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ABSTRACT
We have studied a dynamic analysis of the prey-predator model that describes the interaction between pests and
predators as natural enemies. The model is considering a Modified Leslie-Gower prey-predator model with the nature
of fear of the growth of pests and additional food to predator. The predation uses the Holling type II response function
by assuming that the predator also needs additional food to survive. We analyze the dynamics of the system includes
determining the equilibrium point as well as local stability analysis. It shows that there are four equilibriums in which
each equilibrium point exists and three equilibrium points are local asymptotically stable with some sufficient
conditions. Numerical simulations were carried out to support the analytical finding. The numerical simulations also
indicate that bifurcation occurs and the possible phase portraits diagram has been depicted. The simulation results and
discussion of the diagram bifurcation are lucidly presented in the text of the paper.
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1. INTRODUCTION
Rice is the main food crop grown by farmers in
Indonesia. The growth of rice plants in Indonesia is at risk
in the form of pest and disease attacks. The main pests of
rice plants in Indonesia are field mice. The increasing rat
population is a problem for farmers. Rat pest control is
an effort to reduce the rat population level as low as
possible so that economically the presence of rat pests is
not detrimental [1]. Pests have natural enemies in the
form of predators. Natural enemies are used to
controlling the number of pest populations naturally so
that the ecosystem remains stable [2]. The population of
owls as a natural enemy is causing fear in rat pests [3]. A
high level of fear in rat pests caused by predators results
in reduced reproduction of rats so that it can reduce the
number of rat pests. The reduction in the number of rat
pests makes predators look for alternative food other than
rats. Additional food is needed to keep predatory species
from becoming extinct so that the balance of the two
populations is controlled.
Based on the problem of pest growth, it can be applied
to a mathematical model of the interaction of two species.
The model describes the dynamics of the spread of pests

and natural enemies, namely predators. The pest-predator
model considers predation and the nature of the pest
against predators. Some scientists are interested in
developing a similar model with various assumptions.
Srinivasu [4] has studied the Lotka-Volterra predatorprey model with Holling type II functional response. This
model assumes that the number of assemblies per
predator is proportional to the obtainable additional food.
Sen, et. al [5] discussed a two-species model in the
presence of forage and harvesting in predators using the
Holling type II functional response. Then, Prasad [6]
reviewed a model that took into account the parameters
of handling time and nutritional value of food additives.
Models combining disease in pests with pathogens
(bacteria, fungi, and viruses) to infect pests and
harvesting have also been introduced [7-8]. The pestpredator model [9] concatenating the effects of Alle on
pests and food additives on predators. Sahoo [10]
discusses food additives playing an important role in
survival in a biological conservation model. Many
researchers have studied the modified Leslie-Gower
model with different response functions [11-15]. The
proposed pest-predator model [16] incorporate an
epidemic model and the Leslie-Gower likewise of pest
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harvesting. Mondal [17] developed a two-species model
with the effect of fear and competition among prey. The
model involves seasonal parameters in determining the
quality and quantity of food additives. Inspired by the
model [18] which discussed the Leslie-Gower model and
modified by assumpting the additional food to predator
in terms of the handling time. In this article, we have
studied a prey-predator system with additional food for
predator and considered the effect of fear only on the
birth rate of the prey population. We also involved
additional food to support predator growth in terms of the
handling time of Holling type II.

known as the Leslie-Gower modification which is

The rest of the paper is sequenced as follows. We
construct the pest-predator model to consider the effect
of fear for pest and addition food for predator in Section
2. In Section 3, the existence and local stability of the
equilibrium point are discussed. Numerical simulations
are performed in Section 4 by phase portrait and
bifurcation diagram. The last section, we end with
concluding in Section 6.

Based on the assumptions described above, the
interaction model between pest and predator is obtained
as follows

2. MATHEMATICS MODELLING

with 𝑥(𝑡) represents the population density of pests and
𝑦(𝑡) represents the population density of predator at time
𝑡. The parameters 𝑓, 𝑘, and 𝛽 represent the natural of fear
of pest, carrying capacity of 𝑦, and maximum growth rate
of 𝑦. The parameter 𝑛 and 𝐴 are the parameters which
characterize the additional food. All the parameters
relevant with the system (3) are positive.

Based on the model [17] and [18], a prey growth
model was constructed by involving the effect of fear
without competition between preys and the additional
food to predators. The main objective of this paper is to
investigate parameters of the maximum value of growth
rate of predators with additional food in controlling the
balance between populations. The dynamic analysis
carried out includes determining the equilibrium point
and the type of equilibrium for each solution of the
system. In order to construct a mathematical model, the
following assumptions have been made in the present
study. Specifically, the model to be constructed is
described in the following subsection.

