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Abstract

Non-negative matrix factorization (NMF) is
a basic method for analyzing the intrin-
sic structure of non-negative matrices but
cannot work well when datasets include
some subsets drawn from different genera-
tive schemes. This paper proposes a novel
switching NMF algorithm, which simultane-
ously estimates multiple NMF models sup-
ported by a fuzzy clustering concept. A
fuzzy NMF reconstruction measure is mod-
eled by introducing fuzzy memberships of
each object and is also utilized as the fuzzy
clustering criterion. Object fuzzy parti-
tion estimation and cluster-wise local NMF
modeling are iteratively performed based on
the iterative optimization principle. The
characteristics of the proposed algorithm
are demonstrated through numerical exper-
iments using an artificial dataset and an en-
vironmental observation dataset.

Keywords: Fuzzy clustering, Non-negative
matrix factorization, Switching analysis.

1 Introduction

Non-negative matrix factorization (NMF) [5, 6] or pos-
itive matrix factorization (PMF) [10, 9] are powerful
tools for analyzing the intrinsic factors varied in non-
negative matrix products, where a non-negative matrix
is decomposed into two matrices having positive ele-
ments only. For example, in air pollutant measurement
analysis, all observation values of some pollutants are
assumed to be products of non-negative quantities of
each generation, and NMF or PMF are expected to be
useful for estimating the sources of the pollutants [2].

In many applications, however, some basic methods
cannot work well if datasets include some subsets

drawn from different generative schemes such that air
pollutant characteristics can be different due to sea-
sonal effects. Switching analysis such as switching
regression [11] and local principal component analy-
sis [12] is a useful approach for handling mixed source
datasets and several fuzzy clustering-based methods
have also been proposed. Fuzzy c-regression models
(FCRM) [3] and linear fuzzy clustering [4] are hybrid
models of fuzzy c-means (FCM) clustering [1, 8] and
regression analysis or principal component analysis,
where the reconstruction measures of regression model
or principal component estimation are also utilized as
the FCM criterion for simultaneously estimating fuzzy
memberships of objects and cluster-wise least square
models.

In this paper, a novel switching NMF algorithm is pro-
posed by combining the NMF reconstruction measure
with the FCM clustering concept. A fuzzy NMF re-
construction measure is modeled by introducing fuzzy
memberships of each object and is also utilized as the
fuzzy clustering criterion. Object fuzzy partition esti-
mation and cluster-wise local NMF modeling are iter-
atively performed based on the iterative optimization
principle. The characteristics of the proposed algo-
rithm are demonstrated through numerical experiments
using an artificial dataset and an environmental obser-
vation dataset.

The remaining parts of this paper are organized as
follows: Section 2 briefly reviews NMF and fuzzy
clustering-based switching regression and Section 3
proposes a novel approach of switching NMF sup-
ported by the FCM clustering concept. Experimental
results are presented in Section 4 and a summary of
conclusions is given in Section 5.
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2 NMF and Fuzzy Clustering-based
Switching Regression

2.1 NMF

NMF [5, 6] is designed for approximating an n × m
matrix X = {xi j}, whose elements are all non-negative,
by decomposing into the product of two non-negative
matrices of n× p matrix W = {wik} and p×m matrix
H = {hk j} as follows:

X ≈WH. (1)

The value p for the number of columns of W and rows
of H represents the dimension of intrinsic factors and
must satisfy n > p and m > p. In order to minimize the
reconstruction errors, the objective function of NMF to
be minimized is given under the least square principle
as below:

Jnm f =
n

∑
i=1

m

∑
j=1

(
xi j −

p

∑
k=1

wikhk j

)2

. (2)

The goal of matrix decomposition is to decom-
pose multi-dimensional data into lower-order matrices,
which represent some intrinsic factors. The lower-
dimensional factors are available for making it eas-
ier for humans to understand the intrinsic features of
multi-dimensional data. Then, NMF has been used in
various fields such as air pollutant measurement anal-
ysis, where the observed data matrices are assumed to
be the products of non-negative elements. The algo-
rithm is based on the alternating optimization of the
elements of matrices W and H, where the following
updating formulas are used:

hk j = hk j
(W⊤X)k j

(W⊤WH)k j
, (3)

wik = wik
(XH⊤)ik

(WHH⊤)ik
. (4)

2.2 Switching Regression Based on FCM
Clustering Concept

Fuzzy c-means (FCM) [1, 8] is one of the famous clus-
tering methods, which is designed for partitioning data
objects into a pre-determined number of fuzzy clusters.
In FCM, each object is assigned to clusters with fuzzy
memberships, which are more useful in handling am-
biguous cluster boundaries rather than such crisp clus-
tering models as k-means [7].

