
Fuzzy Metrics for Solving MODM Problems

Olga Grigorenko
Institute of Mathematics and Computer Science, University of Latvia,

Raina bulvaris 29, Riga, LV-1459, Latvija, ol.grigorenko@gmail.com

Abstract

This paper presents a solution approach for
multi-objective linear programming prob-
lem. We consider MOLP problem where
optimization of multiple, conflicting objec-
tive functions subject to constraints is con-
cerned. We give also comments how to deal
with FMOLP problem, where the parameters
are imprecisely or ambiguously known to the
experts. Fuzzy approach for solving MOLP
problem is one of the techniques most fre-
quently used in the literature. We propose to
involve fuzzy metrics to describe the objec-
tive functions where in ”classical” fuzzy ap-
proach the membership functions which il-
lustrate how far the concrete point is from
the solution of individual problem are stud-
ied.

Keywords: Multi-objective linear program-
ming, Fuzzy metrics, Fuzzy relations, Multi-
objective decision making, Aggregation of
fuzzy metrics.

1 Introduction

Multi-objective decision making (MODM) is a mod-
elling and methodological tool for dealing with com-
plex engineering, production planning, logistics, en-
vironment management, banking/finance planning and
many others problems. Decision makers face a prob-
lem that different objectives conflict one with another,
also other information could be incomplete and/or
vague. Fuzzy set approaches are suitable and help-
ful when dealing with uncertainty and conflict in pro-
cesses. In multiple objective decision making, applica-
tion functions (membership functions or fuzzy sets) are
established to measure the degree of fulfillment of the
decision maker’s requirements (achievement of goals,

nearness to an ideal point, satisfaction, etc.) for the ob-
jective functions and are used in the process of finding
“good compromise” solution. MODM problems can
be categorized in different ways, such as by the class of
the model (e.g., linear, nonlinear, or stochastic), by the
characteristic of the decision space (e.g., finite or in-
finite), or by the nature of solution process (e.g., prior
specification of preferences or interactive). Here we re-
view and analyse classical multiple-objective decision
making methods and present our approach where we
involve fuzzy metrics to describe the distance to the so-
lutions of individual problems where in classical fuzzy
approach the membership functions (fuzzy sets) which
illustrate how far the concrete point is from the solution
of individual problem are studied. The important dif-
ference between two approaches is that if we measure
distance only to the solution of individual problem (us-
ing fuzzy set) we forget about the triangular inequality
of distance function and after an aggregation process it
could lead to the loss of Pareto optimal solution. By
using fuzzy metrics we solve this problem.

We consider the following multiple objective linear
programming problem:

MAX Z, where Z = (z1, ...,zk) is a vector of objectives,

zi =
n
∑
j=1

ci jx j, where i= 1, ..,k, subject to
n
∑
j=1

ai jx j ≤ bi,

i = 1, ...,m.; (1)

That is we must find a vector xo = (xo
1, ...,x

o
n), which

maximizes k objective functions of n variables, and
with m constraints. Let D denote a feasible region of
the problem (1).
For the sake of brevity further we denote vectors in
bold e.g. x = (x1, ...,xn), y∗ = (y∗1, ...,y

∗
n).

In problem (1), all objective functions can hardly reach
their optima at the same time subject to the given con-
straints since usually objective functions conflict with
one another. Thus Pareto optimal solution (efficient
solution) and optimal compromise solution are intro-
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duced:

Definition 1.1 [16] x∗ is called Pareto optimal solu-
tion if and only if there does not exist another x ∈ D
such that zi(x∗)≤ zi(x) for all i and z j(x∗) 6= z j(x) for
at least one j.

Definition 1.2 [16] An optimal compromise solution
of a vector-maximum problem is a solution x ∈ D
which is preferred by the decision maker to all other
solutions, taking into consideration all criteria con-
tained in the vector-valued objective function. It is
generally accepted, that an optimal compromise solu-
tion has to be a Pareto optimal solution. Further we
will call optimal compromise solution simply optimal
solution.