2.1 Assumptions of the Model
The pest population grows logistically with an
intrinsic growth rate of r and it is assumed that the pest
𝑟𝑥
has a fear of predators so that the growth becomes
.
1+𝑓𝑦

The growth rate of pests is reduced by the presence of
predation or predation of predators on pests. The
predation process is known as the functional responses.
The parameter α is the maximum value of the growth rate
of the predator. The growth rate of pests can be written
as follows
𝑑𝑥
𝑑𝑡

𝑟𝑥

𝛼𝑥𝑦

= 1+𝑓𝑦 − 𝑚+𝑥+𝑛𝐴

(1)

The growth rate of predators does not only depend on
the prey population but also depends on the
environmental carrying capacity to maintain the survival
of the predators. The predator growth rate model is

expressed as (1 −

𝑦
𝑥+𝑘

). This model considers the

presence of additional food for predators to survive if
there is no main food. The parameters 𝛽 represents the
efficiency with which the food consumed by the predator
gets converted into predator then the maximum growth
rate of the predator.
𝑑𝑦
𝑑𝑡

𝑦

𝜌𝑛𝐴𝑦

= 𝛽𝑦 (1 − 𝑥+𝑘) + 𝑚+𝑥+𝑛𝐴

(2)

2.2 Mathematical Formulation of the Model

𝑑𝑥

𝑟𝑥

𝛼𝑥𝑦

𝑑𝑡

= 1+𝑓𝑦 − 𝑚+𝑥+𝑛𝐴

𝑑𝑦
𝑑𝑡

= 𝛽𝑦 (1 − 𝑥+𝑘) + 𝑚+𝑥+𝑛𝐴

𝑦

𝜌𝑛𝐴𝑦

(3)

2.3 Equilibrium Pointsl
The dynamic analysis includes the determination of
the equilibrium point, the existence of the equilibrium
points and local stability analysis. Local stability analysis
to determine the type of stability of each equilibrium
point. Then the possible positive equilibrium point of the
system (3) is obtained. The equilibrium point represents
the population density at equilibrium. Therefore, an
equilibrium point is said to exist if every element is nonnegative.
2.3.1 𝐸1 = (0,0), where all populations are extinct.
𝑘(𝑛𝐴𝛽+𝑛𝐴𝜌+𝛽𝑚)
2.3.2 𝐸2 = (0,
) , where only predator
𝛽(𝑛𝐴+𝑚)

survives. Represents the extinction of pest
populations
2.3.3 𝐸3 = (𝑥 ∗ , 𝑦 ∗ ), where pest and predator coexist.
The population pest and predator are able to
survive.
And 𝑥 ∗ is a root of a fourth-degree equation with
complicated coefficients. We provide sufficient
conditions for the existence of a nonnegative root. for 𝑥 ∗
we get equation.
𝐻1 (𝑦 ∗ )4 + 𝐻2 (𝑦 ∗ )3 + 𝐻3 (𝑦 ∗ )2 + 𝐻4 (𝑦 ∗ )+𝐻5 = 0,(4)
with 𝐻1 = 𝑎𝛼𝑓, and 𝑎 = 𝛼𝛽𝑓
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𝐻2 = 𝑎(2𝛼 − 𝑟)
𝐻3 = 𝑎𝑘𝑟 − 𝑎𝑚𝑟 − 𝑛𝐴𝑟 + 𝑛𝐴𝛼𝑓𝑟𝜌 + 𝛼 2 𝛽 − 𝛼𝛽𝑟
𝐻4 = 𝑛𝐴𝛼𝑟𝜌 + 𝛼𝛽𝑘𝑟 − 𝑛𝐴𝛼𝛽𝑟 − 𝛼𝛽𝑚𝑟
𝐻5 = 𝑛2 𝐴2 𝑟 2 𝜌 + 𝑛𝐴𝑘𝜌𝑟 2 − 𝑛𝐴𝑚𝜌𝑟 2
A fourth-degree equation has four roots in the complex
domain (4). Omitting to write explicitly its coefficients,
in view of their complexity (4). Now we find sufficient
conditions for it to have at least one positive root [19].
Depending on the parameters of the system (3), there is
two equilibrium point 𝐸3 = (𝑥3 ∗ , 𝑦3 ∗ ) and 𝐸4 =
(𝑥4 ∗ , 𝑦4 ∗ ).

