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Abstract

This paper introduces the notion of a bidi-
mensional fuzzy initial value problem for a
special class of fuzzy functions. These func-
tions, also called A-linearly correlated fuzzy
processes, are a particular case of the so-
called S-linearly correlated fuzzy processes,
whose range is embedded in Banach spaces
of fuzzy numbers. To this end, it recalls
the notion of cross product and proves that
this operation is the Zadeh’s extension of
the linearization of the real-valued function
given by the product of two real numbers.
The equivalence between the bidimensional
FIVP under the Fréchet derivative and a non-
linear classical initial value problem is pro-
vided. Lastly, an application on the prey-
predator is presented.

Keywords: Fuzzy numbers, Strongly lin-
early independence, Autocorrelated fuzzy
processes, Fréchet derivative, Cross product,
Lotka-Volterra model.

1 Introduction

The prey-predator model and its generalizations have
already been studied under the approach of fuzzy sets
theory in various papers [7, 22, 23, 24, ?]. Popula-
tion dynamics involving two or more species are clas-
sified according to the type of interaction between the
species. The prey-predator fits in the specific case
where the increasing of one of the species occurs
with the decreasing of the another [21]. Lotka [20]
and Volterra [27] introduced the simplest prey-predator
system with interactions represented as molecular in-
teractions, ruled by the mass-action principle.

Population dynamics as the malthusian growth, for in-
stance, were studied in previous studies when consid-

ered as autocorrelated processes [10]. Later, these pro-
cesses were also called A-linearly correlated processes
[19]. A theory of calculus based on the Fréchet deriva-
tive and Riemann integral for these fuzzy functions is
already well established in the literature [15, 26]. It
is noteworthy the fact that an A−linearly correlated
fuzzy process is also an autocorrelated fuzzy process
and vice versa [17], for which a memory coefficient
Ft,h, represented by a linear function, characterizes the
function as an interactive fuzzy process [25].

The usual arithmetic operations in the class of fuzzy
numbers are given in terms of the Zadeh’s extension
principle [4, 8]. Alternatively, the arithmetic opera-
tions between two fuzzy numbers can be defined from
the joint possibility distribution betweeen them [11].
In particular, the usual arithmetic operations corre-
spond to the case when the joint possibility distribution
involved is given by the minimum. With the purpose
of avoiding deal with joint possibility distributions, the
concept of linearly correlation was introduced [10].
This concept, in turn, has raised from the notion of
completely correlated fuzzy numbers, for which a de-
tailed arithmetic is already well-established [6, 10].

The arithmetic operations studied in this paper are not
based on the concept of joint possibility distribution.
Instead, the sum and the difference between the fuzzy
numbers involved are given as induced operations in
Banach spaces of fuzzy numbers isomorphic to R2

[15]. The operation of product between the fuzzy num-
bers, called ψ-cross product, is a generalization of the
concept of cross-product [1, 2, 3], was introduced in
[19] and extended in [18].

This paper is organized as follows: Section 2 presents
concepts on fuzzy sets theory and, more specifically,
the theory concerning the A-linearly correlated fuzzy
processes. Section 3 establishes the cross-product as
the Zadeh’s extension as the linearization of a real-
valued function and recalls the definition of ψ-cross
product. Section 4 presents the Lotka-Volterra model
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considering the prey and the predator as A-linearly cor-
related fuzzy processes and provides some results con-
sidering two different scenarios. Lastly, Section 5 en-
closes the manuscript with some final remarks and per-
spectives for further studies.

2 Mathematical Background

A fuzzy number A is a fuzzy subset of R with a nor-
mal, fuzzy convex and upper-semicontinuous member-
ship function A : R → [0,1], and additionally, with a
compact support [10]. The class of fuzzy numbers is
denoted by RF .

For each A ∈ RF , the α−levels of A are crisp subsets
defined by

[A]
α
=

{
{x ∈ R : A(x)≥ α}, α ∈ (0,1]

{x ∈ R : A(x)> 0}, α = 0,

where X denotes the closure of X ⊂ R.

If A ∈ RF , then its α−levels are compact intervals,
that is, we can write [A]

α
= [a−α ,a

+
α ], where a−α and a+α

denote the lower and upper endpoints of [A]
α

, respec-
tively, for all α ∈ [0,1]. For each α ∈ [0,1], the lenght
of [A]

α
is given by len([A]

α
) = a+α − a−α . The diame-

ter of a fuzzy number A is defined as the lenght of the
0-level of A, that is, diam(A) = a+0 −a−0 . The diameter
of a fuzzy number can by associated as a measure of
the uncertainty modeled by this number .

