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ABSTRACT 

In classical linear algebra, a basis is a vector set that generates all elements in the vector space and that vector set 

is a linear independence set. However, the definitions of the linear dependence and independence in min-plus 

algebra are little more complex given that the min-plus algebra is the linear algebra over the commutative 

idempotent semiring. The definition of the linear dependence (independence) is used in this paper is Gondran-

Minoux  linear dependence (independence). A finite set is Gondran-Minoux linearly dependent if the set can be 

divided into two sets that form a linear space with an intersection which is not a zero vector. We will define the 

concept of the bases in min-plus algebra. In this paper also defined the concept of a weak bases and will be shown 

that the linear dependence (independence) is not needed to form a weak basis. In the last part of the research 

result’s are proven that every basis in a semimodules in min-plus algebra is a weak basis. 

Keywords: Basis, Linearly independent, Weak basis. 

1. INTRODUCTION 

A semiring (𝑆, +,×) is a set 𝑆 with addition (+) 
and multiplication (×) operations, such that (𝑆, +) is 

a commutative semigroup, (𝑆,×) is semigroup, and × 

distributes over + . The linear algebra over the 

semiring ℝ𝑚𝑎𝑥 = ℝ ∪ {−∞}  with two binary 

operations of maximization (⊕) and addition (⊗) is 

called max-plus algebra [1]. In ℝ𝑚𝑎𝑥  the neutral 

(identity) element for ⊕ and ⊗ are 𝜀 = −∞ and 𝑒 =
0. Research on max-plus algebra applications has been 

carried out by several researchers, see [2][3]. Some 

researchers also expand the concept in max-plus 

algebra into interval max-plus algebra, see [4][5]. 

ℝ𝑚𝑎𝑥  is idempotent commutative semiring [6] and can 

be referred to as idempotent semifield [7]. If ℝ𝑚𝑎𝑥
𝑛  is 

defined as ℝ𝑚𝑎𝑥
𝑛 = {(𝑥1, 𝑥2, … , 𝑥𝑛)

𝑇|𝑥𝑖 ∈ ℝ𝑚𝑎𝑥 , 𝑖 =
1,2, … , 𝑛}, ℝ𝑚𝑎𝑥

𝑛  is a semimodules over the semiring 

ℝ𝑚𝑎𝑥  [6]. The elements 𝒙  in ℝ𝑚𝑎𝑥
𝑛  are called max-

plus vectors [8]. 

A subset 𝐹 of a semimodule 𝑉 over ℝ𝑚𝑎𝑥  spans 𝑉 

if every 𝑥 ∈ 𝑉  is a finite linear combination of all 

element in 𝐹. A vector set that generates all elements 

in the vector space and linearly independent then that 

vector set is called a basis. The are several concept of 

linear dependence in max-plus algebra as described in 

[9][10][11]. In [12], they give examples of vector sets 

in ℝ𝑚𝑎𝑥
𝑛  that are weakly linearly independent but 

Gondran-Minoux linearly dependent and Gondran-

Minoux linearly independent but tropically linearly 

dependent. In this article, we will use the concept of 

linear dependence in Gondran-Minoux sense such that 

a finite set is said to be linearly dependent if the set can 

be divided into two sets that form a linear space with 

an intersection which is not a zero vector [9]. 

In the field of mathematics studies there are 

another semiring beside max-plus algebra is min-plus 

algebra. Min-plus algebra is the linear algebra over the 

semiring ℝ𝑚𝑖𝑛 = ℝ ∪ {+∞} that equipped with two 

binary operations minimization (⊕′)  and addition 

(⊗) with the neutral (identity) element for ⊕′ and ⊗ 

are 𝜀 = +∞  and 𝑒 = 0  [1]. Max-plus algebra is 

isomorphic to min-plus algebra [13]. Because there are 

similarities of structure between max-plus and min-

plus algebra, we can transform the concepts in max-

plus algebra to min-plus algebra. In this article we will 

define the concept of bases in min-plus algebra. 

