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ABSTRACT 
The article provides an overview of the economic situations of different countries related to the impact of the COVID-
19 pandemic and reveals some conclusions for the economies of the countries. An overview of some economic 
models based on the application of ordinary differential equations, linear and nonlinear, integer and fractional orders 
is presented. An overview of approximate methods for their solution is also presented. The expediency of application 
of this or that numerical method for solution of differential equations is shown. For some equations of continuous 
models of economy an approximate method is proposed and substantiated in the paper. The convergence estimations 
of the approximate methods in the corresponding functional spaces are given. The implementation of the proposed 
solution methods on test examples are presented. Also the results of numerical solution of these equations have been 
obtained in the form of graphs and a comparative analysis of the obtained results has been carried out. 
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1. INTRODUCTION 

The economy reacts particularly sharply to global 
world problems that affect practically every country in 
the world. Such a global challenge to humanity was the 
outbreak of the COVID-19 pandemic, which caused 
great economic losses in many countries, undermining 
some external economic contacts of countries, caused 
damage to human resources, claiming millions of lives, 
revealed problems in the social spheres. Despite its 
destructive nature, the pandemic stimulated the 
development of domestic economies, so, for example, 
the U.S. [1] saw the shortest recession, which passed 
faster than during the global GFC crisis, thanks to the 
economic stimulus programs. In addition, the problems 
of the economy have revealed, exposed its most 
vulnerable sides, the agendas of the Security Councils of 
many countries, including Russia, is the issue of 
improving living standards by developing social 
programs and encouraging small businesses, because 
entrepreneurship plays a key role in the economic 
development of countries. Statistics show [2] that in 
times critical for the economy, the opportunities for 

entrepreneurship are limited and for their intensification 
requires the introduction of innovative approaches. 
Thus, the crisis associated with COVID-19 was a so-
called catalyst for the development of new businesses. 
As noted earlier, there was a decline in economic 
performance due to difficulties in international 
communications. In connection with this, we should 
also note the migration policy. The labor markets of a 
number of countries were deprived of workers, and 
they, in turn, were deprived of income. In Tajikistan, for 
example, before the pandemic, external cash inflows 
exceeded a quarter of the country's annual GDP. But as 
studies have shown [3], the pandemic had only a 
temporary impact, serious only after the outbreak, and 
then the process of migration and remittances recovered, 
which determined its persistent nature. An important 
aspect of creating a sustainable economy is to identify 
models that are resilient to adverse situations. In this 
connection, it is possible to cite a number of works 
[4,5], the authors of which conducted research in this 
area, defined scenarios for the development of territorial 
economic systems [6]. The crisis aspects of 
globalization in the development of financial relations 
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require, in the opinion of the authors [7], the 
development of methods that allow forecasting the 
dynamics of economic cycles, the model of which uses 
systems of differential equations. Also the model based 
on the system of differential equations is used by the 
authors [8] on the basis of statistical data of the US GDP 
defined a predictive model linking several economic 
indicators. 

Continuous models of the economy are mainly based 
on integral order differential equations. For example, in 
[9] a model of stocks and its numerical solution is 
presented, there to the traditional model is connected a 
component such as memory effect. Dynamic processes 
in the economy are also investigated in [10], and a new 
differential equation describing the dynamics is added to 
the basic system of differential equations, the model is 
illustrated by an example and a numerical solution is 
found. In addition, there are many models that use a 
probabilistic component, stochastic models. For 
example, for the model of optimal investment 
application, in [11] a numerical solution and analysis of 
the results. In [12] the authors studied demand 
forecasting, a model based on stochastic differential 
equations. It may also be noted that in addition to 
continuous models of the economy based on linear 
differential equations and their systems, there are also 
two-dimensional models, such as, [13, 14], which 
involve partial differential equations, but we will focus 
only on ordinary linear differential equations, the range 
of coverage of economic models which are diverse. For 
processes accompanied by jumps, differential equations 
of fractional order of differentiation are used, economic 
problems with jumps refer to the problems of 
sustainable economy. Economic models such as the 
Solow model were considered by the authors [15] to 
describe the trajectory of economic growth. The 
Haavelmo model of economic growth, a nonlinear 
macroeconomic model with nonlinear fractional-order 
differentials, was considered by the authors [16]. 