When the goal is to divide n objects with m-
dimensional vectors xi (i = 1, . . . ,n) into C clusters, the
FCM objective function to be minimized is given as:

L f cm =
C

∑
c=1

n

∑
i=1

uθ
ci||xi −bc||2, (5)

where uci is the fuzzy membership of object i to cluster
c, and bc is the representative centroid of cluster c. θ
(θ > 1) is the fuzzifier weight for adjusting the degree
of fuzziness such that θ makes the objective function
nonlinear with respect to uci. The larger the value of
θ , the more ambiguous the cluster boundary becomes.
θ → 1 reduces to k-means and the most common set-
ting is θ = 2. uci is often identified with the probability
of belongingness of object i to cluster c under the prob-
abilistic constraint:

uci ∈ [0,1],
C

∑
c=1

uci = 1. (6)

The FCM clustering concept was extended to switch-
ing regression for analyzing the dependency among
pairs of outcome variable yi and predictor xi, where
the goal is to estimate multiple regression models yc =
fc(x) in conjunction with data partitioning. Fuzzy c-
regression models (FCRM) [3] achieves switching re-
gression by replacing the FCM criterion with the re-
gression error measure in regression analysis as fol-
lows:

L f crm =
C

∑
c=1

n

∑
i=1

uθ
cie

2
ci, (7)

where eci = |yi− fc(xi)| is the regression error measure
between the outcome variable yi of object i and its pre-
diction fc(xi) in local regression model c. Consider-
ing the fuzzy memberships uci, local fuzzy regression
models yc = fc(x) are estimated in each cluster.

3 Switching Non-negative Matrix
Factorization Based on FCM
Clustering Concept

Although NMF is a useful tool for analyzing the in-
trinsic structure of non-negative matrices, it cannot
work well when datasets include some subsets drawn
from different generative schemes. For example, real
world environmental observation data can be drawn
from multiple generative models due to seasonal ef-
fects and the NMF estimation can be improved by fo-
cusing only on a portion of whole observations [13].
In this paper, the previous noise robust model [13] is
further enhanced into switching NMF by introducing
the FCM clustering concept.

The novel switching NMF is constructed based on a
hybrid approach of NMF and FCM such that the FCM
criterion is replaced with the NMF reconstruction mea-
sure. Assume that we want to estimate C separate NMF
models

X ≈WcHc, (c = 1, . . . ,C), (8)
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by partitioning n objects into C clusters, where Wc =
{wcik} and Hc = {hck j} are cluster-wise component
matrices. By introducing uci of fuzzy membership of
object i to cluster c, the NMF objective function is en-
hanced as follows:

J f cnm f m =
C

∑
c=1

n

∑
i=1

m

∑
j=1

uθ
ci

(
xi j −

p

∑
k=1

wcikhck j

)2

, (9)

where fuzzy memberships uci follow the same proba-
bilistic constraint with FCM as Eq.(6).

The algorithm is based on the alternating optimiza-
tion scheme in a similar manner to FCM, which is
composed of estimation of fuzzy memberships uci and
cluster-wise NMF estimation of matrix Wc and Hc.

First, the derivation process of updating formulas of
NMF components is given below. For matrix Hc, the
objective function is reformulated in an attribute-wise
manner as:

J′f cnm f m =
C

∑
c=1

m

∑
j=1

(
x̃ j −Wch̃c j

)⊤Uθ
c
(
x̃ j −Wch̃c j

)
=

C

∑
c=1

m

∑
j=1

(
x̃⊤j Uθ

c x̃ j −2x̃⊤j WcUθ
c h̃c j

+h̃⊤c jW
⊤
c Uθ

c Wch̃c j

)
, (10)

where x̃ j = (x1 j,x2 j, . . . ,xn j)
⊤, h̃c j =

(hc1 j,hc2 j, . . . ,hcp j)
⊤ and Uc is the orthogonal

matrix, whose i-th diagonal element is uci. Here,
comparing with Eq.(3), we have the modifications of
W⊤X →W⊤

c Uθ
c X and W⊤WH →W⊤

c Uθ
c WcHc. Then,

the updating rule for elements of matrix Hc is given as:

hck j = hck j
(W⊤

c Uθ
c X)k j

(W⊤
c Uθ

c WcHc)k j
. (11)