First, we will discuss the concept of semimodules 

ℝ𝑚𝑖𝑛
𝑛  over semiring ℝ𝑚𝑖𝑛 . Next, we will define the 

concept of linear dependence in Gondran-Minoux 

sense in min-plus algebra. Using the concept of linear 

dependence in Gondran-Minoux sense we will define 

the concept of bases in min-plus algebra.  
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2. BASIC NOTATIONS AND 

DEFINITION 

We define the min-plus algebra ℝ𝑚𝑖𝑛 by ℝ𝑚𝑖𝑛 =
ℝ ∪ {+∞}  with the binary operations ⊕′  and ⊗ , 

∀𝑎, 𝑏 ∈ ℝ𝑚𝑖𝑛  

𝑎 ⊕′ 𝑏 = min⁡(𝑎, 𝑏) and 𝑎 ⊗ 𝑏 = 𝑎 + 𝑏. 

There are elements 𝜀′ and 𝑒 in ℝ𝑚𝑖𝑛are denoted 𝜀′ =
+∞ and 𝑒 = 0. For any 𝑎, 𝑏, 𝑐 ∈ ℝ𝑚𝑖𝑛 following 

i. (𝑎 ⊕′ 𝑏) ⊕′ 𝑐 = 𝑎 ⊕′ (𝑏 ⊕′ 𝑐)  
(𝑎 ⊗ 𝑏)⊗ 𝑐 = 𝑎 ⊗ (𝑏 ⊗ 𝑐)  

ii. 𝑎 ⊕′ 𝑏 = 𝑏 ⊕′ 𝑎 

𝑎 ⊗ 𝑏 = 𝑏 ⊗ 𝑎  

iii. (𝑎 ⊕′ 𝑏) ⊗ 𝑐 = (𝑎 ⊗ 𝑐)⊕′ (𝑏 ⊗ 𝑐) 
𝑎 ⊗ (𝑏 ⊕′ 𝑐) = (𝑎 ⊗ 𝑏)⊕′ (𝑎 ⊗ 𝑐)  

iv. 𝑎 ⊕′ 𝜀′ = 𝑎 = 𝜀′ ⊕′ 𝑎 

v. 𝑎 ⊗ 𝑒 = 𝑎 = 𝑒 ⊗ 𝑎 

vi. 𝑎 ⊗ (−𝑎) = 𝑒 = −𝑎 ⊗ 𝑎 

vii. 𝑎 ⊗ 𝜀′ = 𝜀′ = 𝜀′ ⊗𝑎 

viii. 𝑎 ⊕′ 𝑎 = 𝑎. 

To define the linear dependence and basis in min-

plus algebra we need the definition of semimodule. 

Definition 2.1. A semimodule 𝑀  over the semiring 

(𝑆, +,×)  is a commutative monoid (𝑀,+)  that 

equipped with scalar multiplication operation 

•⁡∶ 𝑆 × 𝑀 ⟶ 𝑀 

(𝜆, 𝑥) ⟼ 𝜆 • 𝑥 

and for each 𝜆, 𝜇 ∈ 𝑆, 𝑥, 𝑦 ∈ 𝑀 following 

1. 𝜆 • (𝑥 + 𝑦) = (𝜆 • 𝑥) + (𝜆 • 𝑦) 
2. (𝜆 + 𝜇) • 𝑥 = (𝜆 • 𝑥) + (𝜇 • 𝑥) 
3. (𝜆 • 𝜇) • 𝑥 = 𝜆 • (𝜇 • 𝑥) 
4. 𝟏 • 𝑥 = 𝑥 

5. 𝜆 • 𝟎 = 𝟎. 

Let ℝ𝑚𝑖𝑛
𝑛 = {(𝑥1, 𝑥2, … , 𝑥𝑛)

𝑇|𝑥𝑖 ∈ ℝ𝑚𝑖𝑛 , 𝑖 =
1,2, … , 𝑛} . For each 𝒙, 𝒚 ∈ ℝ𝑚𝑖𝑛

𝑛  and 𝜆 ∈ ℝ𝑚𝑖𝑛  

defined with operation ⊕′ and scalar multipication • 
such that 

𝒙⊕′ 𝒚 = (𝑥1 ⊕
′ 𝑦1, 𝑥2 ⊕

′ 𝑦2, … , 𝑥𝑛 ⊕
′ 𝑦𝑛)

𝑇 

𝜆 • 𝒙 = 𝜆 ⊗ 𝒙 = (𝜆 ⊗ 𝑥1, 𝜆 ⊗ 𝑥2, … , 𝜆 ⊗ 𝑥𝑛)
𝑇. 