If X and Y are crisp sets, the Zadeh’s extension prin-
ciple of a function f : X → Y indicates the image of f
when applied to a fuzzy subset A of X [8]. Next, we
enunciate the Zadeh’s extension principle for functions
defined specifically in Rn.

Definition 1. [9, 28] Let f :Rn →Rn and A∈F (Rn),
where F (Rn) denotes the class of all fuzzy subsets
of Rn. The Zadeh’s extension of f is the function
f̂ : F (Rn) → F (Rn) whose membership function is
given by

f̂ (A)(x) =


sup

y∈ f−1(x)
A(y), if f−1(x) ̸= /0

0, if f−1(x) = /0,

where f−1(x) = {y ∈ Rn : f (y) = x}.

The next theorem is a well-known result concerning
the image of f̂ whenever f is continuous.

Theorem 1. [9] If f : Rn →Rn is continuous, then the
Zadeh’s extension of f is well defined and[

f̂ (A)
]

α
= f ([A]

α
)

holds for all α ∈ [0,1].

The usual arithmetic operations in the class of fuzzy
numbers are defined in terms of the Zadeh’s extension
principle. Specifically, if B,C ∈ RF are given level-
wise by [B]

α
= [b−α ,b

+
α ] and [C]

α
= [c−α ,c

+
α ], then

[B+C]
α
=
[
b−α + c−α ,b

+
α + c+α

]
[B−C]

α
=
[
b−α − c+α ,b

+
α − c−α

]
[λB]

α
=

{
[λb−α ,λb+α ], λ ≥ 0
[λb+α ,λb−α ], λ < 0

for all α ∈ [0,1] and λ ∈ R [8].

Two fuzzy numbers B and C are said to by linearly
correlated if there exist q,r ∈ R with q ̸= 0 such that
B = qC + r or, equivalently, [B]

α
= q[C]

α
+ r, for all

α ∈ [0,1]. For a given A ∈ RF , the set of all fuzzy
numbers linearly correlated to A is given by

RF (A)= {B ∈ RF : [B]
α
= q[A]

α
+ r, ∀α ∈ [0,1]} [15].

(1)

Under some weak conditions, the space RF (A) is a Ba-
nach space of RF of dimension 2 [15]. These condi-
tions are related to the symmetry of A, as we shall see
next.

A fuzzy number A is said to be symmetric with respect
to x ∈ R (symmetric for short) if A(x− y) = A(x+ y)
for all y ∈ R. In this case, we denote (A|x). We say
that A is non-symmetric if there is no x such that A is
symmetric [15, 26]. The next lemma characterizes a
symmetric fuzzy number A via its levels sets:
Lemma 1. [15, 26] A fuzzy number is symmetric with
respect to x ∈R if, and only if, δA(α) =̇ a−α +a+α = 2x,
∀α ∈ [0,1].

For a given subset {A1, . . . ,An} of RF , the set
S(A1, . . . ,An) denotes the set of all linear combinations
of A1, . . . ,An, that is,

S(A1, . . . ,An) = {q1A1 + . . .+qnAn | q1, . . . ,qn ∈ R},

where + and qiAi stand for the usual sum and scalar
multiplication in the class of fuzzy numbers [13].

The case concerning the symmetry with respect to 0
is of key importance, since it induces the concept of
strongly linearly independence given by the next defi-
nition.
Definition 2. [13] A subset {A1, . . . ,An} ⊂RF is said
to be strongly linearly independent (SLI for short) if for
all A ∈ S(A1, . . . ,An) such that A = q1A1 + . . .+qnAn,
the following implication holds:

(A|0)⇒ q1 = . . .= qn = 0.

The next theorem characterizes the SLI sets of fuzzy
numbers via an isomorphism between Rn and the set
S(A1, . . . ,An).
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Theorem 2. [13] The set {A1, . . . ,An} ⊂RF is SLI if,
and only if, the function ψ : Rn → S(A1, . . . ,An) given
by

ψ(x1, . . . ,xn) = x1A1 + . . .+ xnAn (2)

is a bijection.

