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Abstract

A random variable is said to stochastically
dominate another random variable if the cu-
mulative distribution function of the former
is smaller than or equal to the cumulative dis-
tribution function of the latter. In this pa-
per, we present a graded version of stochas-
tic dominance by measuring the part of the
real line in which the inequality holds. In-
terestingly, when a finite and non-null super-
modular fuzzy measure is considered, this
graded version of stochastic dominance is
proven to be a fuzzy order relation w.r.t. the
Lukasiewicz t-norm. We also discuss the use
of the Lebesgue measure for random vari-
ables with bounded support and present dif-
ferent alternatives for random variables with
unbounded support.

Keywords: Stochastic order, Fuzzy order
relation, Fuzzy measure, Graded stochastic
dominance.

1 Introduction

Stochastic orders [15, 20] have been a popular study
subject in Probability Theory and Statistics for com-
paring whether one random variable is greater than an-
other random variable. Probably the easiest way for
comparing two random variables is based on their ex-
pected utilities with respect to a given utility func-
tion [14]. A more involved option, called stochastic
dominance [9], is based on the comparison of their cu-
mulative distribution functions. More specifically, if
the cumulative distribution function of a random vari-
able is smaller than the cumulative distribution func-
tion of another random variable it means that the first
random variable takes larger values than the second
random variable with a higher probability. Interest-

ingly, a random variable stochastically dominates an-
other random variable if and only if the expected util-
ity of the first random variable is always greater than or
equal to the expected utility of the second random vari-
able, regardless of the considered utility function [10].
This is one of many reasons why stochastic dominance
is considered to be the most prominent stochastic or-
der, even though it results in a partial (and not total)
order on the set of random variables.

In order to further refine the partial order given by
the stochastic dominance, several alternatives have
been proposed [2]. Aside of the aforementioned ex-
pected utilities and other examples such as probabilis-
tic preference [12], special attention deserves the no-
tion of statistical preference [18, 19] which is based
on a reciprocal relation expressing the winning prob-
abilities between the random variables. Interestingly,
for independent random variables, stochastic domi-
nance implies statistical preference, however, for non-
independent random variables, statistical preference
exploits the joint distribution of the random variables.
This has served as a source of inspiration for introduc-
ing an alternative definition of stochastic dominance
that exploits this joint distribution of the random vari-
ables [13].

Some authors have referred to an alternative definition
of statistical preference as a graded version of stochas-
tic dominance [11] in the sense that it provides a value
in the unit interval that equals one in case the first ran-
dom variable stochastically dominates the second ran-
dom variable (and both random variables are indepen-
dent). In this paper, we follow a different direction
and partition the real line into two parts: (i) the part in
which the cumulative distribution function of the first
random variable is smaller than or equal to the cumu-
lative distribution function of the second random vari-
able, and (ii) the part in which the cumulative distri-
bution function of the first random variable is greater
than the cumulative distribution function of the second
random variable. By measuring the first part by means
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of a finite and non-null supermodular fuzzy measure,
we obtain a fuzzy order relation w.r.t. the Lukasiewicz
t-norm.

The remainder of the paper is structured as follows.
Section 2 presents some basic notions on triangular
norms, fuzzy relations and (fuzzy) measures that are
necessary for the correct understanding of the paper.
Section 3 presents a way of constructing a fuzzy order
relation on a set of measurable functions. This fuzzy
order relation is proven to lead to a graded notion of
stochastic dominance when applied to the cumulative
distribution functions of random variables in Section 4.
In particular, we present a natural illustration of the
fuzzy order relation when the Lebesgue measure and
random variables with bounded support is considered.
Some preliminary work on different alternatives to the
Lebesgue measure in the context of random variables
with unbounded support are presented in Section 5. We
end with some conclusions in Section 6.

2 Preliminaries

2.1 Triangular norms

A triangular norm (t-norm, for short) % on [0,1] is a
function * : [0, 1] x [0,1] — [0, 1] that is commutative
(axb = b+a), associative (a* (b*c) = (ax*xb)*c),
order-preserving (a < b implies that axc < b*c) and
has neutral element 1 (a* 1 = a). Here, we pay partic-
ular attention to the Lukasiewicz t-norm =, defined by
x#Ly=max(0,x+y— 1). For more details on t-norms,
we refer to [7].

2.2 Fuzzy relations

A (binary) fuzzy relation R on X is a mapping R : X X
X — [0,1]. A fuzzy relation is called a crisp relation if
Im(R) = {0, 1}. In such case, we also use the notation
(x,y) € R meaning that R(x,y) = 1. Given a t-norm x,
a fuzzy relation is said to be:

e reflexive if R(x,x) = 1, for any x € X;
e symmetric if R(x,y) = R(y,x), for any x,y € X;

e x-transitive if R(x,y) * R(y,z) < R(x,z), for any
x,y,z € X.

