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Abstract

Noticing certain limitations of concept lat-
tices in the fuzzy context, especially in view
of their practical applications, in this paper
we propose a more general approach based
on what we call graded fuzzy preconcept lat-
tices. We believe that this approach is more
adequate for dealing with fuzzy information
than the one based on fuzzy concept lattices.
In this paper we develop theoretical basis for
graded fuzzy preconcept lattices. Some pos-
sible applications of graded fuzzy lattices are
discussed in the Conclusion section.

Keywords: Fuzzy context, Fuzzy concept
lattice, Fuzzy preconcept, Fuzzy preconcept
lattice, Gradation of fuzzy preconcept lat-
tices.

1 Introduction

Formal concept analysis or just concept analysis for
short was developed mainly in eighties of the previ-
ous century. The principles and fundamental results of
concept analysis were exposed in the paper [31] and
further expanded in the book [13]. Concept analysis
starts with the notion of a (formal) context that is a
triple (X ,Y,R) where X and Y are sets and R ⊆ X ×Y
is a relation between the elements of these sets. The
elements of X are interpreted as some abstract objects,
the elements of Y are interpreted as some abstract prop-
erties or attributes, and the entry (x,y) ∈ R means that
an object x has attribute y. The idea of the concept
analysis is to reveal all pairs (A,B) of sets A ⊆ X and
B ⊆ Y (called concepts) such that every object x ∈ A
has all properties y ∈ B and every property y ∈ B holds
for all objects x ∈ A.

In the first decade of the 21th century different fuzzy
counterparts of the formal concept analysis were intro-

duced. In the fuzzy case a context is a tuple (X ,Y,L,R)
where X and Y are sets, L is a lattice, and R : X×Y → L
is an L-fuzzy relation. Fuzzy concepts in this fuzzy
context are pairs (A,B), where A and B are L-fuzzy
subsets of the sets X and Y respectively, which are in-
terrelated in a way, regarding the relation in the crisp
case (see Definition 4.8). The most important work in
the first decade of the 21th century in the field of fuzzy
concept analysis was carried out by R. Bĕlohlávek, see,
e.g. [3, 4], see also [5, 21, 7, 25], etc.

Concept analysis and concept lattices, crisp as well
as fuzzy, aroused great interest both among theorists
in mathematics and among researchers working in ap-
plied fields. The theoretical interest in concept lattices
can be explained, in particular, by the fact that they
form interesting connections with other mathematical
structures, specifically with (fuzzy) rough sets [24, 12]
and (fuzzy) mathematical morphology [10, 11, 23],
see, e.g. [2, 21, 32, 28].

Since its inception, crisp concept analysis has found
important applications in the study of “real-world"
problems. On the other hand, we found only a few
works, where fuzzy concept analysis is used in the re-
search of any practical-type problems. In our opinion,
the problem to use fuzzy concept lattices in practice is
that the request in the concept analysis of the precise
correspondence between the fuzzy set A of objects and
the fuzzy set B of attributes in "real-world" situations
is (almost) impracticable. In this case one sooner has
to deal with the weaker request asking that the corre-
spondence between A and B must hold up to a certain
degree. In order to develop a theoretical basis for a
solution of this problem, in the paper [29] we first re-
placed the notion of a fuzzy concept by a much weaker
notion of a fuzzy preconcept, and then proposed two
methods, allowing to evaluate “how far a fuzzy precon-
cept is from the nearest fuzzy concept". In its turn, this
lead to two kinds of graded fuzzy preconcept lattices,
called D-graded and M -graded. The study of these
lattices was initiated in [29]. In this paper we go fur-
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ther in the study of the D-graded preconcept lattices.
The main goal of this paper is to develop the theoret-
ical basis of D-graded fuzzy preconcept lattices in or-
der that they could be used for some practical applica-
tions. The perspective fields for application of graded
fuzzy preconcept lattices are discussed in the Conclu-
sion section.

The paper is organized as follows. In the second, pre-
liminary, section we briefly recall the notions related to
lattices, residuated lattices or quantales, fuzzy sets and
fuzzy relations. Further in this section we remind the
reader the concept of the measure of inclusion of fuzzy
sets; just the measure of such inclusion lies in the base
of the grade of fuzzy preconcepts - the main concept
considered further in this paper.

In the third section we define fuzzy preconcepts, intro-
duce partial order relation � on the family of all fuzzy
preconcepts of a given fuzzy context (X ,Y,L,R) and
show that the resulting structure (P(X ,Y,L,R),�) is a
lattice. In the fourth section we consider operators R↑

and R↓ on fuzzy preconcept lattices; these operators
play fundamental role in our work and, in particular,
they are used in order to distinguish “real" fuzzy con-
cepts from arbitrary fuzzy preconcepts and to define
a lattice (C(X ,Y,L,R),�) of fuzzy concepts. How-
ever this lattice structure is different from the lattice
induced from the lattice (P(X ,Y,L,R),�) of fuzzy pre-
concepts. Some of the results of this section are known
(the corresponding references are given); we reproduce
them here in the form appropriate for this work and in
order to make the paper self contained.

