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ABSTRACT

Wibowo et al. proposed the concept of the fractal F* —absolutely continuous function and the fractal bounded
p —Vvariation function of order « where 0 < a < 1and 1 < p < o on a fractal set F. In this paper, we study the
relationship between those two functions. In particular, we represent the fractal bounded p —variation function is

a fractal F* —absolutely continuous on a fractal set F.
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1. INTRODUCTION

Jordan introduced the concept of variation
around 1880, while studying the convergence of
Fourier series. Since then, many mathematicians
have generalized this concept in various ways. There
are many results about Banach space and
embeddings of so-called Bounded Variation Spaces
for one-variable functions, but there is no standard
definition of variation for multivariable functions.
The interested reader is encouraged to read [1] for
some background information and preliminary
findings on this subject.

Many researchers have developed bounded
variation. As a generalization of the concept of
bounded p —variation (1 < p < ), Castillo and
Trousselot proposed a new concept of absolutely
continuous and bounded (p, 9) —variation, in which
9 is an increasing and continuous function. They
discussed the relationship between the absolutely
continuous function and the (p,9) —bounded
variation in that paper [2].

We can replace 9 with integral staircase function
because integral staircase functions are strictly
increasing and continuous functions on a

fractal set F. On a fractal set F, this function is also
not differentiable [3].

The integral staircase function is a generalization
of the Lebesgue-Cantor staircase function defined
on a Cantor ternary set [4]. The integral staircase
function is crucial in fractal calculus. Parvate and
Gangal [5] and [6] developed fractal calculus. It is
an algorithmic and straightforward generalization of
the standard calculus, which is used in a variety of
applications [7-13]

Wibowo et al. in [14] defined a new concept of
fractal bounded variation, and we have got some
relationship between fractal Lipschitz continuous
function on a fractal set. In particular, we represent
the characterization of the fractal Lipschitz
continuous  function related fractal bounded
variation. On the other hand, Wibowo et al. in [15]
introduce the concept of fractal F® —absolutely
continuous and obtain the algebraic properties of the
function.

In this paper, we investigate the relationship
between those two functions. We show that any
fractal bounded p —variation function is
F® —absolutely continuous on the fractal F. The set
F c [a, b] is used throughout the paper to represent
a fractal set.
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2. PRELIMINARIES

We will review certain ideas in this area before
moving on to the next section. The following are the
definitions of subdivision, coarse-grained mass, and
the integral staircase function.

Definition 2.1 [4] A subdivision P of [a,b],a < b,
is a finite set of points {a = xg, X1, ..., Xy = b}, x; <
Xi;1,L=0,1,..,n—1. The interval [x; x;;,] for
i=01,..,n—1 is called a component of the
subdivision P. A subdivision P; of [a, b] is said to
be finer than a subdivision P, if P, o P,. In case
a = b, the subdivision of [a, b] is defined as the set
{a}.
Definition 2.2 [4] Let 0<a<1 and Ilet
f:la,b] — R. Given § > 0 and a < b, the mass
function y*(F, a, b) of F is defined by
ya(F’ a, b) =
lim inf
8-0 {P4 p1:IPI<8}
where |P| = max (x;,; —x;),T(.)
0<isn-1

_1 (xig1—x)*
?:olﬁg(ﬂ [x;, X 411D,

is a gamma function and 6(.,.) is a flag function,
ie.,
1, Fﬂ[xi,xl-+1] * @
H(F' [xi'xi+1]) - {O’Fn[xi’xi+1] = Q.
The integral staircase function S# of order a € (0,1)
for a fractal set F is defined as follows by Definition
2.2.
Definition 2.3 [4] Let a, be an arbitrary and fixed
real number. The integral staircase function S§ of
order @ € (0,1) for a fractal set F is defined by
« _(Y*(F,a0,x),x = ag
Sr(x) = {—y“(F, a,ay),x < a,.
Theorem 2.4 [4] Let a € (0,1). Let F be a fractal
subset of [a,b]. If y%(F,a,b) < o, then for all
x,y € (a,b) such that x < y, we have the following
statements
(i) SF(x) isincreasingin x,
(i) 1fFN(x,y) = @, then S¥ is a constant on
[x,v1,
(i) SF(y) =Sp(x) =y*(F,x,y),
(iv) SF(x) is continuous on (a, b).

The following are given a definition of a fractal
F% —absolutely continuous of order a and fractal
bounded p —variation on a fractal set F for 0 <
a<land 1<p< oo
Definition 2.5 [15] Let 0 < a < 1. A function
fila,b] » R is said to be F% —absolutely
continuous of order «, if for each € > 0, there exists
8 > 0 such that whenever {[x;,x;,,]:x; EF,i =
0,1,2,..,n— 1} is a finite collection of mutually
disjoint subintervals of [a, b] with

YEOISE (1) — SE(x)] < 6.
The set of all F& —absolutely continuous functions
on fractal set F denoted by AC#[a, b].
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Definition 3.4 [14] Leta € (0,1) and 1 < p < co.
For a fractal set F and f: [a, b] — R be a function
and a subdivision P,
ap _wn-1 fGie)-rx)IP
VUL P) = Rz IS8 G -sE P
The fractal p —variation of function f over[a, b],
writen V*P(f,[a, b]), is defined by
VP (f, la, b]) = sup Vi (f, P)
P

where the supremum is taken over all subdivision

P of [a,b].