A reflexive, symmetric and x-transitive relation is
called a x-equivalence relation.

Given a t-norm * and a x-equivalence relation E, a
fuzzy relation is said to be:

o E-reflexive if E(x,y) < R(x,y), for any x,y € X

Atlantis Studies in Uncertainty Modelling, volume 3

o x-E-antisymmetric if R(x,y) x R(y,x) < E(x,y),
for any x,y € X.

An E-reflexive, x-E-antisymmetric and *-transitive re-
lation is called a *-E-order relation (in the sense of Bo-
denhofer [4]). For more details on fuzzy relations, we
refer to [5].

2.3 Measures and fuzzy measures

A measure space (Z,X) is formed by a set 2" and a
o-algebra ¥ on 2. A function ¢ : 2" — R is called
Y-measurable (or, simply, measurable if no confusion
can occur) if {p < a} ={xe 2 | p(x) < a} X, for
any a € R.

A function y : £ — [0, +oo] is called a fuzzy measure
if the following two conditions hold:

(i) u(0) =0,
(ii)) u(A) < u(B), forany A,B € ¥ such that A C B.

A fuzzy measure U is said to be:

e non-null if u(2") > 0;
e finite if U (2") < +-oo;
e supermodular if, for any A, B € X, it holds that

H(AUB)+u(ANB) = u(A) + u(B);

e countable additive if, for any countable collection
{A}nen of pairwise disjoint sets in X, it holds

that:
u (lVJAn> = E:llLAny

neN neN

A fuzzy measure that is countable additive is simply
called a measure. Note that any measure is a super-
modular fuzzy measure. For more details on measures
and fuzzy measures, we refer to [3].

3 Fuzzy order relations on sets of
measurable functions

Let (£ ,X) be a measure space and .% be a set of mea-
surable functions from 2" to R. A function ¢ € .7
is said to be smaller than or equal to another func-
tion ¢’ € .7 if ¢(x) < ¢'(x) for any x € 2. For
any ¢,¢’ € .7, we consider the notations Z_y =
fre 2p(x) = ¢/(x)} and Zpey = {xe 2 |o(x) <
¢'(x)}. Note that, in the upcoming sections, 2~ will
actually be the real line R (with X being the Borel al-
gebra on R) and .Z will be the set of all possible cu-
mulative distribution functions of a random variable.
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Proposition 1. Consider a finite and non-null super-
modular fuzzy measure [L : £ — [0, +oo].

(i) The fuzzy relation Ey, : % x % — [0,1]

B(Zy=g)
Eu(fi8) = ==~
8 u(2)
is a xp-equivalence relation.
(ii) The fuzzy relation Ry, : F x % — [0,1] defined as

RH(fvg) = ‘%

is a x-Ey-order relation.

Proof. (i) Reflexivity. For any f € .#, it holds that
Zy—y = Z and, therefore,

wz) (&)
Symmetry. For any f,g € %, it holds that 27—, =
Zo—y and, therefore,

x-transitivity. For any f,g,h € .%, it holds that
Xp—g N Zgp C £y and, therefore,
W(Zp=n) = W (Zy=g N Zg=)
> WL mg) (L) — 12— U L)
> W(Zy=g) + U(Zg=n) —1(Z).
Since p(Zy—;) > 0, we obtain that

Eﬂ(f7h) 2 max (O’E,U(f7g)+Ell(g7h) - 1)
:Eﬂ(fag) *LEﬂ(gah)'

(ii) Ey-reflexivity. For any f,g € %, it holds that
Zr—g C Zr<¢ and, therefore,

U(Zr=g) _ U(Zr<)

wZ)

Eu(f.f)

:Eli(gaf)

Eu(f.8) = < =Ru(f.8)-
N TEA R B

L -Ey-antisymmetry. For any f, g € .%, it holds that
1(Zy<g) +u(Zg<y)

SU(Zpeg N Zg<y) +U(Zp<gU Zg<y)
= W(Z=g) +U(Z).

Therefore, it follows that

E, (f,g) = max (07 %)
max W(Zr<g) | M(Ze<y)
> ma (07 W(2) + u(Z) 1>

=Ru(f.8) *LRu(8. f)-
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s -transitivity. For any f,g,h € %, it holds that
Zr<gN Zg<n © Zr<p and, therefore,

W(Zp<n) 2 M( Zy<gN Zg<n)
> U(Zp<g) +H(Zg<n) — W(Zp<gU Zy<n)
> W(Zy<g) + W(Zg<n) — 1(Z).