Theorema

3. LOCAL STABILITY ANALYSIS

Kolmogorov conditions [20] at (0,

The stability properties of the equilibrium point of
system (3) is determined by the roots of the characteristic
equation. Here, the Jacobian matrix at an equilibrium
point is
𝐽=[

𝑟
𝛼𝑦
𝛼𝑥𝑦
𝑟𝑓𝑥
−
+
2
1 + 𝑓𝑦 𝑛𝐴 + 𝑚 + 𝑥 (𝑛𝐴 + 𝑚 + 𝑥) 1 + 𝑓𝑦
𝛼𝑥
𝛽𝑦 2
−
𝑛𝐴 + 𝑚 + 𝑥 (𝑘 + 𝑥)2
𝜌𝑛𝐴𝑦
𝑦
−
𝛽 (1 −
)
(𝑛𝐴 + 𝑚 + 𝑥)2
𝑘+𝑥
𝛽𝑦
𝜌𝑛𝐴
−
+
]
𝑘 + 𝑥 𝑛𝐴 + 𝑚 + 𝑥

The direct evaluation of the Jacobian matrix at 𝐸1 gives
𝐽(𝐸1 ) = [𝑟 0 0 𝛽 +

𝜌𝑛𝐴
𝑛𝐴+𝑚

2.

The

(0,

equilibrium

𝑘(𝑛𝐴𝛽+𝑛𝐴𝜌+𝛽𝑚)
𝛽(𝑛𝐴+𝑚)

)

point
is

𝐸2 =
locally

asymptotically stable
Proof.
The equilibrium point 𝐸2 is locally asymptotically stable
if 𝑇 < 0 and 𝐷 > 0.
The trace (𝑇) and the determinant (𝐷) of the Jacobian
matrix at 𝐸2 are determined by 𝜆2 − 𝑇𝜆 + 𝐷 = 0, where
𝑇 = 𝑎1 + 𝑎3 and 𝐷 = 𝑎1 𝑎3 . The system (3) satisfies the
𝑘(𝑛𝐴𝛽+𝑛𝐴𝜌+𝛽𝑚)
𝛽(𝑛𝐴+𝑚)

)

making 𝐷 = 𝑎1 𝑎3 positive. Therefore 𝐸2 is locally
asymptotically stable if 𝑇 < 0 and unstable if 𝑇 > 0. We
have
𝑇=

𝑟
𝑓𝑘(𝛽𝑛𝐴 + 𝜌𝑛𝐴 + 𝛽𝑚)
+1
𝛽(𝑛𝐴 + 𝑚)
𝛼𝑘(𝛽𝑛𝐴 + 𝜌𝑛𝐴 + 𝛽𝑚)
−
𝛽(𝑛𝐴 + 𝑚)2
𝛽𝑛𝐴 + 𝜌𝑛𝐴 + 𝛽𝑚
+ 𝛽 (1 −
)
𝛽(𝑛𝐴 + 𝑚)
𝛽𝑛𝐴 + 𝜌𝑛𝐴 + 𝛽𝑚
𝜌𝑛𝐴
−
+
𝑛𝐴 + 𝑚
𝑛𝐴 + 𝑚

Here it is important that the term 𝑇 < 0 and 𝐷 is always
positive and this completes the proof.
Similarly, the Jacobian matrix at 𝐸3 is

],

Theorema 1. The equilibrium point 𝐸1 = (0,0) is
always unstable.

𝐽(𝐸3 ) = [𝑎4 𝑎5 𝑎6 𝑎7 ]
Theorem 3. The equilibrium point 𝐸3 = (𝑥 ∗ , 𝑦 ∗ ) is
locally asymptotically stable

Proof.
The characteristic equation of the matrix J( 𝐸1 ) are
(𝜆 − 𝑟)(𝑛𝐴𝜆 + 𝑚𝜆 − 𝐴𝑛𝛽 + 𝑛𝐴𝜌 + 𝑚𝛽) = 0 . It is
Obvious that one of eigenvalue 𝜆1 = 𝑟 is positive, the
other eigenvalues is always positive 𝜆2 =

𝐴𝑛𝛽+𝑛𝐴𝜌+𝑚𝛽
𝑛𝐴+𝑚

>

0. Hence, 𝐸1 is an unstable.

Proof.
Clearly that two eigenvalues are determined by 𝜆2 −
𝑇𝜆 + 𝐷 = 0, where 𝑇 = 𝑎4 + 𝑎6 and 𝐷 = 𝑎4 𝑎7 − 𝑎5 𝑎6 .
Therefore 𝐸3 is stable if 𝑇 < 0 and 𝐷 > 0. The proof is
complete.