The following, fifth section is the central one in the
work. Here we propose a method allowing to deter-
mine the grade showing the distinction of a fuzzy pre-
concept from “being a real fuzzy concept" and study
the corresponding graded preconcept lattices. The def-
inition of a grade of a fuzzy preconcept is based on the
evaluation of mutual “contentment" of the fuzzy set of
objects and the fuzzy set of attributes. The correspond-
ing lattice of fuzzy preconcepts endowed with gradated
evaluation defined in such way is called a D-graded
preconcept lattice. Some examples of D-graded fuzzy
preconcept lattices are given.

In the last, conclusion section, we briefly summarize
main results obtained and survey some directions for
the future work.

2 Preliminaries

2.1 Lattices, quantales and residuated lattices

We use the standard terminology accepted in theory
of lattices, see, e.g. [1, 14, 22, 9] for details. For

the reader convenience, we make clarification of some,
possibly less known, terms.

A complete lattice L = (L,≤,∧,∨) is called infinitely
distributive if a ∧ (

∨
i∈I bi) =

∨
i∈I(a ∧ bi) for every

a ∈ L and every {bi | i ∈ I} ⊆ L. A complete lattice
L is called infinitely co-distributive if a∨ (

∧
i∈I bi) =∧

i∈I(a∨bi) for every a ∈ L and every {bi | i ∈ I} ⊆ L.
A complete lattice is called infinitely bi-distributive
if it is infinitely and co-infinitely distributive. It is
known that every completely distributive lattice is in-
finitely bi-distributive. Every MV-algebra which is
join-distributive is also meet-distributive.

Let L be a complete lattice and ∗ : L×L→ L be a
binary associative commutative monotone operation.
Then the tuple (L,≤,∧,∨,∗) is called a (commuta-
tive) quantale [26] if ∗ distributes over arbitrary joins:
a∗(

∨
i∈Ibi) =

∨
i∈I(a∗bi). Operation ∗ will be referred

to as the product in L. A quantale is called integral if
the top element>L of the lattice L acts as the unit, that
is >L ∗a = a∗>L = a for every a ∈ L; in this case we
write >L = 1L and ⊥L = 0L were L0 is the least ele-
ment of L. In what follows saying a quantale we mean
a commutative integral quantale. A typical example
of a quantale is the unit interval endowed with a lower
semi-continuous t-norm, see, e.g. [20].

In a quantale a further binary operation 7→: L×L→L,
the residuum, can be introduced as associated with
operation ∗ of the quantale (L,≤,∧,∨,∗) via the
Galois connection, that is a ∗ b ≤ c ⇐⇒ a ≤ b 7→
c for all a,b,c ∈ L. A quantale (L,≤,∧,∨,∗) pro-
vided with the derived operation 7→, that is the tuple
(L,≤,∧,∨,∗, 7→), is known also as a (complete) resid-
uated lattice [22]. In the following proposition we col-
lect well-known properties of the residuum:

Proposition 2.1 (see, e.g. [17, 18])
(1) (

∨
i ai) 7→ b =

∧
i (ai 7→ b) for all {ai | i ∈ I} ⊆ L,

for all b ∈ L;
(2) a 7→ (

∧
i bi) =

∧
i(a 7→ bi) for all a ∈ L and for all

{bi | i ∈ I} ⊆ L,;
(3) 1L 7→ a = a for all a ∈ L;
(4) a 7→ b = 1L whenever a≤ b;
(5) a∗ (a 7→ b)≤ b for all a,b ∈ L;
(6) (a 7→ b)∗ (b 7→ c)≤ a 7→ c for all a,b,c ∈ L;
(7) a 7→ b≤ (a∗ c 7→ b∗ c) for all a,b,c ∈ L;
(8) a∗b≤ a∧b for all a,b ∈ L;
(9) (a∗b) 7→ c = a 7→ (b 7→ c) for all a,b,c ∈ L.

2.2 Fuzzy sets and fuzzy relations

Given a set X , an L-fuzzy subset is a mapping A : X →
L. The lattice and the quantale structure of L is ex-
tended point-wise to the L-exponent of X , that is to the
set L = LX of all L-fuzzy subsets of X . Specifically,
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the union and intersection of a family of L-fuzzy sets
{Ai|i∈ I}⊆ L are defined by their join

∨
i∈I Ai and meet∧

i∈I Ai respectively. An L-fuzzy relation between two
sets X and Y is an L-fuzzy subset of the product X×Y ,
that is a mapping R : X×Y → L, see, e.g. [30, 33].