The concept of strongly linearly independence of a set
of fuzzy numbers resembles the concept of linear in-
dependence of a set in a vector space. In fact, a set
of fuzzy numbers {A1, . . . ,An} is SLI if, and only if,
the set of functions {δA1(α), . . . ,δAn(α)} is linearly in-
dependent in B ([0,1],R), the set of all bounded real-
valued functions defined in [0,1] [13].

From the bijectiveness of ψ : Rn → S(A1, . . . ,An) we
can define induced operations of sum and scalar multi-
plication in S(A1, . . . ,An) whenever {A1, . . . ,An} is an
SLI set, namely

B+ψ C =̇ ψ
(
ψ

−1(B)+ψ
−1(C)

)
and

λ ·ψ B =̇ ψ
(
λψ

−1(B)
)

for all B,C ∈ S(A1, . . . ,An) and λ ∈R. That means that
if B = p1A1 + . . .+ pnAn and C = q1A1 + . . .+ qnAn,
then B+ψ C = (p1 +q1)A1 + . . .+(pn +qn)An. Simi-
larly, the induced difference between B and C is given
by B −ψ C =̇ B + (−1) ·ψ C. Also, we may define
an induced norm ∥ · ∥ψ : S(A1, . . . ,An) → [0,∞) given
by ∥B∥ψ =̇

∥∥ψ−1(B)
∥∥

∞
, ∀B ∈ S(A1, . . . ,An), where

∥(p1, . . . , pn)∥∞ = max
i=1,...,n

|pi|, for all (p1, . . . , pn) ∈ Rn

[13, 14].

The next corollary is an immediate consequence of
Theorem 2 and from the fact that (Rn,∥ · ∥∞) is a Ba-
nach space [16]:

Corollary 1. [13] Let {A1, . . . ,An} be SLI. Then(
S(A1, . . . ,An),+ψ , ·ψ ,∥ · ∥ψ

)
is a Banach space.

In this manuscript we deal with the case where the SLI
set involved is given by {A1,A2}= {A,1}. Note that by
Theorem 2, {A,1} is SLI if, and only if, A∈RF is non-
symmetric. In fact, the set

{
δA,δχ{1}

}
= {a−α +a+α ,2}

is linearly independent if, and only if, a−α + a+α is not
constant for all α ∈ [0,1]. By Lemma 1, this condition
holds if, and only if, A ∈RF is non-symmetric. In this
case, S(A,1) = RF (A), the class of all A-linearly cor-
related fuzzy numbers, is isomorphic to R2. Accord-
ing to Corollary 1,

(
S(A,1),+ψ , ·ψ ,∥ · ∥ψ

)
is a Banach

space [15].

The induced sum between two A-linearly correlated
fuzzy numbers always produce a fuzzy number whose
diameter do not exceedes the diameter of the usual sum

in RF , that is, B+ψ C ⊆ B+C, ∀B,C ∈RF (A). In par-
ticular, λ ·ψ B = λB, ∀λ ∈ R holds [14, 15]. For this
reason, we henceforth omit the notation ·ψ .

In order to study fuzzy differential equations for func-
tions defined in Banach spaces, let us consider A ∈RF

non-symmetric. An A-linearly correlated fuzzy pro-
cess is a fuzzy number-valued function of the type
f : [a,b]→ S(A,1), that is,

f (t) = q(t)A+ r(t),

where q,r : [a,b]→ R. Moreover, if f is an A-linearly
correlated fuzzy process, then we can write f (t) =
ψ(q(t),r(t)) for all t ∈ [a,b]. Moreover, if f is an
A-linearly correlated fuzzy process, then it is also an
autocorrelated process, that is, for 0 < |h| sufficiently
small, there are q(h),r(h) ∈ R such that

f (t +h) = q(h) f (t)+ r(h)

for all t ∈ [a,b] [10, 17]. The pair (q(h),r(h)) can
be seen as a memory coefficient, that is, f (t + h) =
Ft,h( f (t)), which can be used to modelling some kinds
of population dynamics [25].

The Fréchet derivative of A-linearly correlated fuzzy
processes is well defined as established in [15, 26].
Analogously to the classical theory, we say that f :
[a,b]→ S(A,1) is Fréchet differentiable at t ∈ [a,b] (F-
differentiable for short) if there exists a continuous lin-
ear operator f ′[t] : R→ S(A,1) such that

f (t +h) = f (t)+ψ f ′[t](h)+ψ ω(h), (3)

with limh→0
∥ω(h)∥ψ

|h| = 0 [14]. As well as in the classical
case, the expression given by Equation (3) is called the
Fréchet expansion of f at t [5].