The solution of differential equations in some 
models can be obtained precisely, somewhere it is 
possible to find an approximate solution, the accuracy of 
which can also be established. In addition, the accuracy 
of the information underlying the model also determines 
the accuracy of the results obtained. Thus, in [17] the 
authors on the fact that the study of the processes of the 
real economy does not take into account the existence of 
the shadow economy. In [18] it was proposed to use the 
principle of detection and elimination of redundant 
elements in the mathematical model. The main 
approximate apparatus for obtaining a numerical 
solution of a differential equation is the Runge-Kutta 

method, which is actively used. In [19], the authors 
carry out a comparative analysis of the results obtained 
using the Euler, Runge-Kutta 2, and Runge-Kutta 4 
methods. Runge-Kutta showed good calculation 
accuracy. At the same time, it is necessary to note the 
theoretical aspect of the research. While the Runge-
Kutta method used, for example, in [20], despite its 
labor-intensive nature, has considerable accuracy and is 
widely used in computer calculations, it cannot be 
applied to theoretically substantiate an approximate 
solution for a wide class of problems. Where as direct 
and projective methods have this quality. Of the large 
variety of direct methods [21] we can single out a group 
of projection methods, which includes the Galerkin 
method, which is convenient for theoretical justification 
of existence and estimation of approximate solution 
error, however, it is difficult to implement in practice. 
The application of direct and projective methods for 
solving equations (Ritz, Bubnov-Galerkin methods) has 
been recently devoted to many works [22]. This is due 
to the fact that the issues of theoretical research of these 
equations and the possibility of finding the optimal 
solution are of great interest for modern science. Also, 
despite the results obtained for the study of differential 
equations with fractional order [23], there are currently 
very acute problems of finding and justifying 
approximate methods for their solution. 

2. MATERIALS AND METHODS 

Consider the application of differential equations to 
continuous models of the economy, for example, when 
studying the dynamics of capital formation (in the 
neoclassical growth model), it is represented as a 
function of time t and the following nonlinear first-order 
differential equation with separating variables is 
obtained: 

 (1) 

Labor productivity as a function of time is defined 
through Y = F (K, L) - national income, where F is a 
homogeneous production function of the first order, for 
which the following relation is true: F (TK,TL) = TF (K, 
L), K is the amount of capital investments (production 
funds), L is the amount of labor input. Let us consider 
the value of capital investment K = K/L, then labor 
productivity is expressed by the formula 

 
(2) 

Let's consider a specific problem: for the production 
function  find the integral curves of 
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equation (1) and the stationary solution. Please refer to 
“Equation (2), from which it follows that 

, 

and then Equation (1) has the form 

 
(3) 

Consider the problem for a differential equation of 
the form: 

 
(4) 

 
or in the operator form:  where 

  As D(A), let us 
take the set of twice continuously differentiable 
functions on (0,1) that satisfy the given boundary 
conditions. The energy space generated by the operator 
A:  space of function in  satisfying the given 
boundary conditions. As the basis functions we can take 
a system of functions  full in space  

Then an approximate solution of equation (4), 
according to [24], is found as: 

 
(5) 

The unknown coefficients  of formula (5) are 
determined according to the Bubnov-Galerkin method 
from a system of linear algebraic equations written in 
matrix form:  
where 

 

 

Then the following theorem is valid for equation (4). 

Theorem. Let the operator  is quite continuous 
in the  Then at sufficiently large N the Bubnov-
Galerkin method gives the only approximate solution 

, which converges to the generalized solution u of 
equation (4) on the norm of the space  

The proof of the theorem is carried out according to 
[24]. 

3. RESULTS AND DISCUSSION 

As an illustration, let us give examples of solutions 
of some differential equations for models of economics 

using two approximate methods, namely the Runge-
Kutta method and the Bubnov-Galerkin method. As the 
first example, let us give the solution of a nonlinear 
differential equation (3) by the Runge-Kutta method. 
Let us take in equation (3) α=2; β=1,5; L=10 and in the 
initial moment Y=2, then we find an approximate 
solution as shown on Figure 1: 

 

Figure 1 Graph of the integral curve-solution of 
equation (3) by the Runge-Kutta method. 

The exact solution of equation (3) with the above 
parameters is found analytically, by solving the Cauchy 
problem for the equation with separating variables 

 the 
graph is shown in figure 2. 

 

Figure 2 The graph of the exact solution of the equation 
(3). 