In this work we will deal with several different lattices
and quantales. The symbol L is used as the common
notation for any lattice (quantale). On the other hand,
notation L is used when we speak about L-fuzzy sets.
Besides, since L, as the lattice of values for L-fuzzy
subsets and L-fuzzy relations, in the paper is an arbi-
trary but a fixed lattice, we shall omit the prefix L and
speak just of fuzzy sets and fuzzy relations.

2.3 Measure of inclusion of L-fuzzy sets

The gradation of a preconcept lattice introduced below
is based on the fuzzy inclusion between fuzzy sets. We
present here a brief introduction into this field.

In order to fuzzify the inclusion relation A ⊆ B “a
fuzzy set A is a subset of a fuzzy set B", we have to
interpret it as a certain fuzzy relation ↪→ based on "if
- then" rule, that is on some implication ⇒ defined
on the lattice L. In the result we come to the formula
A ↪→ B = infx∈X (A(x)⇒ B(x)). As far as we know, for
the first time this approach was applied in [27] where it
was based on the Kleene-Dienes implication⇒. Later
the fuzzified relation of inclusion between fuzzy sets
was studied and used by many authors, see, e.g. [6],
[8], [19], et al. In most of the papers the implication
⇒ was defined by means of residuum 7→ of the under-
lying quantale (L,∧,∨,∗). This implication behaves in
this situation “much better" than the Kleene-Dienes or
some other implication on (L,∧,∨,∗). In our paper we
stick to the residuum based measure of inclusion spec-
ified in the following definition:

Definition 2.2 By setting A ↪→ B =
∧

x∈X (A(x) 7→
B(x)) for all A,B ∈ LX , we obtain a mapping ↪→: LX ×
LX → L. We call A ↪→ B by the (L-valued) measure of
inclusion of the L-fuzzy set A into the L-fuzzy set B. We
denote A∼= B =de f (A ↪→ B)∧ (B ↪→ A) and view it as
the degree of equality of L-fuzzy sets A and B.

Proposition 2.3 (see, e.g. [15, 16])
Mapping ↪→: LX×LX → L satisfies the following prop-
erties:
(1) (

∨
i Ai) ↪→ B =

∧
i (Ai ↪→ B) for all {Ai | i∈ I} ⊆ LX

and for all B ∈ LX ;
(2) A ↪→ (

∧
i Bi) =

∧
i(A ↪→ Bi) for all A ∈ LX and for

all {Bi | i ∈ I} ⊆ LX ;
(3) A ↪→ B = 1L whenever A≤ B;
(4) 1X ↪→ A =

∧
x A(x) for all A∈ LX where 1X : X→ L

is a constant function with the value 1L ∈ L;
(5) (A ↪→ B)≤ (A∗C ↪→ B∗C) for all A,B,C ∈ LX ;

(6) (A ↪→ B)∗(B ↪→C)≤ (A ↪→C) for all A,B,C ∈ LX ;
(7) (

∧
iAi) ↪→ (

∧
iBi)≥

∧
i(Ai ↪→ Bi) for all {Ai : i∈ I},

{Bi : i ∈ I} ⊆ LX ;
(8)(

∨
iAi) ↪→ (

∨
iBi)≥

∧
i(Ai ↪→ Bi) for all {Ai : i ∈ I},

{Bi : i ∈ I} ⊆ LX .

3 Preconcepts and preconcept lattices

Let L be a complete lattice. Further, let X ,Y be sets and
R : X×Y → L be a fuzzy relation. Following terminol-
ogy accepted in the theory of (fuzzy) concept lattices,
see, e.g. [31], [3], [4], we refer to the tuple (X ,Y,L,R)
as a fuzzy context.

Definition 3.1 Given a fuzzy context (X ,Y,L,R), a
pair P = (A,B) ∈ LX × LY is called a fuzzy precon-
cept1.

On the set LX ×LY of all fuzzy preconcepts we intro-
duce a partial order � as follows. Given P1 = (A1,B1)
and P2 = (A2,B2), we set P1 � P2 if and only if A1 ≤ A2
and B1 ≥ B2. Let (P,�) be the set LX ×LY endowed
with this partial order. Further, given a family of fuzzy
preconcepts {Pi = (Ai,Bi) : i∈ I}⊆ LX×LY , we define
its join (supremum) by Yi∈IPi = (

∨
i∈I Ai,

∧
i∈I Bi) and

its meet (infimum) as Zi∈IPi = (
∧

i∈I Ai,
∨

i∈I Bi).

Theorem 3.2 P is a complete lattice. Besides, if L is
an infinitely bi-distributive lattice, then (P,�,Z,Y) is
also an infinitely bi-distributive lattice.