Theorem 3. (Adapted from [14, 15]) Let A ∈ RF be
non-symmetric and f : [a,b] −→ S(A,1) be such that
f (t) = q(t)A1 + r for all t ∈ [a,b]. The function f is
Fréchet differentiable at t ∈ [a,b] if, and only if, q,r :
[a,b]−→ R are differentiable at t. Additionally,

f ′[t](h) = q′(t)Ah+ r′(t)h (4)

for all h ∈ R.

Definition 3. (Adapted from [14, 15]) Let A ∈ RF be
non-symmetric. The A-linearly correlated fuzzy pro-
cess f : [a,b]−→ S(A,1) is said to be ψ-differentiable
at t ∈ [a,b] if there exists a fuzzy number f ′(t)∈ S(A,1)
such that

lim
h→0

1
h
·ψ

(
f (t +h)−ψ f (t)

)
= f ′(t). (5)

In this case, we say that f ′(t) is the ψ-derivative of f
at t. Moreover, f is said to be ψ-differentiable in [a,b]
if f ′(t) exists for all t ∈ [a,b].
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Theorem 4. (Adapted from [14]) Let A ∈ RF be non-
symmetric. The A-linearly correlated fuzzy process f :
[a,b]−→ S(A,1) is ψ-differentiable at t ∈ [a,b] if, and
only if, f is F-differentiable at t. Moreover, we have
that

f ′[t](1) = f ′(t).

Corollary 2. (Adapted from [14, 15]) Let A ∈ RF

be non-symmetric and f : [a,b] −→ S(A,1) such that
f (t) = q(t)A+r(t) for all t ∈ [a,b]. The A-linearly cor-
related fuzzy process f is ψ-differentiable at t ∈ [a,b]
if, and only if, q,r : [a,b]−→Rn are differentiable at t.
Additionally,

f ′(t) = q′(t)A+ r′(t).

Provided that the induced operations of addition and
subtraction are well defined in S(A,1), the operation
of product of A-linearly correlated fuzzy numbers is
presented in the next section. This operation was in-
troduced in [19] and extended in [18] and it is based
on the concept of cross product, set for fuzzy numbers
in general.

3 Cross product of fuzzy numbers and
its generalizations

A fuzzy number W is said to be positive (strictly pos-
itive, resp.) if w−

1 ≥ 0 (w−
1 > 0, resp.) and negative

(strictly negative, resp.) if w+
1 ≤ 0 (w+

1 < 0, resp.). The
set of all positive or negative fuzzy numbers is denoted
by

R∗
F = {W ∈ RF : 0 /∈ int(w1)},

where int(w1) denotes the interior of the core of W [4].

Proposition 1. [1, 2, 3] If B and C are positive fuzzy
numbers, then W = B⊙C defined by [W ]

α
= [w−

α ,w
+
α ],

where
w−

α = b−α c−1 +b−1 c−α −b−1 c−1
and

w+
α = b+α c+1 +b+1 c+α −b+1 c+1

for every α ∈ [0,1], is a positive fuzzy number.

Proposition 2. [1, 4] Let u and v be two fuzzy num-
bers.

i) If B is positive and C is negative, then

B⊙C =−(B⊙ (−C))

is a negative fuzzy number;

ii) If B is negative and C is positive, then

B⊙C =−((−B)⊙C)

is negative fuzzy number;

iii) If B and C are negative, then

B⊙C = (−B)⊙ (−C)

is a positive fuzzy number.

Definition 4. [3] The binary operation on R∗
F given

by Proposition 1 is called the cross product of fuzzy
numbers.

The cross product is defined for any fuzzy numbers
whose core contains only one element, that is, for any
fuzzy numbers in

R∧
F = {B ∈ R∗

F : [B]1 contains only one element} [4].

Proposition 2 ensures that if B,C ∈ RF and W =
B⊙C, then we can write, levelwise, [W ]

α
= c1[B]α +

b1[C]
α
−b1c1 for all α ∈ [0,1], that is,

W = c1B+b1C−b1c1. (6)

holds.

