements. Such intervals correspond to the
ontic view [2], where an interval is the precise repre-
sentation of an objective entity, so A is just a value of a
set-valued variable X and hence we can write X = A.

Awareness of what type of data we are dealing with
is strongly important. Although the notation and basic
operations on intervals do not depend on whether they
are perceived as epistemic or ontic, there are significant
differences in statistical inference with data perceived
from those two perspectives. In particular, in the epis-
temic approach we deal with a usual random variable
which attributes a real value to each random event, but
its perception is not known precisely but is exact to the
interval value only. On the other hand, in the ontic ap-
proach, we deal with random intervals.

Further on in this paper we restrict our attention to
epistemic data only.

Let Kc(R) = {[a,b] : a,b ∈ R, a6 b} denote the fam-
ily of all non-empty closed and bounded intervals in
the real line R. Each compact interval ξ ∈Kc(R) can
be expressed by its endpoints, i.e. ξ = [a,b], or alter-
natively, by its mid-point (center) and spread (radius).

Interval arithmetic which is a special case of set arith-
metic was independently invented by Warmus [22],
Sunaga [19] and Moore [14]. Natural calculations on
Kc(R) are defined by the Minkowski addition and the
scalar multiplication, i.e.

ξ1 +ξ2 = {x+ y : x ∈ ξ1,y ∈ ξ2},

C ·ξ = {C·x : x ∈ ξ},

for any ξ ,ξ1,ξ2 ∈Kc(R) and C ∈ R.

Using the endpoints of the intervals the aforemen-
tioned operations, i.e. addition and subtraction of two
intervals ξ1 = [a1,b1] and ξ2 = [a2,b2] and the scalar
multiplication of ξ = [a,b] and C ∈ R are given by

ξ1 +ξ2 = [a1 +a2,b1 +b2]

ξ1−ξ2 = [a1−b2,b1−a2],

C ·ξ = [min{C·a,C·b},max{C·a,C·b}].

It should be noted that the space (Kc(R),+, ·) is not
linear but semi-linear, due to the lack of the opposite el-
ement with respect to the Minkowski addition. Indeed,
in general, ξ +(−1)·ξ 6= {0}, unless ξ = {a} is a sin-
gleton. Consequently, ξ3 = ξ1−ξ2 does not guaranty,
in general, that ξ2 + ξ3 = ξ1. To overcome this draw-
back the so-called Hukuhara difference was defined as
follows: ξ3 = ξ1 −h ξ2 if and only if ξ2 + ξ3 = ξ1.
Unfortunately, the Hukuhara difference does not exist
for any two intervals ξ1,ξ2 ∈Kc(R) but only for such
ξ1 = [a1,b1] and ξ2 = [a2,b2] that b1−a1 > b2−a2.

Generally, any function defined on real values can be
extended to intervals in a straightforward way. In par-
ticular, the extension of a function f : R→ R to inter-
vals results in the set of all possible values that could be
obtained from f by supplying real-valued arguments
from the respective interval, i.e. for ξ = [a,b] we ob-
tain

f (ξ ) = { f (x) : x ∈ [a,b]}. (1)

Such operations like logarithm, square root, powers,
etc. are generalized to interval arguments in this way.
In a case where (1) is not an interval because it has
“holes” (i.e., values between the smallest and largest
values of (1) which are themselves not possible results
of the function), it can be made into an interval by tak-
ing a convex hull and replacing the set of results by an
interval defined by the smallest and largest result val-
ues.

It is worth remembering that following (1) in a “naive”
way may lead to mathematically rigorous results, i.e.
surely enclosing the true range, but which fails to be
best-possible because it is wider than it needs to be. It
often happens when values belonging to intervals enter
into the calculation more than once. In particular, the
square of ξ = [a,b] might be perceived as ξ 2 = ξ ·ξ =
{x· : x ∈ [a,b],y ∈ [a,b]} or as ξ 2 = {x2 : x ∈ [a,b]} and
both results generally differ. Thus, e.g., in calculat-
ing the sample variance one should calculate squares
as follows (see, e.g., [12, 15])

ξ
2 =

{
[0,max{a2,b2}], if 0 ∈ [a,b],
[min{a2,b2},max{a2,b2}], if 0 /∈ [a,b].
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Another difficulty we encounter in processing interval-
valued data is the problem with ranking intervals,
which prevents the use of rank tests or procedures
based on order statistics. Indeed, the family Kc(R)
is not linearly ordered and one can define order rela-
tions between intervals in many ways. Finally, let us
mention that the interval type (whether they are narrow
or broad, nesting, overlapping, binned, less or more
scattered, of the same or not the same precision, etc.)
may also cause bigger or smaller computational prob-
lems. In descriptive statistics with interval-valued data
we sometimes distinguish just two basic types of inter-
vals: “skinny” (i.e. the intervals that are so narrow as
to not overlap each other) or “puffy” (intervals which
are generally wider and exhibit a lot of overlap). For
more details we refer to [5].