Proof Let P = {Pi = (Ai,Bi) | i ∈ I} ⊆ P.
Then Zi∈IPi = (

∧
i∈I Ai,

∨
i∈I Bi) and Yi∈IPi =

(
∨

i∈I Ai,
∧

i∈I Bi) ∈ P. So (P,�,Z,Y) is a complete
lattice. Its top and bottom elements are >P = (1X ,0Y )
and ⊥P = (0X ,1Y ) where aX and aY are respectively
constant fuzzy subsets of X and Y with values a ∈ L.

Further, assume that L is infinitely bi-distributive.
To show that (P,�,Z,Y) is infinitely distributive, let
P = {Pi = (Ai,Bi) | i ∈ I} ⊆ P and P = (A,B) ∈ P.
Then (Yi∈IPi) Z P = ((∨i∈IAi) ,(∧i∈IBi)) Z
(A,B) = ((∨i∈IAi)∧A,(∧i∈IBi)∨B) =
((∨i∈I(Ai∧A)) ,(∧i∈I(Bi∨B))) = Yi∈I(Pi ZP).
In the same manner we prove that (P,�,Z,Y) is an
infinitely co-distributive lattice. 2

In the sequel we write just P or (P,�) instead of
(P,�,Z,Y) if no misunderstanding is possible, or
(P,X ,Y,L,R) in case when we need to specify the
fuzzy context we are working in.

1This notion of a fuzzy preconcept is not related with the
notion of a preconcept as it is defined in [13, p. 59].
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4 Operators R↑ and R↓ on L-powersets
and fuzzy concept lattices

Let X and Y be sets and let R : X ×Y → L be a fuzzy
relation, where L is a fixed quantale. Given a fuzzy
context (X ,Y,L,R), we define operators R↑ : LX → LY

and R↓ : LY → LX as follows:

Definition 4.1 (see, e.g. [4]) Given A ∈ LX and B ∈
LY , we define A↑ ∈ LY and B↓ ∈ LX by setting
A↑(y) =

∧
x∈X (A(x) 7→ R(x,y)) ∀y ∈ Y ,

B↓(x) =
∧

y∈Y (B(y) 7→ R(x,y)) ∀x ∈ X .

By setting R↑(A) for all A ∈ LX and R↓(B) = B↓ for all
B ∈ LY , we get operators R↑ : LX → LY and R↓ : LY →
LX .

In the crisp case, that is when A⊆ X ,B⊆Y and R : X×
Y → {0,1}, this definition is obviously equivalent to
the original definition of operators A−→ A′ and B−→
B′ in [31]. From the properties of the residuum one can
easily justify the following:

Proposition 4.2 Operators R↑ : LX → LY and R↓ :
LY → LX are decreasing:
A1 ≤ A2⇒ A↑1 ≥ A↑2, B1 ≤ B2⇒ B↓1 ≥ B↓2.

In the sequel we write A↑↓ instead of (A↑)↓ and B↓↑

instead of (B↓)↑. We write also R↑↓ for the composition
R↓ ◦R↑ : LX → LX and R↓↑ for the composition R↑ ◦R↓ :
LY → LY .

Proposition 4.3 (cf, e.g. [31] in crisp case, [4]) A↑↓ ≥
A for every A ∈ LX and B↓↑ ≥ B for every B ∈ LY .

Proposition 4.4 (cf, e.g. [31] in crisp case, [4])
A↑ = A↑↓↑ for every A ∈ LX and B↓ = B↓↑↓ for every
B ∈ LY .

From propositions 4.3 and 4.4 one can easily get the
following fundamental fact:

Theorem 4.5 (cf, e.g. [31] in crisp case, [4]) Opera-
tors R↑ : LX → LY and R↓ : LY → LX satisfy an antitone
Galois connection:

A≤ B↓ ⇐⇒ B≤ A↑ ∀A ∈ LX ,B ∈ LY .

Example 4.6 Let a fuzzy context (X ,Y,L,R) be given
and let A ⊆ X .2 Then for every y ∈ Y A↑(y) =∧

x∈X A(x) 7→ R(x,y) =
∧

x∈A R(x,y). In the same way
we prove that if B ⊆ Y , then B↓(x) =

∧
y∈B R(x,y).

Hence, in case when A ⊆ X , B ⊆ Y a pair (A,B) can
be a concept (either crisp or fuzzy) only in case when

2Here and in the sequel we do not distinguish between
a crisp set A ⊆ X and its characteristic function χA : X →
{0,1}.

R is also crisp, that is R : X ×Y → {0,1}. This shows
the limitation for the use of concept lattices in the case
of a fuzzy context and gives an additional evidence in
favour of the graded approach to fuzzy preconcept lat-
tices.

