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ABSTRACT
The mathematical formula of HIV/AIDS is governed by the ordinary differential equation with seven variables. S
and E are susceptible/un-educated and educated individuals respectively, I1 and I2 are HIV-positive individuals
consuming and not consuming ARV respectively; A and T are AIDS individuals not and receiving treatment; and
R is a recovered individual. We study multi-interaction between infected and educated subpopulations. We analyze
the local stability of the equilibrium points. The results are the disease-free is asymptotically stable when satisfying
𝑅0 < 1 and the endemic equilibrium point is asymptotically stable when satisfying 𝑅0 > 1. The numerical solution
supports the analytical results.
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1.

INTRODUCTION

HIV is a human immunodeficiency virus that
causes AIDS (Acquired Immune Deficiency
Syndrome), one of the immune system diseases. The
study of the spread of AIDS gets attention from the
researcher since HIV can cause death in the world.
Mathematical models have made a significant
contribution to know understanding the spread of
HIV/AIDS disease. Mathematical formulas of
HIV/AIDS have been investigated by [1-4] where
they formulated the mathematical model of
HIV/AIDS with the treatment stated in the SIATR.
[4] and [5] studied the construction of the HIV/
AIDS model with different levels of infection and
susceptible subpopulations respectively. The theory
of dynamical analysis and optimal control was
applied to the problems. [6] studied the dynamic of
the 𝑆𝐼𝐼 𝐼2 𝐴𝑇𝑅 formula and the results were
asymptotically stable, locally, and globally.
In this research, we propose a mathematical
model of HIV/AIDS with an educated
subpopulation. The proposed model is more
realistic. From this study, we can get more
understanding the spread of the HIV disease through
the multi-interaction between subpopulations in the

constructed model. [6-8] studied the interaction
between infected (I2) and educated (E)
subpopulations where in this research we consider
multi-interaction
between
subpopulations,
especially educated (E) and infected (I1). The
mathematical formulation is written in Section 2.
Then in section 3, we show the stability analysis,
locally. There are two equilibrium points, diseasefree and endemic equilibrium points. The stability
analysis of both equilibrium points said that the
disease-free point is asymptotically stable when R0 <
1, and when R0 > 1 is unstable. Furthermore, the
endemic point is asymptotically stable when R0 > 1
and when R0 < 1 is unstable. In Section 4, we
investigate the numerical simulation of the system of
ordinary differential equation established in Section
2. We determine parameters for doing the simulation
such that the result of the numerical simulations
support the results of the analysis.

2.

THE MATHEMATICAL FORMULA OF
HIV/ AIDS

The model formulation of HIV/AIDS in Figure 1
is from [6] HIV/AIDS mathematical formula with
multi-interaction between educated (E) and infected
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(I1 and I2) subpopulations then can be written as the
system of differential equations as follows.

Figure 1 HIV/AIDS model with seven compartments.

(1)

where

,
, and

,

,

description that we use in the system (1) is stated in
following Table 1.

. Parameter’s
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Table 1. Parameter’s description in the model
Symbol

Parameters
The rate of recruitment
The rate of recover
Coefficient of transmission from

to

Coefficient of transmission from

to

Coefficient of transmission from

to

Coefficient of transmission from
The rate of education

to

The rate of natural death
The rate of progression from

to

The rate of progression from

to

The rate of progression from
to
Successful proportion of treatment
Failure proportion of treatment
The rate of death because of AIDS
The rate of death because of AIDS being treated

3. THE MODEL ANALYSIS

Equilibrium points are determined by
solving the system (1) when satisfies the
following
condition
. By simple
calculations, the ordinary differential equation
of system (1) has two equilibrium points, we
call them as disease-free (

𝑇 0 ) and endemic (

𝑇 ∗) points. The disease-free equilibrium
point (

𝑇 0 ) is determined when the infected

𝑇 ∗) is yielded

Next, the endemic point (
when

such

that

we

get

. The values of
endemic point ( 𝑇 ∗) is determined by using
numerical simulation. Before we analyze
stability or the equilibrium points, we determine
the basic reproduction number ( 𝑇 ∗) as a
threshold of an outbreak of endemic occurs [9].
The basic reproduction number ( 𝑇 ∗) can be
calculated using (𝑅0 )next generation matrix

, then we have

method [5]. We find
.

.

The local stability analysis can be found by
calculating the eigenvalues of the Jacobian
matrix from equation (1). The disease-free point
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( 𝑇 0 ) is asymptotically stable when we get
negative sign of all the eigen values (real part).
The Jacobian matrix of equation (1) at

is

.
According to the calculation of
we get

,

and
that meets

.

and we can state that the disease-free point (
Then,
if

where
.

Furthermore,

is negative

0

𝑇 ) is asymptotically stable when

.

if

and
.
Finally, we get negative sign of all eigenvalues when

Next, the stability analysis of endemic point (
𝑇 ∗ ) is determined by calculating the eigenvalues of
the Jacobian matrix system (1) at
expressed as follows

that can be

.
If

,
dan

,
then

characteristic equation of

is determined by

getting the solution
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so that is obtained

and

that meets

(2)
where

Since it is rather complicated to find the eigenvalues
from the characteristic equation (2), the stability
analysis of the endemic point (
𝑇 ∗ ) is yielded by
applying the criteria of Routh-Hurwitz. The endemic

equilibrium
satisfies

is asymptotically stable when
and

i.
ii.
iii.

iv.
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4. NUMERICAL SIMULATION
In this part, we simulate numerically the
equilibrium points by using the parameter values in
Table 1. The disease-free point is presented in Figure
2, then we get the basic reproduction number
. With initial values of each
subpopulation

, the

solutions converge to the disease-free point (
).
We can say that there is no infected individual in the
population after quite a long time. This numerical
simulation supports the analysis results in the
previous section, that is asymptotically stable of the
disease-free point (

Figure 2 The solution of system (1) numerically when

) when

.

.
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Next, the numerical simulation of the endemic
point is showed in Figure 3 by using the parameters
in Table 1, and we get the basic reproduction number
. Figure 3 presents the solution of
system (1) with the same initial values as in the
numerical simulation of the disease-free equilibrium
point. We can see that by considering the interaction
between educated and infected (consuming ARV),
the educated subpopulation contributes small
increase of infected subpopulation with consuming
ARV when we compare to the result in [6]. It is

because even the educated has some knowledges
about the spread of HIV/AIDS, when they interact
each other, there is potential risk of the educated
individual becomes infected individual. From Figure
3, the solution converges to endemic equilibrium (
), that means disease of HIV spreads in the
populations. This numerical simulation supports the
analytical result that the endemic point (
) is
asymptotically stable when satisfies the criteria of
Routh-Hurwitz.
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Figure 3 The solutions of system (1) numerically when

.

5. CONCLUSION
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