The evaluation of the Jacobian matrix at 𝐸2 gives

4. NUMERICAL SIMULATIONS

𝐽(𝐸2 ) = [𝑎1 0 𝑎2 𝑎3 ], with

We would like to convey a numerical simulation to
illustrate bifurcation phenomena. The study numeric are
very important to solving of solution the system (3)
which is undertaken by Python 3.7. Numerical
simulations are carried out to support the analysis and
display the change in the equilibrium point solution
through a bifurcation diagram.

𝑟

𝑎1 = 𝑓𝑘(𝛽𝑛𝐴+𝜌𝑛𝐴+𝛽𝑚)
𝛽(𝑛𝐴+𝑚)

𝑎2 =

+1

−

𝛼𝑘(𝛽𝑛𝐴+𝜌𝑛𝐴+𝛽𝑚)
𝛽(𝑛𝐴+𝑚)2

(𝛽𝑛𝐴 + 𝜌𝑛𝐴 + 𝛽𝑚) 𝑛𝐴𝜌𝑘(𝛽𝑛𝐴 + 𝜌𝑛𝐴 + 𝛽𝑚)
−
𝛽(𝑛𝐴 + 𝑚)2
𝛽(𝑛𝐴 + 𝑚)3

𝑎3 = 𝛽 (1 −

𝛽𝑛𝐴 + 𝜌𝑛𝐴 + 𝛽𝑚
𝛽𝑛𝐴 + 𝜌𝑛𝐴 + 𝛽𝑚
)−
𝛽(𝑛𝐴 + 𝑚)
𝑛𝐴 + 𝑚
𝜌𝑛𝐴
+
𝑛𝐴 + 𝑚
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Table 1. The set of parameter value used for simulation
Parameter
𝑟
𝑓
𝛼
𝑚
𝑛

𝐴

Description
Maximum growth rate
of pest
The fear effect of pest
to predator
Maximum rate of
predator
Half saturation value
of the predator
The relative ability of
the predator to detect
additional food
Amount of additional
food to the predators

Value
3.22
0.31
0.7
0.0577
0.83

1.39

𝑘

Carrying capacity of
predator

2.1

𝛽

Maximum growth rate
of the predator

0.68

𝜌

Proportionality
constant

0.322

initial condition 𝑁 = [𝑥(0) = 5, 𝑦(0) = 7.2]. This
occurs quickly since the initial value is taken chose to 𝑁.
The limit cycle encourages an almost periodic solution
when 𝛼 increases. The equilibrium 𝐸1 (0,0) unstable
remains itself. The interior equilibrium 𝐸3 =
(5.763726, 8.479635) evolves into the positive periodic
solution. We find the Hopf bifurcation when 𝛼 ∗1 =
0.72993019 and a stable limit cycle appears around the
interior
equilibrium
point
for
𝐸3 =
(5.763726, 8.479635) in Figure 1b. Now, we discuss
four different parameters value (𝛼) to illustrate the
solution tends to the equilibrium point. The dynamics of
the two populations of the present system (3) are obvious
at the eight frames shown in the Figure 2a to 5b.

4.1 Phase Portrait
For simulation, we take the same parameter values in
Table 1. Using these parameter values, it can be shown
that all equilibrium points 𝐸1 , 𝐸2 , 𝐸3 , and 𝐸4 of the
system (3) exist. However, we perform the numerical
simulation showing that system (3) the limit cycle
undergoes periodic perturbation.

Figure 2a The phase portraits of system (3) which shows
𝐸3 stable.

Figure 2b The solution tends to 𝐸3 stable at 𝛼 =
0.658321.
Figure 1a The phase portraits of system (3) which shows
Hopf Bifurcation at 𝛼 = 0.72993019.

Figure 3a The phase portraits of system (3) which
shows 𝐸3 stable.
Figure 1b Hopf Bifurcation Diagram with specify of the
limit cycle at 𝛼 = 0.72993019.
In Figure 1a, we illustrate that the system (3) gets a
limit cycle when parameter value 𝛼 = 0.72993019 with
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Figure 3b The dynamics tends to 𝐸3 stable at 𝛼 = 0.7.

Figure 4a The phase portraits of system (3) which
shows 𝐸3 stable.

Figure 5b The solution tends to 𝐸2 = (0, 3.047)at 𝛼 =
0.866893.
The phase portraits of the system (3) which the solution
tends to 𝐸3 = (5.5284, 8.24679) stable when parameter
𝛼 = 0.658321 shown in Figure 2a and 2b. Figure 3a and
3b shows that all the equilibrium points 𝐸1 , 𝐸2 , 𝐸3 , and 𝐸4
exists. This simulation uses the parameters as shown in
Table 1, that the stability conditions at the equilibrium
point 𝐸3 = (6.4863, 9.1956) fulfill the results of the
stability conditions. The red line corresponds to the pest
(𝑥) population and the black line correspond to the
predator (𝑦) population in Figure (2b – 5b). Numerically,
the system (3) indicates a kind dynamic fullness.