Continuing the previous example we calculate A↑↓ and
B↓↑ in case of crisp sets A and B:
A↑↓(x) =

∧
y∈Y (

∧
x′∈A(R(x

′,y) 7→ R(x,y))) ,
B↓↑(y) =

∧
x∈X
(∧

y′∈B(R(x,y
′) 7→ R(x,y))

)
. 2

Proposition 4.7 (cf, e.g. [31] for the crisp case, [4])
Given a family {Ai | i ∈ I} ⊆ LX , we have (

∨
i∈I Ai)

↑ =∧
i∈I A↑i . Given a family {Bi | i ∈ I} ⊆ LY , we have

(
∨

i∈I Bi)
↓ =

∧
i∈I B↓i .

Referring to the definition of a (fuzzy) concept given
in [31, 4], we reformulate it as follows:

Definition 4.8 A fuzzy preconcept (A,B) is called a
(fuzzy) concept if A↑ = B and B↓ = A.

Let C=C(X ,Y,L,R) be the subset of P= P(X ,Y,L,R)
consisting of fuzzy concepts (A,B) and let � be the
partial order on C induced by the partial order � from
the lattice (P,�). Then (C,�) is a partially ordered
subset of the lattice (P,�). However, generally (C,�)
is not a sublattice of the lattice (P,�,Z,Y) and we need
to define joins and meets in (C,�) differently from Z
and Y. To do this, first we show the following simple
lemma:

Lemma 4.9 Let (A1,B1), (A2,B2) be fuzzy concepts.
If A1 ≤ A2, then B1 ≥ B2 and if B1 ≥ B2 then A1 ≤ A2.

Proof If A1 ≤ A2, then from Proposition 4.2 it follows
that A↑1 ≥ A↑2 and hence B1 ≥ B2. The proof of the
second statement is similar. 2

Corollary 4.10 Let (A1,B1),(A2,B2) ∈ C. Then
(A1,B1)� (A2,B2) if and only if A1 ≤ A2 if and only if
B1 ≥ B2.

Proposition 4.11 If A ∈ LX , then (A↑↓,A↑) is the
smallest concept containing A as the fuzzy set of ob-
jects. If B ∈ LY , then (B↓,B↓↑) is the smallest concept
containing B as the fuzzy set of attributes.

Proof From Proposition 4.4 it follows that (A↑↓,A↑)
is a fuzzy context. Further, from Proposition 4.3 we
know that A ≤ A↑↓. Assume that there is a fuzzy con-
cept (Ao,A

↑
o) such that A≤ Ao ≤ A↑↓. Then A↑ ≥ A↑o ≥

A↑↓↑ = A↑ an hence A↑o = A↑. Therefore Ao = A↑↓ and
(Ao,A

↑
o) = (A↑↓,A↑). In a similar way we can prove

that (B↓,B↓↑) is the smallest context containing B as
the fuzzy set of attributes. 2
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Theorem 4.12 Let (X ,Y,L,R) be a fuzzy context and
let � be the partial order induced from the lattice
P(X ,Y,L,R,�). Then C(X ,Y,L,R �) is a complete
lattice.

We know already that C(X ,Y,L,R),�) is a partially
ordered set. So the proof will follow directly from the
next proposition.

Proposition 4.13 (cf [31] for the crisp case, [4]) Let
{C = {Ci = (Ai,Bi)} ⊆ C(X ,Y,L,R,�) be a family of
fuzzy concepts. Then
fi∈ICi =

(∧
i∈I Ai,(

∨
i∈I Bi)

↓↑
)

is its infimum in the

partially ordered set (C,�),
gi∈ICi =

(
(
∨

i∈I Ai)
↑↓ ,
∧

i∈I Bi

)
is its supremum in the

partially ordered set (C,�).

Proof To show the first statement we have to prove
only that fi∈ICi is a fuzzy concept; its minimality will
be clear from its definition since (

∧
i∈I Ai,

∨
i∈I Bi) is

the meet of C in P(X ,Y,L,R). Indeed, (
∨

i∈IBi)
↓↑ =

(
∧

i∈IAi)
↑↓↑ = (

∧
i∈IAi)

↑ ; (
∧

i∈IAi)
↑ = (

∨
i∈IBi)

↓↑ .
To show the second statement we have to prove only
that gi∈ICi is a fuzzy concept; its maximality will
be clear from its definition since (

∨
i∈I Ai,

∧
i∈I Bi)) is

the join of C in P(X ,Y,L,R). Indeed (
∨

i∈IAi)
↑↓ =

(
∧

i∈IBi))
↓↑↓ = (

∧
i∈IBi)

↓ ; (
∧

i∈IBi)
↓ = (

∨
i∈IAi)

↑↓ . 2

Taking into account that in a fuzzy concept (Ai,Bi) it
holds A↑i = Bi and B↓i = Ai, we get the following corol-
lary from the previous Proposition 4.13:

Corollary 4.14 Let C = {Ci = (Ai,Bi) | i ∈ I} ⊆C be
a family of fuzzy concepts. Then
fi∈ICi =

(∧
i∈I Ai,(

∧
i∈I Ai)

↑
)

is its infimum in the lat-

tice (C,�),
gi∈ICi = ((

∧
i∈I Bi)

↓ ,
∧

i∈I Bi) is its supremum in the
lattice (C,�).