A function f is said to be of fractal bounded
p —variation on the fractal set F of order «, if
VP(f,[a,b]) < . The set of all bounded
p —variation on F of order a will be denoted by
BV,Pla, b]. The fractal p —variation function is
defined as vy (x) = V."P(f, [a, x]) forall x € F.

3. RESULT AND DISCUSSION

In the following theorem, we prove that the
fractal bounded p —variation is bounded.

Theorem 3.1 Let 0 <a<land 1 <p<oo. If
f € BV,"P[a, b] then f is bounded on [a, b].
Proof.
Let x € [a, b], then
lf G = If (@)
<If(x) - f(a)

= <—| '“")‘““)'p_l) (15200 - sz )
S,

,‘?(x)—s;?(anTl .
< (V&P (f; [a, x]) )P (SE() + SE(@) P
< (V*(f; [a, b)) )P (258 (b)) 7.

We conclude that

IFCOI < If @] + (VP (f; [a, b)) (258 (1)) P
forall x € [a, b].
Thus f is bounded on [a, b].

Theorem 3.2 Let 0 <a<land 1<p<oo. If
f € BV;""[a,b] and ¢ € (a,b) then
VP (f 5 [a, B = VP (f [a, ) + V7P (f; [, BD).
Proof.
If P={a=uxq .., x4_1<C=<xg ..,Xp=D>b} is
any partition of [a, b] and x,_; < ¢ < x4,
then
If Ger) = f (e=2DIP
|sgGe)-sg T
< If ) =f(©IP If (&)= f Cxp—1)IP
T Isfa-sg©@P T sf@-sE -0

So that
n—-1 If (xip1)=F (x)IP
=0 sg G -sEapP
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k-2 If Ceip)—f(x)IP
O sE i) -sE T
If Cep)—£ ()P
|s&Gp-sg@P "
If (©)—f (xp—IP
|s&(e)-sEGa_P "
- If (xip1)—f (x)IP
+ 3 : =
Zl_k |Sg(xi+1)—51g(xi)|p '
a, a,
<V."P(f;la, c]) + VP (f; [c, b])
which implies that
VP (f 5 la, D) < VP (f; [a, c])
+ V7P (f; e, b]).

1)
To prove the other inequality, we let € > 0 and select
a partition P = {a = xg, xy, ..., x;, = ¢} of [a, c] for
which
k-1 IfCip)=fx)IP > pap £
= - = ;la,c]) —<=
=0 st -sgepP T T (filach 2
and a partition P’ = {¢ = x4, Xj41, -, Xn = b} Of
[, b] for which
n-1_ IfGip)-F&x)IP ap £
i= ==V sla, cl) — -
S Yoy -sgapp = il
Then for partition P U P’ of [a, b] we have
n-1 If (ip)—f (x)IP
=0 |Sg(xi+1)—5g(xi)|p_1
— Zl_c—z If (Kip1)—f (x)IP
=0 |Sg(xi+1)—5g(xi)|p_1
If (xr)=f ()P
|s& Ceo-sg@P
If ()= f Cxp-1)IP
Isg(@-sf -
- If (eir ) =f xDIP
+ T}_ 1 i+1 i _
Zl_k |Sﬁ‘(xi+1)—5}3‘(xi)|p !

> VP (f; [a, c]) + V&P (f; [c, b]) —

E.
This assures that
VP (f; [a, b)) 2 Vi (f s [a, c]) +
VP (f; [e,b]) — €
for all € > 0 and hence that
VP (f; [a, b)) = VP (f s [a, c])
+ VP (f; [e, D).
(2)
From inequality (1) and (2) we conclude that
VP (f; la, b)) = VP (f s [a, c]) +
VP (f; [, b]). The
prove is complete.
Which shows that f € ACf[a, b].
(i) Letf € BV,*P[a,b]. Let P = {xq, xq, ..., X} iS
any subdivision of [a, b]. Let € > 0. On the interval
[x;,x;41]1, kK =0,1,...,n— 1 we can find
subdivision P; = {x; = t;g, ..., tymy—1 = X;41} With
ti; < ty4q forl =0,..,m; — 1 such that
mi=1_ |f(tyen)—f(t)]” +£
O (sei)-sE). T
VP (5 [ xi44]).

It follows that
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Yo ve P (ien) — vp P ()]
- Q,
?:o1 Ve P(f; [xi xi44])
< yn-1[ymi-1 |f(ti,l+1)_f(ti,l)|p
—= Zi:o 1=0 « « p—1
(SF (ti141)-SF (fi,z))

£
n

< 2e.

This shows that v;? is F* —absolutely continuous
on a fractal set F.

4. CONCLUSIONS

In this paper, we have discussed if f a fractal
bounded p —variation function on a fractal set F
then £ and fractal p —variation v, ? are F* —fractal
absolutely continuous on a fractal set F.
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