Since u(Zy<;) > 0, we obtain that

Ru(f7h> Z max (O’Rﬂ(fag)+Rﬂ(g’h) - 1)
=Ru(f,g)*LRu(gh).

O

Remark 1. Obviously, the fact that f = g implies that
E,(f,g) =1 for any u. Similarly, the fact that f < g
implies that Ry (f,g) = 1 for any n. Furthermore, if
W is such that jL(A) = 0 for any A # %, then both Ey,
and Ry, are crisp relations that respectively coincide
with the relations = and < on F.

Remark 2. The result remains valid if U is a finite and
non-null measure since any measure is a supermodular
fuzzy measure (see [3]).

Remark 3. The result does not necessarily hold for
t-norms greater than the Lukasiewicz t-norm. For in-
stance, consider & = [0, 1], the Borel algebra X on &
and the Lebesgue measure L : ¥ — [0,1]. For f(x) =x,
g(x) = 0.25 and h(x) = x%, it holds that Ry(f,g) =
0.25, R, (g,h) = 0.5 but Ry (f,h) = 0. Therefore, Ry
is not xp-transtive, with xp being the product t-norm
(defined as x xpy = xy).

4 Graded stochastic dominance

4.1 Definition

The notion of stochastic dominance has been widely
studied in the context of Statistics for comparing ran-
dom variables. Formally, given a probablity space
(Q,X0,P), a random variable is a measurable func-
tion from Q to R. The cumulative distribution func-
tion Fx : R — [0, 1] of a random variable X is defined
as Fx(x) = P(X <x). A random variable X is said
to (first-order) stochastically dominate another random
variable Y, denoted by X >pgsp Y, if Fx < Fy. As men-
tioned in Remark 1, X >gsp Y can also be defined in
terms of the fuzzy order relation defined on the prece-
dent section, as follows: X >gsp VY if R, (Fx,Fy) =1
with p being any finite and non-null supermodular
fuzzy measure u : ¥ —]0, 4o such that p(A) = 0 for
any A # 2. Interestingly, the choice of a more elabo-
rate supermodular fuzzy measure returns a graded ver-
sion of stochastic dominance in which R, (Fx, Fy) rep-
resents the degree in which X (first-order) stochasti-
cally dominates Y.
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As a natural result, we study random variables that are
identically distributed but shifted, i.e., ¥ = X +¢ for
some ¢ # 0. Note that this is equivalent to Fy(x) =
Fx(x —1t) for any x € R. Therefore, since cumu-
lative distribution functions are increasing, it holds
that R“(Fy,Fx) =1if r >0 and R”(Fx,Fy) =1if
t < 0. Moreover, if Fx and Fy are strictly increas-
ing, it follows that E, (Fx,Fy) = 0 and R (Fx,Fy) =
1— Ry (Fx,Fy).

4.2 The case of the Lebesgue measure for
random variables with bounded support

Probably, one of the most interesting cases is that in
which p is the Lebesgue measure. Obviously, since
the Lebesgue measure is not finite in general, we need
to restrict to the Lebesgue measure on a bounded set,
for instance the common bounded support of a family
of random variables.

Here, we consider beta-distributed random variables,
whose support is the unit interval (thus, bounded). We
recall that a random variable X has a beta distribution
with parameters ¢ and f3, denoted as X ~ B(a, ), if
its probability density function is, for any x € [0, 1],

xo‘_l(l —X)B_l
fx(x) = ————,
(x) Kup
where Ky p = % is the normalizing constant

with I" denoting the Gamma function.

As an illustrative example, we consider X ~-
B(0.5,0.5) and Y ~~ B(2,2). In Figure 1, the cumula-
tive distribution functions of both random variables are
plotted. Note that none of the cumulative distribution
functions is smaller than or equal to the other one. This
implies that X does not stochastically dominate ¥ and
that Y does not stochastically dominate X. However, it
can be seen that R, (Fx,Fy) = Ry (Fy,Fx) = 0.5 since
both cumulative distribution functions intersect at x =
0.5, being Fx smaller than Fy on |0.5, 1| and Fy smaller
than Fx on ]0,0.5[. Actually, since the probability den-
sity function of any beta-distributed random variable
such that o = B is symmetric with respect to 0.5, it
holds that Ry (Fx,Fy) = Ry (Fy,Fx) = 0.5 for any two
random variables X ~ B(o, o) and Y ~ B(o/', a').