In a similar way, for matrix Wc, the objective function
is reformulated in an object-wise manner as:

L′′
f cnm f m =

C

∑
c=1

n

∑
i=1

uθ
ci

(
xi −H⊤

c wc j

)⊤(
xi −H⊤

c wc j

)
=

C

∑
c=1

n

∑
i=1

uθ
ci

(
x⊤i xi −2w⊤

ciHcxi

+w⊤
ciHcH⊤

c wci

)
, (12)

where xi = (xi1,xi2, . . . ,xim)
⊤ and wci =

(wci1,wci2, . . . ,wcip)
⊤. Here, comparing with Eq.(4),

the updating formula for elements of matrix Wc is free
from uci and is given as:

wcik = wcik
(XH⊤

c )ik

(WcHcH⊤
c )ik

. (13)

Figure 1: The artificial data matrix X , whose elements
are depicted in grayscale.

Second, the updating formula of fuzzy memberships
uci is given by replacing the FCM criterion with
cluster-wise NMF reconstruction measure as:

uci =
d

1
1−θ
ci

∑C
ℓ=1 d

1
1−θ
ℓi

, (14)

where

dci =
m

∑
j=1

(
xi j −

p

∑
k=1

wcikhck j

)2

. (15)

Following the above derivations, the proposed algo-
rithm is summarized as follows:

[Fuzzy c-Non-negative Matrix Factorization Mod-
els (FCNMFM)]

Step 1. Initialize elements of matrices Wc and Hc
with random non-negative values and calculate
fuzzy memberships uci by Eq.(14).

Step 2. Update elements of matrix Hc by Eq.(11).

Step 3. Update elements of matrix Wc by Eq.(13).

Step 4. Update fuzzy memberships uci by Eq.(14).

Step 5. If maxc,i | uNEW
ci −uOLD

ci |< ε, then stop. Oth-
erwise, return to Step 2.

4 Experimental Results

4.1 Artificial Data Analysis

In this section, the characteristics of the proposed
method is demonstrated through numerical experi-
ments using an artificially generated dataset. The
dataset shown in Fig. 1 is composed of 8 × 10 ma-
trix X = {xi j} (n = 8, m = 10), whose elements were
drawn from two different generative models. The first
4 objects were generated from the product of two com-
ponent matrices X1 = Ŵ1Ĥ1, whose elements were de-
picted in Fig. 2(a), while the remaining 4 objects
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(a) class 1 (first half objects)

(b) class 2 (second half objects)

Figure 2: The generative component matrices in each
class: 4×3 matrix W and 3×10 matrix H.

Figure 3: Comparison of squared reconstruction errors
with various source dimensions.

were the product of different component matrices X2 =
Ŵ2Ĥ2, whose elements were depicted in Fig. 2(b).
Here, both data subsets are generated from three intrin-
sic sources (p = 3) but should be analyzed with differ-
ent generative models.

In general, we have no a priori knowledge on the
number of sources. Therefore, in this experiment,
the conventional NMF and the proposed FCNMFM
were performed with all possible source dimensions as
p ∈ {1,2, . . . ,7} while the cluster number was fixed
as C = 2 in FCNMFM. Fuzziness weight was set as
θ = 2 like the standard of FCM. Figure 3 compares the
squared reconstruction errors:

SRE =
C

∑
c=1

n

∑
i=1

m

∑
j=1

uci

(
xi j −

p

∑
k=1

wcikhck j

)2

, (16)

where C = 1 (single cluster model) corresponds to the
conventional NMF. Because the dataset is a mixture
of two subsets, each of which is drawn from three-
dimensional sources, the conventional NMF achieved
perfect reconstruction having almost zero errors with
p = 6, i.e., double of the source dimension, while
the proposed method successfully reconstructed with
p = 3. Then, in the followings, the results of the con-
ventional NMF with C = 6 and the proposed FCN-

Figure 4: Result of conventional NMF with p = 6: 8×
6 matrix W and 6×10 matrix H.

MFM with p = 3 are discussed.

Next, the decomposed matrices are compared. Figure
4 shows W and H derived by the conventional NMF
with p = 6 and indicates that, in matrix W , the left up-
per 4× 3 diagonal block (enclosed by red rectangle)
and the right bottom 4×3 diagonal block (enclosed by
blue rectangle) reconstructed the generative matrices
of Ŵ1 and Ŵ2 in some degree, respectively, such that
the two separate generative models were partially re-
constructed. However, non-diagonal blocks of W still
have some values and then, H was polluted such that
neither of the upper and lower half of H do not prop-
erly reconstruct the generative matrices of Ĥ1 and Ĥ2.