3 Statistics with epistemic
interval-valued data

Suppose, we observe a sample of real-valued ran-
dom variables X = (X1, . . . ,Xn) from the distribution
Fθ , where θ ∈ Θ stands for the unknown parameter.
However, as an output of the experiment we actually
receive a sequence of n interval-valued observations
ξ1 = [a1,b1], . . . ,ξn = [an,bn]. We assume that the true
value of Xi ∈ ξi, i.e. each xi ∈ [ai,bi] is a possible value
of Xi.

Let θ̂ = θ̂(X) denote a classical (i.e. based on the real-
valued sample) estimator of θ . However now, having
interval data only, we may consider different possible
values of θ̂ , i.e.

θ̂(ξ1, . . . ,ξn) = {θ̂(x1, . . . ,xn) : xi ∈ ξi, i = 1, . . . ,n}.
(2)

It is not always possible (or easy) to find the actual
range of θ̂(ξ1, . . . ,ξn). Thus we try to compute its en-
closure, i.e. an interval θ̃ such that θ̃ ⊇ θ̂(ξ1, . . . ,ξn).
If θ̃ = θ̂(ξ1, . . . ,ξn) we say that the enclosure is exact.

When the estimator θ̂ is in some sense regular (e.g.,
continuous or monotonic), to determine θ̂(ξ1, . . . ,ξn)
it is usually enough to identify the smallest and largest
value of θ̂ denoted by θ̂min and θ̂max, respectively.
Finding the exact (or satisfactory) enclosures is not
easy in general. Moreover, in some cases, it is even
impossible in a reasonable time (e.g., determining the
sample variance for an arbitrary sample of the inter-
val data perceived from the epistemic perspective is the
NP-hard problem, see [16]).

However, even if obtaining the desired estimator (2)
involve no calculation problems, statistics based on in-
terval data may not be satisfying for practitioners, es-
pecially if the range of θ̂(ξ1, . . . ,ξn), i.e. the distance

between θ̂max and θ̂min is too large. To be more specific
let us consider the following example.

Example 1. Consider the following interval-
valued sample: [2.35,7.33], [6.02,8.59], [9.74,11.64],
[7.59,13.03], [23.11,27.42], [12.95,17.93], [27.08,
30.37] [5.93,9.22], [32.63,34.53], [13.85, 19.28] illus-
trating imprecise recordings of the time to failure (in
hours) of some devise. The upper and lower bounds of
the empirical distribution function for this sample, i.e.

F̂L
n (t) =

1
n

n

∑
i=1

1(ai 6 t), F̂U
n (t) =

1
n

n

∑
i=1

1(bi 6 t),

are given in Fig. 1 (the dashed rectangles between F̂U
n

and F̂L
n have no meaning here but they are drawn just to

visualize better the distance between these two bounds,
while indices L and U applied in the notation corre-
spond to the stochastic order between two borderline
random variables, see [6, 7]).

Figure 1: The empirical distribution function for
interval-valued data.

Suppose our data come from the exponential distribu-
tion and our goal is to estimate its MTTF, i.e. the
mean time to failure. If we have a real-valued sam-
ple X = (X1, . . . ,Xn) our estimator would be equal to
the average of the observations. In our case of inter-
val data we estimate MTTF by the mean of intervals
which results in [14.125,17.934]. Although this con-
clusion is perfectly rigorous from the point of view
of interval arithmetic, it is of a slight interest to en-
gineers because of its too high imprecision. This so-
lution becomes much more unaccepted if they need a
confidence interval. Indeed, the classical formula for
the (1−α)100% confidence interval is given by

2nx
χ2

n,1−α/2
< MTTF <

2nx
χ2

2n,α/2
,

where χ2
k,ν is the 100·ν percentile of the chi-squared

distribution with k degrees of freedom. This formula
extended through (2) for the interval data provides the
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95% confidence interval of the form: 8.99 < MTTF <
33.06, which makes no practical sense for engineers.