Thus our main aim is to determine the optimal compro-
mise solution. The fuzzy approach for solving MOLP
proposed by Zimmermann [15] has given an effective
way of measuring the satisfaction degree for MOLP.
The idea is to identify the membership functions pre-
scribing the fuzzy goals (solutions of individual prob-
lem) for the objective functions zi, i = 1, ..,k. The fol-
lowing linear function is an example of a membership
function:

µi(x) =


0, if zi(x)< zmin

i
zi(x)− zmin

i

zmax
i − zmin

i
, zmin

i ≤ zi(x)≤ zmax
i

1, zi(x)> zmax
i

,

where xi
max is the solution of individual problem

MAX zi, s.t.
n
∑
j=1

ai jx j ≤ bi, i = 1, ...,m and

zmax
i = zi(xi

max);
xi

min is the solution of individual problem

MIN zi, s.t.
n
∑
j=1

ai jx j ≤ bi, i = 1, ...,m

and zmin
i = zi(xi

min).

Further in the "classical" fuzzy approach membership
functions µi are aggregated. The main subject which
is discussed is the choice of an aggregation function
and if the Pareto optimal solution is obtained after the
aggregation process.

In our paper we propose a completely different ap-
proach although we still work the fuzzy environment.

We initiate involving of fuzzy metrics to solve the
problem. To justify the choice of fuzzy metrics let
us first observe the classical linear programming prob-
lem when we should maximize the unique function

z =
n
∑
j=1

c jx j where the vectors (x1, ...,xn) belong to the

set D :
n
∑
j=1

ai jx j ≤ bi, i = 1, ...,m. And let xmax be a so-

lution of the problem. In this case we can involve the
metric d:

d(x,y) = |z(x)− z(y)|

which is obviously a crisp metric.

Thus we can reformulate the problem in the following
way:
MIN m(x) = d(x,xmax), where the vectors (x1, ...,xn)
belong to the set D. That is we should find a vector x∈
D for which the function m takes the minimum value.

We use this idea to solve the multi-objective linear pro-
gramming problem. Since we have more than one ob-
jective function we should involve metrics for each ob-
jective function and they should be obviously fuzzy
metrics to overcome the conflict of all objective func-
tions. Further we aggregate fuzzy metrics to get one
fuzzy metric which include the information about all
objective functions and in the last step we should find
a vector from the set D which has minimal distance to
all individual solutions (with respect to the aggregated
fuzzy metric). Thus the scheme of finding solution is
as follows:

1. We define fuzzy metrics Mi which generalize the
following crisp metrics:

di(x,y) = |zi(x)− zi(y)|, i = 1, ..,k.

Thus each fuzzy metric describes corresponding
objective function zi.

2. We aggregate fuzzy metrics using an aggregation
function A which preserves the properties of ini-
tial fuzzy metrics.

Thus the aggregated fuzzy metric provides the in-
formation about all objective functions.

3. We find a minimum in the set D with respect to
the aggregated fuzzy metric.

In our work we exactly realize the above described
scheme. As we have seen above, solving the clas-
sical linear programming problem with one objective
function there is naturally arisen metric, which could
be naturally generalized to fuzzy metric. Thus if we
use fuzzy approach proposed by Zimmermann [15]
and generalized by many others authors (see e.g. [12],
[13], [6]) we do not take into account the information
about these metrics, so this information is lost. The
most important is the triangular inequality. Thus one
of the advantages of our approach is that we take into
account this information, and even more aggregating
these fuzzy metrics we use the aggregation function
which preserve the properties of initial fuzzy metrics.
The other advantage is that in our approach we explain
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the choice of aggregation function (this is caused by
the fuzzy environment (or t-norm) in which we are
working). Moreover in our approach we can natu-
rally use compensatory aggregation functions and even
more we can use weights to show the preference of ob-
jective functions.