It is well known that the usual multiplication of two
fuzzy numbers is given in terms of Zadeh’s extension
principle. This means that for all B,C ∈ RF , we have
that (B.C)(z) = f̂ (A,B)(z), ∀z ∈R, where f (x,y) = xy
for all (x,y) ∈ R2. Let P : R2 → R be the linearization
of f around (x0,y0), that is,

P(x,y) = f (x0,y0)+
∂ f
∂x

(x0,y0)(x− x0)+
∂ f
∂y

(x0,y0)(y− y0)

= x0y0 + y0(x− x0)+ x0(y− y0)

= x0y+ y0x− x0y0.

(7)

The next proposition establishes a relation between
Definition 4 and Equation (7).

Proposition 3. Let B,C ∈ R∧
F with [B]1 = {b1} and

[C]1 = {c1}. The cross product between B and C is the
Zadeh’s extension of the linearization of f (x,y) = xy
around (b1,c1), that is,

B⊙C = P̂(B,C),

where P : R2 → R is given as Equation (7) for
(x0,y0) = (b1,c1).

Proof. The function P(x,y) = b1y+ c1x−b1c1 is con-
tinuous in R2. By Theorem 1, if P̂ : RF ×RF → RF

is the Zadeh’s extension of P : R2 → R, then

P̂([B]
α
, [C]

α
) = b1[C]

α
+ c1[B]α −b1c1

holds for all α ∈ [0,1], that is, P̂(B,C) = B⊙C, for all
B,C ∈ RF .
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If B and C are A-linearly correlated fuzzy numbers for
some A ∈ RF non-symmetric, then B⊙C is not an A-
linearly correlated fuzzy number in general [19]. This
shortcoming can be overcome by the following defini-
tion:
Definition 5. (Adapted from [18, 19]) Let A ∈ R∧

F be
non-symmetric and B,C ∈ S(A,1). The ψ-cross prod-
uct between B and C is defined as the fuzzy number W
given by

W = B⊙ψ C =̇ c1B+ψ b1C−ψ b1c1, (8)

where +ψ (−ψ) stands for the induced sum (subtrac-
tion) in S(A,1).

Definition 5 establishes an operation of product be-
tween linearly correlated fuzzy numbers that resembles
the concept of cross product. They differ only by the
induced operations of sum and subtraction, from which
we conclude that the space S(A,1) is closed under the
ψ-cross product whenever A ∈ RF is non-symmetric
[19]. Theorem 5 establishes some algebraic properties
of the operation ⊙ψ .
Theorem 5. (Adapted from [18, 19]) Let A ∈ R∧

F be
non-symmetric, B,C,D ∈ S(A,1) and λ ∈ R. The fol-
lowing properties hold true:

i) B⊙ψ C =C⊙ψ B;

ii)
(
B+ψ C

)
⊙ψ D =

(
B⊙ψ D

)
+ψ

(
C⊙ψ D

)
;

iii) (λB)⊙ψ C = λ
(
B⊙ψ C

)
;

iv)
(
B⊙ψ C

)
⊙ψ D = B⊙ψ

(
C⊙ψ D

)
;

v) B⊙ψ 1 = 1⊙ψ B = B, where 1 ∈ RF is regarded
as a singleton;

vi) B⊙ψ C ⊆ B⊙C;

It is worth mentioning that the diameter of B⊙ψ C can
be writen explicitly in terms of the diameter of A ∈RF

whenever B,C ∈ S(A,1), namely:

diam
(
B⊙ψ C

)
= |c1q1 +b1q2|diam(A)

≤ |c1|diam(B)+ |b1|diam(C)

= diam(B⊙C) ,

(9)

where B = q1A + r1, C = q2A + r2 for some
(q1,r1),(q2,r2) ∈ R2 and [B]1 = {b1}, [C]1 = {c1}.
Equation (9) provides an alternative proof of item vi)
of Theorem 5 in relation to that presented in [18, 19].

4 The Lotka-Volterra model

4.1 Prey-predator system

In this section we focus on the autonomous bidimen-
sional FIVP for an A-linearly correlated fuzzy process,

which is given by{
x′(t) = f (x(t),y(t))
y′(t) = g(x(t),y(t))

(10)

where the initial conditions x(0),y(0) ∈ S(A,1) for
some A ∈ R∧

F non-symmetric. We are assuming that
f ,g : S(a,1)× S(A,1) → S(A,1) are continuous w.r.t.
the induced norm ∥ · ∥ψ . Moreover, the solutions of
the FIVP (10) are A-linearly correlated fuzzy processes
x,y : [0,T ] → S(A,1) that satisfies (10) and the initial
conditions given by x(0) = q1(0)A+ r1(0) = q1,0A+
r1,0 and y(0) = q2(0)A+ r2(0) = q2,0A+ r2,0.