In [14], we notice that (ℝ𝑚𝑖𝑛
𝑛 ,⊕′) is a commutative 

monoid with the neutral element (𝜀′, 𝜀′, … , 𝜀′)𝑇  and 

ℝ𝑚𝑖𝑛
𝑛  satisfies the axiom in Definiton 2.1 by 

operations ⊕′ and ⊗, therefore ℝ𝑚𝑖𝑛
𝑛  is semimodule 

over the semiring ℝ𝑚𝑖𝑛. 

Definition 2.2. A subset 𝑉 in ℝ𝑚𝑖𝑛
𝑛  is a commutative 

idempotent semimodule over ℝ𝑚𝑖𝑛 if it is closed under 

⊕′  and scalar multiplication such that 𝒖⊕′ 𝒗 ∈ 𝑉 

and 𝛼 ⊗ 𝒗 ∈ 𝑉, ∀𝒖, 𝒗 ∈ ℝ𝑚𝑖𝑛
𝑛  and 𝛼 ∈ ℝ𝑚𝑖𝑛. 

Definition 2.3. A element 𝑥  is a finite linear 

combination of elements in 𝐹 ⊆ 𝑉 if 𝑥 =⊕′ 𝜆𝑓 ⊗ 𝒇, 

such that 𝜆𝑓 = 𝜀′ finetely for some 𝒇 ∈ 𝐹. 

 

 

3. RESULT AND DISCUSSION 

Definition 3.1. A subset 𝐹  of a semimodule 𝑉  over 

ℝ𝑚𝑖𝑛  generates 𝑉  if every element 𝒙 ∈ 𝑉  is a finite 

linear combination of all elements in 𝐹. 

Definition 3.2. A generating set is called minimal if it 

can be divided into two disjoint subsets such that for 

some 𝛼𝑖 ∈ ℝ𝑚𝑖𝑛 , 𝑖 ≠ 𝑘 

⊕′ 𝛼𝑖 ⊗𝒗𝒊 ≠⁡⊕
′ 𝛼𝑘 ⊗𝒗𝒌. 

Definition 3.3. A family of vetors {𝒖𝒊}𝑖=1
𝑝

 is a weak 

basis of a semimodule 𝑉 if it is a minimal generating 

set. 

We will define the concept of linear dependence 

(independence) in the Gondran-Minoux sense in min-

plus algebra based on the analogy in [9]. 

Definition 3.4. Vectors 𝒗𝟏, 𝒗𝟐, … , 𝒗𝒑 ∈ ℝ𝑚𝑖𝑛
𝑛  are 

called Gondran-Minoux linearly dependent if there 

exists disjoint subsets 𝐼  and 𝐾 , 𝐼 ∪ 𝐾 = {1,2, …𝑝} 
such that for 𝛼𝑗 ≠ 𝜀′⁡(𝑗 ∈ 𝐼 ∪ 𝐾) 

⊕𝑖∈𝐼
′ ⁡𝛼𝑖 ⊗𝒗𝒊 =⁡⊕𝑘∈𝐾

′ ⁡𝛼𝑘 ⊗𝒗𝒌. 

If no such 𝐼, 𝐾,⁡ and 𝛼𝑗  exist, {𝒗𝟏, 𝒗𝟐, … , 𝒗𝒑}  is a 

linearly independent set. 

Definition 3.5. Vectors 𝒗𝟏, 𝒗𝟐, … , 𝒗𝒑 ∈ ℝ𝑚𝑖𝑛
𝑛  are 

called Gondran-Minoux linearly independent if for all 

disjoint subsets 𝐼  and 𝐾 , 𝐼 ∪ 𝐾 = 1, 2, . . . 𝑝  and all 

𝛼𝑗 ∈ ℝ𝑚𝑖𝑛 

⊕𝑖∈𝐼
′ ⁡𝛼𝑖⨂𝒗𝒊 ≠⁡⊕𝑘∈𝐾

′ ⁡𝛼𝑘⨂𝒗𝒌 

unless 𝛼𝑗 = 𝜀′, ∀𝑗 ∈ 𝐼 ∪ 𝐾. 