As we wrote in Definition 2, an optimal compromise
solution has to be a Pareto optimal solution.As we will
see later, in our approach we have found the properties
which guarantee Pareto-optimality even regardless of
the uniqueness of the optimal solution.

This approach is an extension of the approach pre-
sented in [5].

2 Preliminaries

Definition 2.1 (see e.g. [2]) A fuzzy binary relation
E on a set X is called a fuzzy equivalence relation
with respect to a t-norm T (or T -equivalence, or T -
similarity relation), if and only if the following three
axioms are fulfilled for all x,y,z ∈ X :

1. E(x,x) = 1 reflexivity;

2. E(x,y) = E(y,x) symmetry;

3. T (E(x,y),E(y,z))≤ E(x,z) T-transitivity.

The following result establishes principles of con-
struction of fuzzy equivalence relations using pseudo-
metrics.

Theorem 2.1 ([1]) Let T be a continuous
Archimedean t-norm with an additive generator
t. For any pseudo-metric d, the mapping

Ed(x,y) = t(−1)(min(d(x,y), t(0)))

is a T -equivalence.

Example 2.1 Let us consider the set of real numbers
X = R and metric d(x,y) = |x− y| on it. Taking into
account that tL(x) = 1− x is an additive generator of
TL (Łukasiewicz t-norm) and that tP(x) =−ln(x) is an
additive generator of TP (product t-norm), we obtain
two fuzzy equivalence relations:

EL(x,y) = max(1−|x− y|,0);
EP(x,y) = e−|x−y|.

3 Fuzzy metric

Nowadays in literature the notion of fuzzy metric is
basically used under the axioms introduced in [3] and
[?]. These axioms are actually a reformulation of the

axioms originally defined in [9]. In [9] the idea for def-
inition of fuzzy metric comes from the assertion that
the considered value of a crisp metric d(x,y) (which
should by fuzzified or approximated) is smaller than an
priori given real number λ . In other words the state-
ment d(x,y) < λ is fuzzified. We propose to define
fuzzy metric as the degree to which the observed crisp
metric of x and y (d(x,y)) is equal to the real number
λ , equal in fuzzy sense. That is we define fuzzy metric
(or E-d-metric ) as a mapping

ME : X2× [0,∞)→ [0,1] :

Definition 3.1 Let d be a crisp metric, t ∈ [0,∞) and
E is a fuzzy equivalence. Then a mapping ME : X2×
[0,∞)→ [0,1]

ME(x,y, t) = E(d(x,y), t),

is called a fuzzy metric or E-d-metric.

Example 3.1 Let d be a crisp metric, t ∈ [0,∞). Then
we have the following two examples of fuzzy metrics:

• MEL(x,y, t) = EL(d(x,y), t) =
= max(1−|d(x,y)− t|,0)

• MEP(x,y, t) = EP(d(x,y), t) = e−|d(x,y)−t|.

Thus for the upper defined metrics for our solution ap-
proach we have the following fuzzy metrics:

Example 3.2 Let t ∈ [0,∞) and x,y∈D. Then we have
the following two examples of fuzzy metrics, which we
will use in our solution approach:

• MEL(x,y, t) = EL(|zi(x)− zi(y)|, t) =
= max(1−||zi(x)− zi(y)|− t|,0)

• MEP(x,y, t) = EP(|zi(x) − zi(y)|, t) =

e−||zi(x)−zi(y)|−t|.

Now let us formulate axioms for fuzzy metric M, not
using crisp metric d. But we still want to fuzzify the
statement d(x,y) = λ , where λ is an priory given real
number. Thus:

Definition 3.2 Let T be a t-norm and t ∈ [0,∞). Then
a mapping M : X2× [0,∞)→ [0,1] is called fuzzy met-
ric if it satisfies the following properties:

1. M(x,y,0) = 1 if and only if x = y;

2. M(x,y, t) = M(y,x, t);

3. T (M(x,y, t),M(y,z,s))≤M(x,z, t + s)
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If the first two axioms are clear then the third one
arises from the statement:
d(x,y) = t and d(y,z) = s then d(x,z)≤ t+s. Which is
in fuzzy language T (E(d(x,y), t),E((y,z),s)) ≤
P(d(x,z), t + s); which in turn follows:
T (E(d(x,y), t),E((y,z),s))≤ E(d(x,z), t + s).