Let us assume that f (x(t),y(t)) = q f (t)A+ r f (t) and
g(x(t),y(t)) = qg(t)A + rg(t) for some q f ,r f ,qg,rg :
[0,T ] → R. Since x(t) = q1(t)A + r1(t) and y(t) =
q2(t)A + r2(t) for some qi,ri : [0,T ] → R, i = 1,2,
Equation (10) can be rewritten as

{
q′1(t)A+ r′1(t) = q f (t)A+ r f (t)
q′2(t)A+ r′2(t) = qg(t)A+ rg(t)

(11)

or, equivalently,{
ψ(q′1(t),r

′
1(t)) = ψ(q f (t),r f (t))

ψ(q′2(t),r
′
2(t)) = ψ(qg(t),rg(t))

(12)

for all t ∈ [0,T ]. From the bijectiveness of ψ , we have
that Equation (12) is equivalent to the first-order clas-
sical system 

q′1(t) = q f (t)
r′1(t) = r f (t)
q′2(t) = qg(t)
r′2(t) = rg(t).

(13)

with initial conditions given by qi(0) = qi,0 and ri(0) =
ri,0, i = 1,2.

When in a two-especies system the growth rate of one
population is decreased and the other increased, the
populations are in a predator-prey system [21]. Orig-
inally, the prey-predator models, also called Lotka-
Volterra systems, were proposed by Volterra (1926)
[27] to explain the oscilatory levels of certains fishes
in the Adriatic sea, and Lotka [20], which proposed
an study concerning chemical reactions with oscila-
tory behaviour. The simplest model is based on four
simplyfing assumptions concerning the population dy-
namics [12]:

1. Prew grow in an unlimited way when predators do
not keep then under control;

2. Predators depend on the presence of their prey to
survive;
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3. The rate of predation depends on the likelihood
that a prey is encountered by a predator;

4. The growth rate of the predator population is pro-
portional to the rate of predation.

If x = x(t) and y = y(t) represent the population of
preys and predators at the instant t, respectively, then
the assumptions above give rise to the following sys-
tem: {

x′(t) = δx(t)−αx(t)y(t)
y′(t) =−γy(t)+βx(t)y(t),

(14)

where δ is the net growth rate of the prey population
without predation, γ is the net death rate of the preda-
tors in the absence of prey and α

β
represent the effi-

ciency of the predation. The nonlinear term represents
the meeting of the two species and it is based on the
mass action law established for molecular collisions.

The prey-predator model for A-linearly correlated
fuzzy processes under the ψ-derivative and the ψ-cross
product is given by{

x′(t) = δx(t)−ψ α
(
x(t)⊙ψ y(t)

)
y′(t) =−λy(t)+ψ β

(
x(t)⊙ψ y(t)

) (15)

where the initial conditions are given by A-linearly cor-
related fuzzy numbers x(0) = q1,0A+ r1,0 and y(0) =
q2,0A + r2,0. Let us denote [x(t)]1 = {x1(t)} and
[y(t)]1 = {y1(t)} for all t ≥ 0. By Definition 5, Equa-
tion (15) can be rewritten as{

x′(t) = δx(t)−ψ α
(
y1(t)x(t)+ψ x1(t)y(t)−ψ x1(t)y1(t)

)
y′(t) =−λy(t)+ψ β

(
y1(t)x(t)+ψ x1(t)y(t)−ψ x1(t)y1(t)

)
(16)

If we denote [A]1 = {a1}, the FIVP represented by
Equation (16) boils down to the nonlinear system of
differential equations

q′1(t) = δq1(t)−2αq1(t)q2(t)a1 −αq1(t)r2(t)−αr1(t)q2(t)
r′1(t) = δ r1(t)+(−αa1 −a1)r1(t)q2(t)+(−2α −1)r1(t)r2(t)
−(αa1 +a1)q1(t)r2(t)−a2

1q1(t)q2(t)
q′2(t) = 2βq1(t)q2(t)a1 +βq1(t)r2(t)+β r1(t)q2(t)−λq2(t)
r′2(t) = 2β r1(t)r2(t)+βq1(t)r2(t)a1 +β r1(t)q2(t)a1 −λ r2(t),

(17)
whose initial conditions are given by qi(0) = qi,0,

ri(0) = ri,0 ∈ R for i = 1,2.