5 Conceptuality degree of a fuzzy pre-
concept and D-graded preconcept lattices

5.1 Degrees of object and attribute based
contentments of a fuzzy preconcept

Let (X ,Y,L,R) be a fuzzy context and (A,B) ∈
P(X ,Y,L,R).

Definition 5.1 The degree of contentment of a fuzzy set
A of objects by a fuzzy set B of attributes or the degree
object based contentment of the preconcept (A,B) for
short is defined by D↑(A,B) =de f A↑ ∼= B.

Definition 5.2 The degree of contentment of a fuzzy set
B of attributes by a fuzzy set A of objects or the at-

tribute based contentment of the preconcept (A,B) is
defined by D↓(A,B) =de f A∼= B↓.

Definition 5.3 The degree of conceptuality of a pre-
concept (A,B) in the fuzzy preconcept lattice P is de-
fined by D(A,B) = D↑(A,B)∧D↓(A,B).

Changing pairs (A,B) ∈ P, we obtain mappings
D↑ : P→ L, D↓ : P→ L and D : P→ L.

We illustrate the evaluation of conceptuality degree in
the fuzzy context (X ,Y,L,R) in some simple situations.
To simplify calculations we distinguish the following
three special conditions. The first one concerns the
properties of the product ∗ of the quantale while the
other two have to do with fuzzy relation R. Besides the
second and the third one is only applicable for pairs of
crisp sets (A,B) ∈ P(X ,Y,L,R). In this case we denote
Ac = X \A and Bc = Y \B, that is the complements of
the sets A and B respectively.

(†∗) Operation ∗ has no zero divisors, that is a ∗ b =
0⇒ a = 0 or b = 0 for any a,b ∈ L.

(†RBA)
∨

y∈Bc
∧

x∈A R(x,y) = 0. In particular, this rela-
tion holds if B = Y.

(†RAB)
∨

y∈Ac
∧

x∈B R(x,y) = 0. In particular, this rela-
tion holds if A = X .

Finally let (†R) mean that both (†RBA) and (†RAB) hold.

Example 5.4 Let A ⊆ X ,B ⊆ Y, let (L,≤,∧,∨,∗) be
an arbitrary quantale, 7→: L×L→ L its residuum, and
R : X×Y → L a fuzzy relation. Then
A↑ ↪→ B =

∧
y∈Y (

∧
x∈X (A(x) 7→ R(x,y)) 7→ B(y)) =∧

y∈Bc ((
∧

x∈X (A(x) 7→ R(x,y)) 7→ 0) =∧
y∈Bc (

∧
x∈AR(x,y) 7→ 0);

B ↪→ A↑ =
∧

y∈Y (B(y) 7→ (
∧

x∈X (A(x) 7→ R(x,y)))) =∧
y∈Y (B(y) 7→

∧
x∈AR(x,y)) =

∧
y∈B
∧

x∈AR(x,y).

D↑(A,B) =
(∧

y∈Bc (
∧

x∈A(R(x,y) 7→ 0))
)
∧(∧

x∈A,y∈BR(x,y)
)
.

From the above it easily follows that if either
(†∗) or (†RBA) holds, then B ↪→ A↑ = 1 and hence
D↑(A,B) =

∧
x∈A,y∈BR(x,y).

In a similar way we prove that
A ↪→ B↓ =

∧
x∈A,y∈BR(x,y),

B↓ ↪→ A =
∧

x∈Ac
(∧

y∈B(R(x,y) 7→ 0)
)
,

D↓(A,B) =
(∧

x∈Ac
∧

y∈B(R(x,y) 7→ 0)
)
∧(∧

x∈A,y∈BR(x,y)
)

and D↓(A,B) =
∧

x∈A,y∈BR(x,y) in
case when either (†∗) or (†RAB) holds.

Thus in case of crisp object and attribute sets A, B
and under assumption that either (†∗) or (†R) holds,
the degree of the conceptuality of the pair (A,B) is
D(A,B) =

∧
x∈A,y∈BR(x,y). 2
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Example 5.5 Let now (P(X ,Y,L,R) be a fuzzy con-
text where L = [0,1], a ∈ (0,1), Xa ⊆ X , B ⊆ Y and a
fuzzy set A : X → [0,1] be defined by

A(x) =
{

a if x ∈ Xa
0, if x 6∈ Xa.