Obviously, problems with interval-valued data do not
restrict to estimation. Suppose we verify a null hy-
pothesis H0 against the alternative H1 and let T de-
note a desired test statistic. Given interval-valued data
ξ1, . . . ,ξn we can determine the set T (ξ1, . . . ,ξn) of all
possible test statistics values. Hence, to make a deci-
sion whether reject or accept H0 we have to compute a
p-value which is a subset of the interval [pL, pU ], where

pL = PH0

(
T >maxT (ξ1, . . . ,ξn)

)
,

pU = PH0

(
T >minT (ξ1, . . . ,ξn)

)
(see [8, 9, 10, 17]). Assuming the significance level α

the decision algorithm is as follows

• if pU < α , then we reject H0,

• if α < pL, then we do not reject (accept) H0,

• otherwise (i.e. if p 6 α 6 p), then we abstain
from the decision.

Unfortunately, if T (ξ1, . . . ,ξn) is too broad, then the
most expected result is abstention. If it happens too
often it becomes very discouraging for practitioners.

4 Precise estimation based on interval
data

In this section we discuss methods of estimating pa-
rameters of a distribution under study when we have a
sample in the form of interval data.

4.1 EM algorithm

The EM (Expectation-Maximization) was first pro-
posed by Dempster et al. [3]. It is one of the most
widely used algorithms for iteratively computing the
Maximum Likelihood Estimator (MLE) for incom-
plete data. It can be used at various levels of generality,
making it useful in many of the problems of missing
data, censored data, estimation for mixtures of distri-
butions, etc. The great advantage of the EM algorithm
is numerical stability, reliable global convergence to
the local extreme and simplicity of implementation, al-
though it is also not without limitations.

Suppose we have a random sample X1, . . . ,Xn with a
density g(x |θ) = gθ (x). We are interested in estimat-
ing with the maximum likelihood method on the basis
of x1, . . . ,xn observations the value of the θ parame-
ter. However, some of the observations (or perhaps

all) of xi are incomplete, imprecise, etc. Therefore,
we will introduce additional variables Z1, . . . ,Zn, the
observations of which z1, . . . ,zn are already complete
(precise) data. Write the total density of X1, . . . ,Xn
and Z1, . . . ,Zn as g(x,z |θ) = gθ (x,z). Obviously,
gθ (x,z) = gθ (x |z) ·gθ (z). Thus the complete-data
likelihood is given by

Lc(θ) := Lc(θ |x,z) = gθ (x,z). (3)

Now let us denote by θ (q) the estimator of θ obtained
in q-th iteration. Next, we define the expected value
of the complete log-likelihood function, assuming ob-
served Z= z

QEM(θ |θ (q)) : = E
θ (q)

[
logLc(θ)

∣∣z], (4)

=
∫

X

[
loggθ (x,z)

]
g

θ (q)(x
∣∣z)dx.

The parameters set at the input of the algorithm are
the start value θ (0) of the searched parameter and the
threshold value ε for stopping the algorithm. The EM
algorithm consists of two steps repeated at each itera-
tion:

Step E (Expectation): In q-th iteration we compute the
value of the expected log-likelihood

QEM(θ |θ (q)) = E
θ (q)

(
logLc(θ) |Z)

)
. (5)

Step M (Maximization): While maximizing the ex-
pected log-likelihood, we are looking for the next
parameter value θ , i.e.

θ
(q+1) = argmax

θ

QEM(θ |θ (q)). (6)

We repeat steps E and M until the stopping condition is
met. It can be defined in various ways, e.g. | θ (q+1)−
θ (q) |< ε or | L(θ (q+1))−L(θ (q)) |< ε .