On the other hand, the proposed method estimated the
two decompositions with p= 3 as shown in Fig. 5. The
8 objects were partitioned into two clusters as Fig. 5(a)
such that the first and second 4 objects form almost
completely separate subgroups. Then, the cluster-wise
decomposed matrices were given as Figs. 5(b) and (c),
where UcWc = {uciwci j} are depicted for focusing only
on the cluster components. The results imply that each
generative models were successfully revealed in each
cluster by rejecting the influences of objects, which
were assigned to another cluster.

In this way, the proposed method is useful in analyzing
the mixed datasets drawn from multiple sub-generative
models while the conventional NMF is not necessarily
suitable for handling such datasets.

4.2 Application to Environmental Observation
Data

As the second experiment, the proposed method
was applied to a real world data on the obser-
vations of air pollutants. The 1373 × 10 ob-
served data matrix X was generated from envi-
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(a) fuzzy memberships of 8 objects to 2 clusters

(b) decomposed matrices in cluster 1 (first half
objects)

(c) decomposed matrices in cluster 2 (second half
objects)

Figure 5: Result of proposed FCNMFM with C = 2
and p = 6: 2×8 fuzzy memberships uci, 8×3 matrix
UW and 3×10 matrix H.

ronmental observation data, which was downloaded
from the web site of Osaka Prefecture in Japan
(http://taiki.kankyo.pref.osaka.jp/taikikanshi/). The
dataset is composed of the daily amount of pollutants
observed at 11 locations in Osaka Prefecture, Japan
from Jan. to Dec. in 2019, where the daily amounts
of the following 10 air pollutants are stored:

SO2, NO, NO2, NOx, CH4,

NMHC, OX, SPM, PM2.5, THC.

Before analysis, all incomplete instances were re-
moved and 1373 instances composed of 11 locations ×
124.8 days in average were used, where each attribute
was normalized such that the maximum value is 1.

The goal of this analysis is to reveal the intrinsic gener-
ative model characteristics through the proposed FCN-
MFM by estimating multiple decomposition matrices.
The source dimension was set as p = 6, which was im-
plied in the previous study [2], and the cluster number
was set as C = 2. Then, two generative models were
estimated by partitioning 1373 instances into two clus-
ters.

Figure 6 compares the cross-tabulation (cluster-wise

(a) cluster 1 (summer)

(b) cluster 2 (winter)

Figure 6: Comparison of cross-tabulation among 11
locations and 12 months in each cluster, which are de-
picted in grayscale.

frequencies of appearance) among 11 locations and 12
months in each cluster after maximum membership
classification, which implies that the instances were
partitioned into summer season (cluster 1) and winter
season (cluster 2). That is, we have different genera-
tive models between the summer season around March
to October and the winter season around October to
March. However, such locations as location 2 and 3
are not so sensitive to the seasonal differences and are
mainly assigned to cluster 1 only. Additionally, Fig.
7 compares the estimated 6-dimensional sources given
in the two clusters, which reveals that the generative
sources of air pollutants are different under seasonal
effects.

These results are quite suggestive such that environ-
mental pollution countermeasures should be consid-
ered by switching the generative models under sea-
sonal effects rather than the conventional single-model
analysis.

5 Conclusions

This paper proposed a novel switching NMF algorithm
called FCNMFM, which is a hybrid of NMF and FCM
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(a) cluster 1 (summer)

(b) cluster 2 (winter)

Figure 7: Comparison of 6-dimensional air pollutant
sources in each cluster: 6×10 matrix H.

clustering. The new objective function was defined
by introducing FCM-like fuzzy memberships into the
NMF measure, and the updating formulas were derived
under the iterative optimization principle.

The characteristics of the proposed method were
demonstrated through numerical experiments using
an artificially generated dataset and a real world
data on the observations of air pollutants. Although
the conventional NMF cannot work well in handling
the mixed datasets drawn from multiple generative
models, the proposed method successfully analyzed
cluster-wise models.

Possible future work includes development of the
mechanism for selecting the optimal cluster numbers,
which is heuristically selected in the present model.
In FCM-type fuzzy clustering, several cluster validity
measures are utilized in cluster number selection [14].
How to improve such validity measures for switching
NMF analysis can be a challenging issue from the the-
oretical aspect.
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