4.2 Bifurcations around the interior equilibrium
point
Numerical continuity is performed on an equilibrium
solution with a variation of one parameter to indicate an
indication of a change in the type of stability uses
MatCont. Changes in stability indicate the emergence of
bifurcations, namely Hopf bifurcation, Saddle Node
bifurcation, and Transcritical bifurcation.
Figure 4b The dynamics of the system (3) at 𝛼 =
0.73994233.

Figure 5a The phase plane diagram of the system (3)
stable.

Figure 6 Bifurcation Diagram of the predator population
(𝑦) with continuation parameter 𝛼.
In numerical continuity, the parameter (𝛼) is to indicate
changes in the stability of several the equilibrium point.
Figure 6 presents the bifurcation diagram of the solution
of the system (3) which is varying the parameter of the
maximum rate of the predator predation to the pest
population (𝛼).
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a. Saddle node Bifurcation
In detail the changes that occur at the interior
equilibrium point are shown in Figure 6 diagram of
bifurcation for the predator population (𝒚) with respect to
parameter 𝜶. The results of the numerical continuation of
the parameter 𝛼 show the changes that occur in the
stability at the interior equilibrium point ( 𝑬𝟑 ). The
Bifurcation diagram in Figure 6 shows for
𝟎. 𝟕𝟐𝟗𝟗𝟑𝟎𝟏𝟗 < 𝜶 < 𝟎. 𝟖𝟔𝟔𝟖𝟗𝟒. There are two interior
equilibrium point where of them is (𝑬𝟑 ) unstable while
(𝑬𝟒 ) is stable. Both conditions of the interior equilibrium
point crash at 𝜶 = 𝟎. 𝟖𝟔𝟔𝟖𝟗𝟒, namely Limit Point (LP).
The phenomenon of the emergence of LP shows that
there is a Saddle-node (Fold) bifurcation which is driven
by the parameter of the maximum value of the predator
predation rate on the pest. if 𝜶 > 𝟎. 𝟖𝟔𝟔𝟖𝟗𝟑𝟓 , ( 𝑬𝟐 )
stable.
b. Double stability phenomenon
Another interesting dynamics behavior to observe as
shown in Figure 6 is the appearance of two different
stability, known as the bi-stability phenomenon. This
phenomenon occurs during 0.866893 < 𝛼 < 0.866894
that the system (3) has a double stability. There are two
stability in the solution of system (3) namely the interior
equilibrium point (𝐸4 ) and the pest extinction equilibrium
point (𝐸2 ) which are locally asymptotically stable, while
the other interior equilibrium point are unstable. The
phenomenon
also
occurs
0.658321 < 𝛼 <
0.72993019. The solution of the interior equilibrium
point (𝐸3 ) and the pest extinction equilibrium point (𝐸2 )
which are locally asymptotically stable.
c. Transcritical Bifurcation
The bifurcation diagram in Figure 6 illustrates the
exchange between the equilibrium interior point (𝐸3 ) and
the pest population extinction points ( 𝐸2 ). This
phenomenon shows a Transcritical bifurcation. For
𝛼 <0.658321, the pest population extinction points (𝐸2 )
are unstable. As it increases of the parameter 𝛼, a Branch
Point (BP) apprears at 𝛼 = 0.658321. This BP indicates
a Transcritical bifurcation, while a change in the
equilibrium point of the pest population extinction points
(𝐸2 ), which was initially unstable for 𝛼 < 0.658321,
became stable for 𝛼 >0.658321. On the other hand, there
is a change in the coexist equilibrium point 𝐸3 , which was
originally stable 𝛼 > 0.658321 , became unstable for
𝛼 < 0.658321.

four equilibrium points. There is one equilibrium
condition that is always unstable, namely the equilibrium
point of extinction for all populations. The other
equilibrium points are stable with certain conditions that
have been proven. The results of the dynamic analysis
have been confirmed through numerical simulations by
continuing the parameter of the maximum rate of the
predator predation, namely 𝛼. The numerical simulation
results also show that the pest-predator interaction model
describes rich dynamics with the occurrence of Hopf
bifurcation, Transcritical bifurcations, Saddle-node
bifurcations and double stability phenomena driven by
the continuation of the maximum value parameter of
Maximum rate of predator predation on pests.
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