Now let X1, . . . ,Xn denote i.i.d. random variables from
the exponential distribution Exp(λ ) with the density
function g(x) = λe−λx

1(0,∞)(x). Our goal is to esti-
mate the unknown parameter λ > 0. However, the
aforementioned real-valued random variables are not
observed precisely but instead of their precise values
x1, . . . ,xn we observe intervals ξi = [ai,bi], such that
xi ∈ [ai,bi] for each i = 1, . . . ,n. Here the complete-
data likelihood is given by

Lc (λ | z) = λ
n exp

(
−λ

n

∑
i=1

zi
)
. (7)
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Thus, following (3)-(5) we obtain

QEM(λ |λ (q)) = E
λ (q)

(
logLc(λ ) |z

)
= n logλ − nλ

λ(q)

−λ

n

∑
i=1

ai exp
(
−λ (q)ai

)
−bi exp

(
−λ (q)bi

)
exp
(
−λ (q)ai

)
− exp

(
−λ (q)bi

) ,

while the value of the estimated parameter in the (q+
1)-th iteration is given by

λ
(q+1)
EM =

n
n

λ (q) +
n
∑

i=1

ai exp(−λ (q)ai)−bi exp(−λ (q)bi)
exp(−λ (q)ai)−exp(−λ (q)bi)

. (8)

4.2 IEM algorithm

The IEM (Interval Expectation-Maximization) is a
generalization of the EM algorithm especially for in-
terval data. It was originally proposed by Su et al.
[18] but actually it might be perceived as an adapta-
tion of the fuzzy expectation-maximization (FEM) al-
gorithm [4] for interval data. Suppose X1, . . . ,Xn is a
random sample from the distribution with a density
g(x |θ) = gθ (x). Now, assuming that each true (but
unknown) observation xi belongs to (known) interval
ξi = [ai,bi] let us define the likelihood function as fol-
lows

L(θ ;ξ ) =
∫
X

1(x)gθ (x)dx= Eθ [1(x)] ,

where 1(x) = 1ξ1
(x1) · . . . ·1ξn(xn) denotes the product

indicator functions corresponding to interval observa-
tions. Then the expected log-likelihood defined as

QIEM(θ ,θ (q)) = E
θ (q)

(
log [L(θ ;ξ )] |ξ

)
=

∫
X

log [L(θ ;ξ )]1(x)g
θ (q)(x)dx

L(θ (q);ξ )
, (9)

is maximized and updated until∣∣L(θ (q+1);ξ )−L(θ (q);ξ )
∣∣

L(θ (q);ξ )
6 ε.

Now, applying this approach to interval data from the
exponential distribution with likelihood function (7)
we obtain the expected log-likelihood (9) of the form

QIEM(λ ,λ (q)) = n logλ −λ

n

∑
i=1

E
λ (q)

(
Xi | 1ξi(xi)

)
= n logλ −λ

n

∑
i=1

αi(q)

where

αi(q) = E
λ (q)

(
Xi | 1ξi(xi)

)
(10)

= E
λ (q)

(
Xi | g(x | 1ξi(xi);λ

(q))
)

=

∫
X

xi g(xi;λ (q))1ξi(xi)dxi∫
X

g(xi;λ (q))1ξi(xi)dxi

=

bi∫
ai

xi λ (q) exp
(
λ (q)xi

)
dxi

G
λ (q) (bi)−G

λ (q) (ai)
,

where G
λ (q) stands for the cumulative distribution

function of the exponential distribution with parame-
ter λ (q). Finally,

QIEM(λ ,λ (q)) = n logλ

−λ

n

∑
i=1

exp(−λai)
(
ai +

1
λ

)
− exp(−λbi)

(
bi +

1
λ

)
G

λ (q) (bi)−G
λ (q) (ai)

,

so by solving the equation dQ(λ ,λ (q))
dλ

= n
λ
−

n
∑

i=1
αi(q)

we obtain the following value of the estimated param-
eter in the (q+1)-th iteration

λ
(q+1)
IEM =

n
n
∑

i=1
αi(q)

. (11)

4.3 Middle Censoring algorithm

Another approach for estimation based on interval
data, called Middle Censoring Algorithm (MCA) was
proposed by Iyer et al. [11]. It combines both left-
censoring and right-censoring methods well-known in
classical statistics, especially in survival analysis and
reliability. Since here we have to assume that the bor-
ders of the observed intervals are the outputs of some
real-valued random variables, instead of describing the
method in a general way we restrict our attention di-
rectly to the exponential distribution.