5 A more general framework

5.1 Definition

As mentioned in the precedent section, it is necessary
that the support of the random variables is bounded for
the Lebesgue measure to be finite. Obviously, this is
a big drawback since, for instance, it is not possible
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o
X = e o = = = -

Figure 1: Illustration of graded stochastic dominance
between two beta-distributed random variables. The
cumulative distribution function Fx of the random vari-
able X ~~ B(0.5,0.5) is plotted in red, whereas the cu-
mulative distribution function Fy of the random vari-
able Y ~~ B(2,2) is plotted in blue.

to compare Gaussian random variables. In this sec-
tion, we propose an alternative definition of the rela-
tions R, (f,g) and E,(f,g) where, instead of a single
U, a family of finite and non-null fuzzy measures (s =
{lf¢} fge7 is considered, being iy, a finite and non-
null fuzzy measure dependant on a fixed pair of mea-
surable functions f and g. Formally, the fuzzy relations
Ey,:Fx% —=0,1]andRy, : F x.F —[0,1] are
defined as follows

-
e

Unfortunately, Ej, does not need to be a *L-
equivalence relation and Ry, ; does not need to be a * -
Ey, ,-order relation in general. As a counterexample,
consider X ~~ B(0.5,0.5), Y ~» B(2,2), Z=0.2 and
fix Up, r, = UF, F, as the Lebesgue measure on [0, 1]
and U, r, as the (supermodular) fuzzy measure such
that g, r,(A) =0 if A # [0,1] and ug, £, ([0,1]) =
1. We see that Ry (Fx,Fz) =0<05+08—-1=
Ry, (Fx,Fy) *L Ry, (Fy,Fz). Thus, Ry is not xi-
transitive.
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5.2 The case of measures induced by the random
variables

A natural way for defining s, exploits the properties
of the underlying probability space. In particular, for
any two random variables X and Y, we may define the
function pg, F, 1 X — [0,2] as follows:

Ur, 5y (A) = P(X € A)+P(Y €A).

Please note that Ug, f, is a finite and non-null measure
on R. Consider the family p# of all measures Uf, F,,
where X and Y are random variables.

In this subsection, we illustrate the resulting fuzzy re-
lation in the case of Gaussian random variables. We
recall that a random variable X has a Gaussian distri-
bution with mean m and standard deviation o, denoted
as X ~» N(m, o), if its probability density function is,
for any x € R,

fr(x) = 1 ()

oV2n

The cumulative distribution function is given by

1+1erf<x_m>
22 ov2)’

where erf(z) = % Iy e dt.

FX (x) =

It is straightforward to see that for two Gaussian ran-
dom variables X ~» N(my,ox) and ¥ ~» N(my,0y), it
holds that X stochastically dominates Y if and only if
my > my and ox = oy. Here, we expand this result
with respect to the relation Ry, ; :

e If mxy = my and ox = oy, then
Rugy s, (Fx, Fy) =1
e If mxy = my and ox # oy, then
Rug, 5, (Fx,Fy) =0.5;
e If mxy < my and ox = oy, then
Rury ry (Fx,Fy) =0;
e If mx > my and oy = oy, then
R#FX,FY (Fx,Fy) =1;
e If my # my and ox < oy, then

ert (4ot ) ot (4%)
i ,

RIJ-FX,FY (Fx, Fy)= §+

my Ox —nx Oy .

with 7y = ox—0y
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e If my # my and ox > oy, then

fo—mx fo—my
R Fy.Fy) =~ erf(axﬁ)+erf(oyﬁ>
HFX,FY( X Y)—E_ 4

with g = PrxOY

For the proof of the last item, note that the unique inter-
section point of Fy and Fy is tg = % There-
fore, it holds that Fx(r) < Fy(¢) for any ¢ €] — oo, 19],
Fx(to) = Fy(t9) and Fx(r) > Fy(t) for any ¢ €]tg, +oo|.
The remainder of the items are straightforward or anal-
ogous to the last one.

As an illustrative example, we consider X ~» N(0,1)
and Y ~» N(1,2). In Figure 2, the cumulative distri-
bution functions of both random variables are plotted.
Note that none of the cumulative distribution functions
is smaller than or equal to the other one and, thus,
X does not stochastically dominate Y and Y does not
stochastically dominate X. Therefore, it holds that
to=—1and

Rugy s, (Fx, Fy) ~0.15255,
Ry, r, (Fr, Fx) = 0.84745.