Theorem 3.1 Let (R,d′) be a metric space and let T
be a continuous Archimedean t-norm with an additive
generator t. And let

E(x,y) = g(−1)(min(d′(x,y),g(0)))

be a T -equivalence which separates points, then

M(x,y, t) = E(d(x,y), t)

satisfies axioms from the Definition 3.2. for any crisp
metric d on X.

The fuzzy metrics are constructed (for example Exam-
ple 3.2) and we come to the next step where we aggre-
gate corresponding metrics.

4 Aggregation of fuzzy metrics

The idea of the following section is that we have to
fuse the information about all fuzzy metrics Mi =
E(di(x,y), t) and get a global fuzzy metric M which in-
cludes the information about all fuzzy metrics Mi and
thereby also the information about all objective func-
tions zi. Actually different T -equivalences Ei could
be used for different functions zi, the T -norm should
be the same. Let us introduce the following mapping
A : [0,1]k→ [0,1] which aggregates fuzzy metrics:

M(x,y, t) = A(M1(x,y, t), ...,Mk(x,y, t)).

It is natural to require from A at least the following
properties:

1. If Mi(x,y, t) = 1 for all i the global degree should
be also 1. In other words: A(1, ...,1) = 1.

2. If Mi(x,y, t) = 0 for all i the global degree should
be also 0. In other words: A(0, ...,0) = 0.

3. If one degree Mi(x,y, t) increases while the oth-
ers are kept constant, the overall degree must not
decrease, i.e. A should be non-decreasing in each
component.

That is exactly the definition of aggregation function:

Definition 4.1 [4] An aggregation function is a map-
ping A : [0,1]k → [0,1] which fulfills the following
properties:

• A(x1, ...,xk) ≤ A(y1, ...,yk) whenever xi ≤ yi for
all i ∈ {1, ...,k} (monotonicity);

• A(0, ...,0) = 0 and A(1, ...,1) = 1 (boundary con-
ditions).

For more information about aggregation functions or
aggregation operators see [4] and [10].

It is also natural to require that the global fuzzy met-
ric should fulfill the same properties as the individual
fuzzy metrics.

Definition 4.2 [14] Consider an n-argument aggrega-
tion function A : [0,1]n→ [0,1] and a t-norm T . We say
that A dominates T if for all xi ∈ [0,1] with i∈{1, ...,n}
and yi ∈ [0,1] with i ∈ {1, ...,n} the following property
holds:

T (A(x1, ...,xn),A(y1, ...,yn))≤

≤ A(T (x1,y1), ...,T (xn,yn)).

Theorem 4.1 Let |X | > 3 and let T be a t-
norm. If Mi for all i ∈ {1, ...,n} are fuzzy met-
rics (with respect to the t-norm T ); then M(x,y, t) =
A(M1(x,y, t), ...,Mn(x,y, t)) is fuzzy metrics (with re-
spect to the t-norm T ) if A belongs to the class of ag-
gregation functions which dominate T and A is strictly
monotone function.
Proof:

1. Since for all i Mi(x,y,0) = 1 if and only if x = y

A(M1(x,y,0), ...,Mn(x,y,0)) = 1

if and only if x = y.