4.2 Results

The oscilatory behaviour of the solutions of prey-
pradator systems is well-known [12, 21]. This is also
observed when the populations are given by A-linearly
correlated fuzzy processes. We considered two differ-
ent scenarios: the first one is given by the case where
the parameters of Equation (15) assume the values
δ = 0.15, α = 0.1, γ = 0.05, β = 0.08. This case is

depicted in Fig. 1. The second case is given by a high
efficiency predation rate with a low net growth rate of
the prey population, for which we assume δ = 0.15,
α = 0.1, β = 0.08, γ = 0.05. This case is depicted in
Fig. 2. Note that this scenario describes the extintion
of the prey population, as well as the vanishing of the
fuzziness of the solution.

In both cases we considered A = (0;1;1.5) and ini-
tial conditions given by the A-linearly correlated fuzzy
numbers x(0) = 1A + 0.5 = (0.5;1.5;2) and y(0) =
0.6A + 0.1 = (0.1;0.7;1). The gray-scale represents
the α-levels of the solutions, where α varies from 0
to 1. Moreover, the classical solutions coincide with
the core of the fuzzy solutions whenever the initial
conditions are given by x0 = q1,0a1 + r1 = 1.5 and
y0 = q2,0a1 + r2 = 0.7. Thus, the fuzzy solutions of
the FIVP (15) consist on an extension of the classical
solutions of the IVP (14) whenever the classical initial
conditions coincide with the core of the fuzzy initial
conditions.

Figure 1: From top to bottom: depiction of the solu-
tions of the IVP (17), where the filled (resp. dashed)
red and blue lines represent q1(·) and q2(·) (resp. r1(·)
and r2(·)). In gray-scale, the numerical solutions of the
FIVP (15) for δ = 0.15, α = 0.1, γ = 0.05, β = 0.08.
The red and the blue line represent the classical so-
lutions for the prey and predator populations, respec-
tively.
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Figure 2: From top to bottom: depiction of the solu-
tions of the IVP (17), where the filled (resp. dashed)
red and blue lines represent q1(·) and q2(·) (resp. r1(·)
and r2(·)). In gray-scale, the numerical solutions of
the FIVP (15) for δ = 0.15, α = 0.1, β = 0.02 and
γ = 0.01. The red and the blue line represent the clas-
sical solutions for the prey and predator populations,
respectively.

5 Final comments

In this paper, we recalled the concept of strongly lin-
early independent sets of fuzzy numbers and the Ba-
nach spaces generated by linear combinations of SLI
fuzzy numbers. We considered, specifically, the set
of all fuzzy numbers linearly correlated to a non-
symmetric fuzzy number A [10, 15]. We also recalled
the concept of ψ-cross product defined for A-linearly
correlated fuzzy numbers introduced in [18, 19], which
is based on the concept of cross product [1, 2, 3], de-
fined for fuzzy numbers in general.

In turn, we proved that the cross product between the
fuzzy numbers B and C has proved to be the Zadeh’s
extension of the linearization of f around [B]1 and [C]1,
that is, B⊙C = P̂(B,C), where P(x,y)|(x0,y0) = y0x+
x0y− x0y0.

The Lotka-Volterra model was studied when consid-
ering the prey and predator populations as A-linearly

correlated fuzzy processes. To this end, the FIVP was
given in terms of the ψ-derivative and the ψ-cross
product. Two different scenarios were considered with
the same initial conditions. In the first one, as in the
classical case, an oscilatory behaviour of the solution
was presented, while in the second one the prey pop-
ulation vanishes with time, as well as the fuzziness of
the solution. In both cases the bigger the growth of the
populations, the bigger the fuzziness of the solutions.
In addition, the classical solutions coincide with the
core of the fuzzy solutions whenever the initial condi-
tions coincide with the core of the fuzzy initial condi-
tions.

As the main contribution of the paper, we presented a
mathematical tool to solve a bidimensional fuzzy ini-
tial value problem with classical calculus theory.

For further studies, we aim to establish the ψ-cross
product as an interactive product between two fuzzy
numbers, that is, as an arithmetic operation given by
a joint possibility distribution previously defined. The
stability analysis of the nonlinear classical systems cor-
responding to the bidimensional fuzzy systems under
this product operation shall also be studied.
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