1.00-

0.75-

F(¥)

0.25- o
Distribution

— N(0,1)
—_ N(1,2)

0.00-

-5.0 -2.5 0.0 25 5.0 7.5

Figure 2: Illustration of graded stochastic dominance
between two Gaussian random variables. The cumu-
lative distribution function Fx of the random variable
X ~» N(0,1) is plotted in red, whereas the cumula-
tive distribution function Fy of the random variable
Y ~» N(1,2) is plotted in blue.

)
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5.3 Some connections with goodness-of-fit tests

Goodness-of-fit tests have been popularly studied in
the field of Statistics for checking whether a sample
provides from a theoretical distribution or whether two
samples provide from the same distribution. The intu-
itive idea behind most goodness-of-fit tests is to com-
pute a test statistic representing how much both (em-
pirical) distributions differ. Typically, the values of the
test statistic are tabulated, thus allowing to perform
the statistical test. Three prominent such goodness-
of-fit tests are the Kolmogorov-Smirnov test [8, 21],
the Cramer-Von Mises test [6, 22] and the Anderson-
Darling test [1]. In this section, we use these three tests
as a source of inspiration for defining some alternative
fuzzy measures.

Inspired by the Kolmogorov-Smirnov test, we may de-
fine finite and non-null fuzzy measures on R based on
the maximal difference between the cumulative distri-
bution functions. Formally, for any two random vari-
ables X and Y, we consider the function ,u}‘xs A Y —
[0, 1] as follows:

Wi (A) = sup |Fx (x) — Fy (x)|,
XE

with the convention that ufS. (0) = 0 and 0 <
UES 5, (R) < +eo. Note that 55 . is a fuzzy measure,
but it is not supermodular.

In this case R ks (Fx,Fy) = 1 if the maximum ab-
MEy Fy

solute difference between Fxy and Fy is attained on

the subset of R in which Fx < Fy. Otherwise,

Ru}:(SF (Fx,Fy) equals the quotient of the maximum
X

absolute difference between Fxy and Fy on the subset

of R in which Fx < Fy and the maximum absolute dif-

ference between Fx and Fy on R.

Continuing with the illustrative example of X ~-
N(0,1) and Y ~» N(1,2) in Figure 2, it holds that
the maximum absolute difference between Fyx and
Fy on | —e,—1] is 0.04492 at x ~ —1.8475 and
the maximum absolute difference between Fx and Fy
on [—1,4oo[ is 0.34514 at x ~ 1.1809. Therefore, it
holds that

R (Fx,Fy)%O.I:SOlS,

KS
HEy Fy

R (Fy,Fx)=1.

u ’I‘"(YS-FX
Analogously, inspired by the Cramer-Von Mises and
Anderson-Darling tests, we may define finite and non-
null fuzzy measures on R based on the (weighted) av-
erage difference between the cumulative distribution
functions. Formally, for any two random variables X
and Y, we consider the function pg p X — [0,1] as

Atlantis Studies in Uncertainty Modelling, volume 3

follows:
B, ) = [ (Be() = Fr () wi() dH (),

where w(x) is a weighting function, H is a linear com-
bination of Fy and Fy and, for technical reasons, the
convention 0 < piz; . (R) < o0 needs to be imposed.
The case w(x) = 1 relates to the Cramer-Von Mises
test, whereas the case w(x) = (H(x)(1 —H (x)))f1 re-
lates to the Anderson-Darling test. Note that u,{-‘;, A
is a measure in both cases as a result of the Radon-
Nikodym theorem [16, 17].

Continuing with the illustrative example of X ~-
N(0,1) and Y ~~ N(1,2) in Figure 2, it holds that

/71(FX (x) — Fy (x))? dH (x) = 0.0001658,

—o0

[ —:W(FX (x) — Fy (x)) dH (x) = 0.0473429,

where H = (Fx + Fy)/2.

Therefore, it holds that

R/“‘}X Fy (

0.0001658
Fx,Fy) =~

™ 0.0001658 + 0.0473429
0.0473429
(Fy,Fx) ~

™ 0.0001658 +0.0473429

~0.0035,

R ~0.9965 .

1
HEy Fy

6 Conclusions

We have presented a graded version of stochastic dom-
inance for comparing random variables by measuring
the subset of the support in which the cumulative distri-
bution function of the first random variable is smaller
than or equal to the cumulative distribution function
of the second random variable. In the case of random
variables with a bounded support, the definition based
on the Lebesgue measure seems to be quite natural and
to agree with intuition. Unfortunately, some problems
arise for random variables with an unbounded support
(e.g., for Gaussian random variables). Section 5 aims
at solving this problem and at presenting some links
with statistical goodness-of-fit tests. In the near future,
the study of transitivity-like properties for the fuzzy re-
lations presented in Section 5 will be addressed.
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