2. T (M(x,y, t),M(y,z,s))≤M(x,z, t + s):

T (M(x,y, t),M(y,z,s)) =

= T (A(M1(x,y, t), ...,Mn(x,y, t)),

A(M1(y,z,s), ...,Mn(y,z,s)))≤

≤ A(T (M1(x,y, t),M1(y,z,s)), ...,

T (Mn(x,y, t),Mn(y,z, t)))

because of the dominance of T by A. Further

A(T (M1(x,y, t),M1(y,z,s)), ...,

T (Mn(x,y, t),Mn(y,z, t)))≤

≤ A(M1(x,z, t + s), ...,Mn(x,z, t + s))

since A is a monotone function and
T (Mi(x,y, t),Mi(y,z,s)) ≤ Mi(x,z, t + s) for
all i. Thus we have proven the required inequal-
ity.
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It was important to find conditions for an aggregation
function which guarantee the preservation of the prop-
erties of fuzzy metric in the aggregation process.

In the next two examples we observe the aggregation
function which dominates Łukasiewicz and product t-
norms:

Example 4.1 [14] For any k > 2 and any p =

(p1, ..., pk) with
k
∑

i=1
pi ≥ 1 and pi ∈ [0,∞] k-ary aggre-

gation function

Ap(x1, ...,xk) = max(
k

∑
i=1

xi · pi +1−
k

∑
i=1

pi,0)

dominates Łukasiewicz t-norm TL.

Example 4.2 [14] For any k > 2 and any p =

(p1, ..., pk) with
k
∑

i=1
pi ≥ 1 and pi ∈ [0,∞] k-ary aggre-

gation function

Ap(x1, ...,xk) =
k

∏
i=1

xpi
i

dominates product t-norm TP.

5 Solution approach

Let us denote the function m : X× [0,∞)→ [0,1] by:

m(x, t) = M(x,x1, t)∧M(x,x2, t)∧ ...∧M(x,xk, t).

This means that we find for each x ∈ D the value
M(x,x1, t) ∧M(x,x2, t) ∧ ... ∧M(x,xk, t), that is we
find the degree to which distance between x and any
of xk is t, where xk are solutions of individual prob-
lems. That is analogue of the function m described in
Section 1. This function shows the distance from point
x to the optimal solution, but in fuzzy sense. Since
the distance here is t and m(x, t) shows the degree to
which distance from point x to the optimal solution is
t we should find x for which t is minimal and m(x, t) is
maximal. That is, for each x we find t for which value
m(x, t) is maximal. Thus we solve the following prob-
lem: MAXmx(t),s.t.t ∈ [0,∞), and so for every x we
have t for which m(x, t) is maximal. Then we choose x
for which t is minimal.

Thus the multi-objective linear programming problem
comes to the following problem:

min
x

max
t

M(x,x1, t)∧M(x,x2, t)∧ ...∧M(x,xk, t) (P)

Theorem 5.1 An optimal solution x to the problem (P)
is a Pareto optimal solution if it is the unique optimal
solution.

Proof:

If x is not a Pareto optimal solution then there
exists another x̃ ∈ D such that zi(x) ≤ zi(x̃)
for all i and z j(x) 6= z j(x̃) for at least one
j. That means that d j(x̃,xj) < d j(x,xj) and
di(x̃,x)≤ d(x,xi) for any other i. Let us now
compare M(x,x1, t) ∧ M(x,x2, t) ∧ ... ∧ M(x,xk, t)
and M(x̃,x1, t) ∧ M(x̃,x2, t) ∧ ... ∧ M(x̃,xk, t):
max

t
M(x̃,x1, t) ∧ M(x̃,x2, t) ∧ ... ∧ M(x̃,xk, t) ≤

≤ max
t

M(x,x1, t)∧M(x,x2, t)∧ ...∧M(x,xk, t). This

contradicts the fact that x is the unique optimal
solution to the problem.

We can also prove the above theorem without demand-
ing the "uniqueness of the optimal solution" but in this
case we should require some specific properties:

Theorem 5.2 An optimal solution x to the problem (P)
is a Pareto optimal solution if fuzzy metrics Mi are built
with respect to the fuzzy equivalences which separate
points and A is a strictly monotone function.