Then B ↪→ A↑ =
∧

y∈Y (B(y) 7→ A↑(y)) =
∧

y∈BA↑(y) =∧
y∈B,x∈Xa(a 7→ R(x,y)),

A↑ ↪→ B =
∧

y∈Bc
(∧

x∈Xa(a 7→ R(x,y))
)
7→ 0 and

hence D↑(A,B) =
(∧

y∈B,x∈Xa(a 7→ R(x,y))
)
∧(∧

y∈Bc (
∧

x∈X (a 7→ R(x,y))) 7→ 0
)

and D↑(A,B) =∧
y∈B,x∈Xa(a 7→ R(x,y)) if condition (†∗) or condition

(†RBA) is satisfied.

In a similar way, in order to calculate D↓(A,B),
we have A ↪→ B↓ =

∧
x∈X (A(x) 7→ B↓(x)) =∧

x∈Xa

(
a 7→

∧
y∈BR(x,y)

)
;

B↓ ↪→ A =
(∧

x∈Xa

(∧
y∈B(R(x,y) 7→ a)

))
∧(∧

x∈Xc
a

(∧
y∈B(R(x,y) 7→ 0)

))
.

D↓(A,B) =
∧

x∈Xc
a

(∧
y∈B(R(x,y) 7→ 0)

)
∧∧

x∈Xa

(∧
y∈B(R(x,y) 7→ a)

)∧
x∈Xa

(
a 7→

∧
y∈BR(x,y)

)
.

Under assumption of (†∗) or (†R) the formula can be
simplified and we get
D(A,B) =

(∧
x∈Xa(a 7→

∧
y∈B R(x,y))

)
∧(∧

x∈Xa

(∧
y∈BR(x,y) 7→ a

))
.

Example 5.6 Let now A ⊆ X , Yb ⊆ Y , L = [0,1], b ∈
(0,1) and B : Y → L = [0,1] be defined by

B(y) =
{

b if y ∈ Yb
0, if y 6∈ Yb.

Then, under assumption of (†∗) or (†R), calculating
similar as in the previous example, we get:

D(A,B) =
(∧

y∈Yb
(b 7→

∧
xx∈A R(x,y))

)
∧(∧

y∈Yb
(
∧

x∈A(R(x,y) 7→ b))
)
.

Example 5.7 We demonstrate the previously obtained
formulas for calculating D(A,B) in case of the Exam-
ple 5.5 for the three basic t-norms ∗ on [0,1]: ∗∧ = ∧ -
the minimum t-norm, ∗L - the Łukasiewicz t-norm and
∗P - the product t-norm, see, e.g. [20].

(1) Łukasiewicz t-norm has zero divisors. Therefore,
to simplify situation we will consider the case when
Xa = X , B =Y , that is in case when assumption (†R) is
satisfied. Then from the above formulas we have
D↑(A,B) =

(∧
x∈X ,y∈Y (1−a+R(x,y))

)
∧1;

D↓(A,B) =
(
1−

∧
y∈Y R(x,y)+a

)
∧1 and hence

D(A,B) =
∧

x∈X ,y∈Y
(1−|a−R(x,y)|).

(2) The product t-norm has no zero-divisors, that is
satisfies assumption (†∗). Hence, under this assump-
tion we can apply formulas obtained in Example 5.5,

that is
D(A,B) =

(∧
x∈Xa(a 7→

∧
y∈B R(x,y))

)
∧(∧

x∈Xa

(∧
y∈B(R(x,y) 7→ a)

))
.

To describe D(A,B) in this situation we denote
X1 = {x ∈ X | a≤

∧
y∈B R(x,y)},

X2 = {x ∈ X | a ≥
∧

y∈B R(x,y)}. Then D(A,B) =(∧
x∈X1

a∧
y∈B R(x,y)

)
∧
(∧

x∈X2

∧
y∈B R(x,y)

a

)
if X1∪X2 6= /0

and D(A,B) = 1 otherwise.

(3) The minimum t-norm has no zero-divisors, that is
satisfies assumption (†∗). Therefore, using formulas
obtained in Example 5.5, we have

D(A,B) =
{ ∧

x∈X2,y∈Y R(x,y) if X2 6= /0;
a otherwise .

2

5.2 D-graded preconcept lattices

Given a fuzzy context (X ,Y,L,R), let (P(X ,Y,L,R),�)
be the corresponding fuzzy preconcept lattice, and let
D↑, D↓ be the operators defined in the previous sub-
section. Then the tuple (P,�,D↑,D↓) will be referred
to as a D-graded fuzzy preconcept lattice of the fuzzy
context (X ,Y,L,R). In the next two theorems we prove
the most important properties of the operators of D-
gradation and D-graded fuzzy preconcept lattices.