As before we assume that X1, . . . ,Xn are nonob-
served i.i.d. random variables from the exponen-
tial distribution Exp(λ ). However, now the intervals
[a1,b1], . . . , [an,bn] we observe are supposed to have
some probabilistic structure. In particular, we assume
that the lower bounds a1, . . . ,an are realizations of the
random samples A1, . . . ,An from the exponential dis-
tribution Exp(α), while the upper bounds b1, . . . ,bn
are given by random variables B1, . . . ,Bn such that
each difference Bi−Ai is also exponentially distributed
from Exp(β ). Moreover, we assume that the unknown
hiperparameters α and β are independent of λ and that
random variables Ai and (Bi−Ai) are independent of
Xi for each i = 1, . . . ,n.
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Under such assumptions the log-likelihood function
l = logL has a very simple form

l(λ ) = logc+
n

∑
i=1

log
(

exp(−λai)− exp(−λbi)
)
,

but the equation of interest

∂

∂λ
l(λ ) =

n

∑
i=1

bi−ai

exp(−λ (ai−bi))−1
−

n

∑
i=1

ai = 0

has no analytic solution. Instead, we may consider the
iterative procedure, where

λ
(q+1)
MC =

λ (q)

n
∑

i=1
ai

·
n

∑
i=1

(bi−ai)exp
(
−λ (q)(bi−ai)

)
1− exp

(
−λ (q)(bi−ai)

) .

(12)

Starting from the inverse of the mean of the centers of
intervals, i.e.

λ
(1) =

2n
n
∑

i=1
(ai +bi)

.

We continue the iterative algorithm until∣∣λ (q+1)−λ
(q)∣∣6 ε.

It can be shown that the estimator obtained by MCA is
consistent and asymptotically normal.

4.4 Induced likelihood method

While discussing all the previous methods, we as-
sumed that we had a priori knowledge of the distribu-
tion of a random variable. In fact, we often don’t have
such information. In the case of precise data, a num-
ber of tests are known, thanks to which we can check
whether a given theoretical distribution does not differ
significantly from the empirical distribution from the
sample. Unfortunately, in the case of imprecise data,
we do not have such possibilities - the information we
have is somewhat distorted by the fact that it is in the
form of a range. Here, we describe the maximum like-
lihood estimation method that does not use unverifi-
able information about the distribution of a variable
from which the data comes. It was proposed by Le-
Redemacher and Billard in [13], but here we present it
in a slightly modified form. We will discuss two vari-
ants of these methods, assuming independence and de-
pendence of the estimated parameters.

Following the idea of Bertrand and Goupil [1] devel-
oped for the symbolic data we may define the em-
pirical distribution based on n interval observations

[a1,b1], . . . , [an,bn] as follows

F̂n(t) =
1
n

n

∑
k=1

t−ak

bk−ak
+

#{k : t > bk}
n

,

However, for interval observations [a1,b1], . . . , [an,bn]
the so-called induced likelihood function is con-
structed as a composition of two distributions, say g1
and g2, characterizing the internal mean Θi1 and the in-
ternal variance Θi2 of the observed interval Xi, respec-
tively, with realizations θ1i := ai+bi

2 and θ2i := (bi−ai)
2

12
for i = 1, . . . ,n. Let Θi = (Θi1,Θi2) denote the join
random variable while τ = (λ ,β ) let stand for the join
parameter of the distributions g1 and g2 (where λ cor-
responds to the first distribution and β for the second
one). If the distributions of Θi1 and Θi2 are indepen-
dent then the induced likelihood is defined as

L(τ,θ) =
n

∏
i=1

[
g1

(ai +bi

2
;λ

)
·g2

( (bi−ai)
2

12
;β

)]
If both distributions are exponential with parameters λ

and β , respectively, we obtain

L(τ,θ) =
n

∏
i=1

λ exp
(
−λ

ai +bi

2

)
×β exp

(
−β · (bi−ai)

2

12

)
.

Next we maximize the log-likelihood and finally
through simple calculations lead to the following re-
sults

λ̂IL =
n

n
∑

i=1

ai+bi
2

, (13)

β̂ =
n

n
∑

i=1

(bi−ai)
2

12

.

5 Methods comparison

The goal of this section is to see which of the estima-
tion methods presented in Sec. 4 is the best: primarily
in terms of the estimator quality (like its unbiasendess
and spread) and, secondly, in speed of algorithms con-
vergence (in the case of iterative methods).