Using the linear dependence (independence) definition 

in min-plus algebra, then the following definition is 

obtained. 

Let 𝑊 ⊆ ℝ𝑚𝑖𝑛
𝑛  and a nonempty finite subset  𝑈 =

{𝒖𝟏, 𝒖𝟐, … , 𝒖𝒏} of 𝑊. For each 𝒘 ∈ 𝑊 can be written 

as a finite linear combination of all elements of 𝑈 

(denoted by 𝒘~𝑈 ) as in Definition 2.3 for 𝒖𝒊 ≠
𝒘, 𝑖 = 1,2, … , 𝑛. The following theorem will explain 

the reason for there is such an exception (𝒖𝒊 ≠ 𝒘). 

Theorem 3.1. For any 𝒙, 𝒚 ∈ ℝ𝑚𝑖𝑛
𝑛 , there is a 𝜆 ∈

ℝ𝑚𝑖𝑛 such that 𝒙⊕′ 𝜆 ⊗ 𝒚 = 𝒙. 

Proof. If 𝒙 = (𝑥1, 𝑥2, … , 𝑥𝑛)
𝑇  and 𝒚 =

(𝑦1, 𝑦2, … , 𝑦𝑛)
𝑇 then for the 𝜆 we may take any value 

greater than or equal to the maximum of (𝑥1 ⊗
𝑦1
−1, 𝑥2 ⊗𝑦2

−1, … , 𝑥𝑛 ⊗ 𝑦𝑛
−1).             ∎ 

Definition 3.6. Let 𝑉  be a semimodule in ℝ𝑚𝑖𝑛
𝑛 . A 

finite subset 𝑈⁡(𝑈 ≠ ∅) of the set 𝑉 is called a basis of 

𝑉  if and only if 𝑈  is a generating set of 𝑉  and 𝑈  is 

linearly independent in other words for each 𝒗 ∈ 𝑉 

either 𝒗 ∈ 𝑈 or 𝒗~𝑈 but no both. 

Definiton 3.7. Suppose that 𝑈 ⊆ 𝑉  is a basis of a 

semimodule 𝑉. The number of vectors in 𝑈 is called 

the dimension of 𝑉 and denoted by 𝑑𝑖𝑚(𝑉). 
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In [15] Wagneur stated that every a finitely generated 

semimodule has a weak bases. For any two weak bases 

have the same number of generators. 

Definition 3.8. The weak basis cardinality is called the 

weak rank of the semimodule 𝑉  and denoted by 

𝑟𝑤(𝑉). 

Consider the definitions, the following examples 

are given. 

Example 3.1. Given the set 𝑃 in ℝ𝑚𝑖𝑛
3 . 𝑃 is defined as 

𝑃 = {(−1, 𝑒, 𝑒), (𝑒, −1, 𝑒), (𝑒, 𝑒, −1)} . 𝑃  is a linear 

independent set in Gondran-Minoux sense because not 

exist 𝛼𝑗 ≠ 𝜀′  that satisfies ⊕𝑖∈𝐼
′ ⁡𝛼𝑖 ⊗𝒗𝒊 =

⁡⊕𝑘∈𝐾
′ ⁡𝛼𝑘 ⊗𝒗𝒌. However, it is seen that 𝑃 does not 

generate ℝ𝑚𝑖𝑛
3 . Therefore 𝑃 is not a basis of ℝ𝑚𝑖𝑛

3 . 

Example 3.2. Let 𝑋 = {(𝑒, 𝜀′), (𝜀′, 𝑒), (𝑒, 𝑒)}  be the 

set in ℝ𝑚𝑖𝑛
2 . Each element of ℝ𝑚𝑖𝑛

2  is a finite linear 

combination of 𝑋 so that it can be written 

ℝ𝑚𝑖𝑛
2 = {(𝑎

𝑏
)│𝑎, 𝑏 ∈ ℝ𝑚𝑖𝑛}  

⁡= {𝑎 ⊗ ( 𝑒
𝜀′
) ⊕′ 𝑏 ⊗ (𝜀

′

𝑒
)⊕′ 𝜀′ ⊗ (𝑒

𝑒
)│𝑎, 𝑏 ∈

ℝ𝑚𝑖𝑛}. 