These properties are quite natural ones since by this
we simply require that the metric M should react to
any change of any of the functions zi. Thus for prac-
tical applications we suggest to use fuzzy metrics and
aggregation functions respecting these properties.

6 Solution approach for FMOLP
problem

Let us observe MOLP problem (1). It is natural to rec-
ognize that the possible values of the parameters ci j
are often imprecisely or ambiguously known to the ex-
perts. In this case, it may be more appropriate to in-
terpret the experts’ understanding of the parameters as
fuzzy numerical data that can be represented by fuzzy
numbers. We propose to use extensional fuzzy num-
bers.

Definition 6.1 ([8], [7]) Let E be a T -equivalence re-
lation on R and x ∈ R (a real number which should be
fuzzyfied). Then we define the extensional fuzzy num-
ber xE (xE : R→ [0,1]) by:

xE(y) = E(x,y)

The following operations with extensional fuzzy num-
bers are defined in [7]:

• xE + yE = (x+ y)E
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• xE · yE = (x · y)E

• xE + yD = (x+ y)max(E,D)

• xE · yD = (x · y)max(E,D)

Thus for function (linear function) with coefficients as
fuzzy extensional numbers the value for the any argu-
ment x is a fuzzy extensional number. For example for

function zi(x) =
n
∑
j=1

ci jEx j (where ci jE are fuzzy exten-

sional number, E is an equivalence relation) the value

zi(x) is calculated as: (
n
∑
j=1

ci jx j)E . It is also possible to

use different T -equivalences.

The following metric is involved in [7]:

|xE − yD|= |x− y|max(E,D)

or another crisp metric could be used:

d(xE ,yD) = d(x,y)max(E,D). The above metric is a
fuzzy metric if we define fuzzy metric as M(x,y, t) =
E(d(x,y), t), where d(x,y) is a crisp metric and E an
equivalence relation. And

M(x,y, t) =

{
1, i f t > d(x,y),
d(xE − yD), otherwise.

is a fuzzy metric according to the "classical" fuzzy
metric definition if E and D are T -equivalence rela-
tions, where T is a continuous t-norm with additive
generator. It follows from the d(xE ,yE) definition and
theorem 3.1. [11]

Let us consider the fuzzy metric dS, where S is
an equivalence relation and let T be a continuous
Archimedean t-norm with an additive generator t. We
build a new fuzzy equivalence relation EdS : X×X→F
where for each x and y we have a fuzzy set using con-
struction of Theorem 3.1. The fuzzy equivalence re-
lations EdS is a fuzzy metric. Thus for each objective
function zi (with parameters as fuzzy extensional num-
bers ci jEi j ) we have:

1. di(x,y) = |zi(x)− zi(y)|;

2. di(x,y)Si = |
n
∑
j=1

ci jx j−
n
∑
j=1

ci jx j|max
j

Ei j ;

3. Mi(x,y, t) = EdSi
(x,y)(t)

Further we realize the upper described scheme for
MOLP problem.

7 Conclusions

In our paper we proposed a solution approach for
multi-objective linear programming problem where we
have used fuzzy metrics instead of the membership
functions prescribing the satisfaction degree of reach-
ing the solution of individual problems. Further, to
get an optimal compromise solution the fuzzy metrics
were aggregated and the "minimum" with respect to
the aggregated fuzzy metric has been found. Although
the approach described in our paper is more compli-
cated in computations it has the following advantages:

1. This approach generalizes the classical linear pro-
gramming approach.

2. There is a reasonable explanation of the choice of
aggregation operator.

3. The compensatory aggregation operator can be
easily applied.

4. The Pareto optimal solution is received.

We gave also some comments how to solve FMOLP
problem.

Some important themes are discussed in the paper be-
sides the solution approach, but which were significant
for it: different definitions of fuzzy metrics and con-
nection between them were observed, aggregation of
fuzzy metrics were studied.
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