Firstly, some straightforward calculations show that
coefficients (10) for the exponential distribution can be
expressed by

αi(q) =
1
λ
+

ai exp(−λai)−bi exp(−λbi)

exp(−λai)− exp(−λbi)
,

and substituted into (11) we receive (8), which means
that both EM and IEM algorithms in the case of the
exponential distribution produce identical estimators.
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Hence, a natural question arises whether obtained
equality of estimators happens only for some distribu-
tions, like the exponential, or is it a general rule. The
following theorem can be proved.

Theorem 5.1 Let X1, . . . ,Xn denote a sample of i.i.d.
random variables form the distribution with a density
g(x |θ) = gθ (x), however, instead of the real-valued
realizations xi we observe intervals ξi = [ai,bi], where
i = 1, . . . ,n. Then, assuming the same starting points
both the EM algorithm and the IEM algorithm produce
the same estimators in q-th iteration, i.e.

θ
(q+1)
EM = θ

(q+1)
IEM .

Proof : Since X1, . . . ,Xn are i.i.d. we have gθ (x) =

∏
n
i=1 gθ (xi). Moreover, assuming xi are not directly

observed and the only available data are intervals ξi =
[ai,bi], where i = 1, . . . ,n, substituting these informa-
tion into (4) we obtain

QEM(θ |θ (q)) = E
θ (q)

[
logLc(θ)

∣∣z],
=
∫
X

log
[
gθ (x)

]
·

n

∏
i=1

g
θ (q)(zi)1ξi(zi)∫

X
g

θ (q)(zi)1ξi(zi)dzi
dx

=

∫
X

log
[
gθ (x)

]
·g

θ (q)(x)1(x)dx∫
X

g
θ (q)(zi)1ξi(zi)dzi

,

=

∫
X

log [L(θ ;ξ )]1(x)g
θ (q)(x)dx

L(θ (q);ξ )
= QIEM(θ ,θ (q)).

Hence,

θ
(q+1)
EM = argmax

θ

QEM(θ |θ (q))

= argmax
θ

QIEM(θ |θ (q)) = θ
(q+1)
IEM .

�

To sum up, both the EM and IEM algorithms, despite
their different backgrounds, come down to the same
estimator. However, the advantage of the IEM estima-
tor is its more natural and straightforward interpreta-
tion which identifies an interval sample with indicator
functions representing real-valued observations origi-
nated from the uniform probability distribution.

When comparing the IEM and the Middle Censoring
algorithms we have to underline a fundamental differ-
ence between the way of constructing their likelihood
functions. In the case of MCA we have some addi-
tional limitation like that boundaries of the intervals
should be independent and should come from exponen-
tial distributions (otherwise, one should be able to ex-
press the density and cdf of the borders in an analytical

Figure 2: Box-plots for the difference of estimators of
the mean and variance obtained with the induced like-
lihood method and the IEM method.

form). Extended simulations showed that under afore-
mentioned assumptions the MCA algorithm turned out
to work similarly as the IEM algorithm. However, usu-
ally more iterations were needed for the MCA to obtain
the convergence than for the IEC algorithm.

An obvious advantage of the induced likelihood
method is that it is not an iterative procedure, therefore
it works much “faster”. However, the simulation study
showed that a weak point of the induced likelihood
method is the variance estimation, which was signif-
icantly less stable than for the IEM method. Box-plots
for the difference between estimators of the mean and
variance obtained using both methods shown in Fig. 2.
As it is seen, in the case of the variance the induced
likelihood method generates systematically greater re-
sults than the IEM. estimator.

6 Conclusions

In the paper we discussed several methods of refine-
ment for estimation with interval-valued data. It turned
out that the most reasonable choice of all the methods
presented is the IEM algorithm. Although our consid-
erations were restricted to point estimation, one can
apply the results for constructing more precise confi-
dence intervals or tests indicating not triple but binary
decisions.

However, the main goal of the paper was rather to em-
phasize the need for statistical tools for imprecise data
which produce results precise enough to be satisfying
for practitioners. This will not only increase the in-
terest in statistics with interval data, but will also be
in line with the general direction indicated by John W.
Tukey: “All in all, I have come to feel that my cen-
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tral interest is in data analysis, which I take to include,
among other things: procedures for analyzing data,
techniques for interpreting the results of such proce-
dures, ways of planning the gathering of data to make
its analysis easier, more precise or more accurate, and
all the machinery and results of (mathematical) statis-
tics which apply to analyzing data” [21].
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