Therefore it is clear that 𝑋 generates ℝ𝑚𝑖𝑛
2 . There is a 

vector in 𝑋  that can be written 𝑒 ⊗ (𝑒, 𝑒) = 𝑒 ⊗
(𝑒, 𝜀′) ⊕′ 𝑒 ⊗ (𝜀′, 𝑒) which satisfies Definition 3.4. 

Since 𝑋  generates ℝ𝑚𝑖𝑛
2  but is not linearly 

independent then 𝑋 is not a basis of ℝ𝑚𝑖𝑛
2 . On other 

side we can show that 𝑋  is a weak basis of ℝ𝑚𝑖𝑛
2  

because for any 𝛼, 𝛽 ∈ ℝ𝑚𝑖𝑛  

𝑒 ⊗ (𝑒, 𝜀′) ≠ 𝛼 ⊗ (𝑒, 𝑒) ⊕′ 𝛽 ⊗ (𝜀′, 𝑒) 
with 𝑟𝑤(ℝ𝑚𝑖𝑛

2 ) = 3. 

Example 3.3. Let us consider the following four 

matrices 

𝑹 = (
−1 𝜀′

𝜀′ 𝜀′
) 𝑺 = (

𝜀′ 1
𝜀′ 𝜀′

)  

𝑻 = (
𝜀′ 𝜀′

−1 𝜀′
) 𝑼 = (

𝜀′ 𝜀′

𝜀′ 𝑒
). 

Suppose that 𝑀 = {𝑹, 𝑺, 𝑻, 𝑼}. It will be shown that 𝑀 

is a basis of ℝ𝑚𝑖𝑛
2×2 . 

i. 𝑀 generates ℝ𝑚𝑖𝑛
2×2 . 

ℝ𝑚𝑖𝑛
2×2 = {(

𝑎 𝑏
𝑐 𝑑

)│𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ𝑚𝑖𝑛}  

= {(𝑎 + 1) ⊗ 𝑹⊕′ (𝑏 − 1)⊗ 𝑺⊕′ (𝑐 +

1) ⊗ 𝑻⊕′ 𝑑 ⊗ 𝑼│𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ𝑚𝑖𝑛}. 

ii. 𝑀  is a linerly independent set because not exist 

𝛼𝑗 ≠ 𝜀′  that satisfies ⊕𝑖∈𝐼
′ ⁡𝛼𝑖 ⊗𝑴𝒊 =

⊕𝑘∈𝐾
′ ⁡𝛼𝑘 ⊗𝑴𝑘 for 𝑗 ∈ 𝐼 ∪ 𝐾, 𝑴𝒋 ∈ 𝑀. 

So 𝑀 is a basis of ℝ𝑚𝑖𝑛
2×2  with 𝑑𝑖𝑚(ℝ𝑚𝑖𝑛

2×2) = 4. 

Theorem 3.2. Let 𝑉  is a finite semimodule in ℝ𝑚𝑖𝑛
2  

and 𝑈 ⊆ 𝑉 is a basis of 𝑉 then 𝑈 is a weak basis of 𝑉. 

Proof. Since 𝑈 is a basis of 𝑉 then 𝑈 is generating set 

of 𝑉  and 𝑈  is linearly independent. 𝑈  is linearly 

independent such that it satisfies a minimal generating 

set. Therefore 𝑈 is a weak basis of 𝑉.            ∎ 

Consider the set in Example 3.3, 𝑀 is a basis of 

ℝ𝑚𝑖𝑛
2×2 . Using Theorem 3.2 𝑴 can be called a weak 

basis of ℝ𝑚𝑖𝑛
2×2 . Also consider the set in Example 3.2, 

𝑋  is a linearly dependent (not linearly independent) 

and is a weak basis of ℝ𝑚𝑖𝑛
2 . Because there is a weak 

basis that is linearly independent or linearly 

dependent, then the linear independence is not needed 

to form a weak basis of a semimodule over semiring 

ℝ𝑚𝑖𝑛. 
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