Theorem 5.8 Let P = (P,� Y,Z) be a fuzzy precon-
cept lattice. Given a family of fuzzy preconcepts P =
{Pi = (Ai,Bi) | i ∈ I} ⊆ P it holds

D↑(Yi∈IPi)≥
∧

i∈I
D↑(Pi)

Proof The proof follows from the next series of
(in)equalities:
D↑(Yi∈I(Ai,Bi)) = (

∨
i∈IAi)

↑ ∼= (
∧

i∈IBi) =

(
∧

i∈IA
↑
i )
∼= (

∧
i∈IBi) =

(
(
∧

i∈IA
↑
i ) ↪→ (

∧
i∈IBi))

)
∧(

(
∧

i∈IA
↑
i )←↩ (

∧
i∈IBi)

)
≥

(∧
i∈I(A

↑
i ↪→ Bi))

)
∧(∧

i∈I(Bi ↪→ A↑i ))
)
=
∧

i∈ID
↑(Ai,Bi). 2

Theorem 5.9 Given a family of fuzzy preconcepts
P = {Pi = (Ai,Bi) | i ∈ I} ⊆ P it holds

D↓(Zi∈IPi)≥
∧

i∈I
D↓(Pi).

The proof follows from the next series of (in)equalities:
D↓(Zi∈I(Ai,Bi)) = (

∧
i∈IAi) ∼= (

∨
i∈IBi)

↓ =

(
∨

i∈IAi) ∼= (
∧

i∈IB
↓
i ) =

(
(
∧

i∈IAi) ↪→ (
∧

i∈IB
↓
i )
)
∧(

(
∧

i∈IAi)←↩ (
∧

i∈IB
↓
i )
)
≥

(∧
i∈I(Ai ↪→ B↓i ))

)
∧(∧

i∈I(Ai←↩ B↓i ))
)
=
∧

i∈ID
↓(Ai,Bi). 2
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6 Conclusions

Noticing limitation of concept lattices in case of a
fuzzy context in view of possible applications, espe-
cially for “real world" problems, we introduce a very
general notion of a preconcept on one hand, and on
the other hand resrtrict it by assigning to a preconcept
a certain degree of its conceptuality. In the result we
come to what we call a graded fuzzy preconcept lattice.
In our paper [29] we proposed two approaches of gra-
dation of preconcept lattices. Here we go further with
the study of the first one of these approaches, namely
the one which is based on the evaluation of a certain
mutual contentment of a fuzzy set of potential objects
and a fuzzy set of its potential attributes. We call it an
inner approach and the graded fuzzy preconcept lattice
obtained in this way by D-graded.

Concerning the immediate plans for the future work,
we consider theoretical as well as practical issues.
With regard to the perspectives in the research of the-
oretical issues, we see both a deeper study of the
fuzzy D-graded lattices themselves (in particular the
research of categorical properties and constructions of
fuzzy D-graded preconcept lattices - products, coprod-
ucts, quotients et al. seems to us very challenging) and
the study of the relations between fuzzy D-graded lat-
tices and other fuzzy mathematical structures. Specif-
ically, we see challenging to reveal the relations be-
tween fuzzy graded, in particular, D-graded, precon-
cept lattices on one side and fuzzy rough structures,
fuzzy topology and fuzzy mathematical morphology
on the other.

We have various plans for application of graded fuzzy
concept lattices in the research of real-world problems.
We think that the use of graded preconcept lattices
could be more appropriate for certain practical prob-
lems, in particular, those ones that are related to risk
analysis due to the possibility to establish a more flex-
ible relationship between the fuzzy set of objects and
corresponding fuzzy set of attributes. Specifically, one
of areas where the use of fuzzy graded preconcept lat-
tices could be very appropriate is the analysis of pan-
demic spread of an infection. Graded fuzzy preconcept
lattices can serve as a basis for introducing a model for
estimated total number of infected inhabitants vs es-
timated levels of hospitalised inhabitants which have
been assessed based on expert opinion. At present
we are working on a paper “Application of Graded
Fuzzy Preconcept Lattices in Risk Analysis” where
such model will be developed. In the process of de-
veloping this model, the analysis of application of dif-
ferent t-norms in the calculation of the degree of con-
ceptuality has revealed differences in the impact of the
selected t-norms on the assessment of the crisis sever-

ity. The obtained results can be further applied in the
implementation of public restrictions aimed at contain-
ment of Covid-19 and other pandemics. The results of
our research can be extended to comparing opinions
from different experts. The aggregation of multiple
opinions analysed by means of fuzzy preconcept lat-
tices can be also a subject to the further research.
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