Note that the graph in Figure 2 shows two branches 
of this function, since the exact solution is represented 
as a quadratic function with respect to the new desired 

, which has two branches of the graph, due to 
symmetry with respect to the straight line  
however, the upper part of the graph coincides 
completely with the approximate solution in Figure 1. 
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Thus, as shown above in the example of the solution 
of equation (3), with the input parameters of the 
problem L, α and β unchanged, the function of capital 
equipment in this case steadily tends to the stationary 
value regardless of the initial conditions. This agrees 
with the known results from economic theory [25]. 

As an illustration of the following approximation 
methods, consider a linear differential equation for a 
market model with predicted prices. 

 (6) 

Consider the case when at the initial moment P(0)=4 
and P´(0)=1, then find the exact solution of the linear 
inhomogeneous differential equation of the second order 
with respect to the function P(T). It is known that the 
exact solution of the Cauchy problem is: 

 the solution 
graph in Figure 3. 

 

Figure 3 The graph of the exact solution of the equation 
(6). 

Analyzing the obtained result, it was found that all 
prices tend to the established price PSt=3 with 
fluctuations around it, and the amplitude of these 
fluctuations decays with time. 

An approximated solution found by the Runge-Kutta 
method of the fourth order of accuracy has the form 
shown in Figure 4. 

 

Figure 4 Graph of the approximate solution of equation 
(6) by the Runge-Kutta method. 

Comparing the graphs of the exact and approximate 
solutions, we can see that they coincide, which shows 
that the accuracy of the approximate solution is high. 

However, in the general case for theoretical 
justification of the application of approximate methods 
of solution of differential equations, additional research 
is needed. 

Next, we calculate an approximate solution using the 
computational scheme of the Bubnov-Galerkin method 
proposed for equation (4), according to which the 
solution is reduced to a system of linear algebraic 
equations  Elements of matrix A, the vector-
column of free members F, the elements of which are in 
the form  calculated in Mathcad. 
As a result, an approximate solution U(x) according to 
formula (5) is obtained at N=10, the graph of which is 
shown in Figure 5. 

 

Figure 5 Graph of the approximate solution of equation 
(4) by the Bubny-Galerkin method. 

Let us compare the approximate solution of equation 
(4) with the exact solution of the equation at given 
initial conditions. We have the exact solution in the 
form: 
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The graph of the exact function is shown in Figure 6 

and agrees completely with the graph of the 
approximate solution in Figure 5, obtained by the 
Bubnov-Galerkin method. 

 

Figure 6 The graph of the exact solution of equation (6). 

Consider the task of:  

 

 
(7) 

he approximate solution of (7) will be searched for 
by the Ritz method [24], according to which we take the 
eigen functions of the operator as basis functions 

 with the area of definition  
consisting of continuous on [0,1] and having derivatives 
up to and including the second order of functions  
satisfying the conditions  Note that 
the eigenvalue  and the corresponding eigen function 

 of operator A have the form 
 Then an 

approximate solution of (7) will be sought in the form 
(5), where the unknown coefficients of expansion (5) 
are defined explicitly as: 

 
(8) 

Let us take as a test example the numerical 
implementation of the proposed computational scheme 
for problem (7) values  

Then equation (7) will take the form: 

       (9) 

 

where the right-hand side of equation (9) is explicitly 
specified as a function 

 

Obviously, the exact solution is 
 

As an illustration of the method, the approximate 
solutions of (7) will be found in the form of the 
trigonometric polynomial (5), the unknown coefficients 
of which will be found from the definite integral (8) and 
after slight transformations will finally take the form: 

 

Substituting the formula we obtain an approximate 
solution for which the graph is shown in Figure 7. The 
graph of the corresponding exact solution is shown in 
Figure 8. 

0.2 0.4 0.6 0.8 1.0

0.05

0.10

0.15

0.20

0.25

0.30

0.35

 

Figure 7. A graph of the exact solution . 

0.2 0.4 0.6 0.8 1.0

0.05

0.10

0.15

0.20

0.25

0.30

 

Figure 8. Graph of the approximate solution  

It is easy to see that the graphs of the approximate 
and exact solutions almost coincide. 

4. CONCLUSIONS 

When investigating various differential equations for 
continuous models of the economy, it is necessary to 
understand that the Runge-Kutta method of the fourth 
order is the most used one for ordinary differential 
equations. The Bubnov-Galerkin method, which refers 
to direct methods that in turn lead to systems of linear 
equations, is also now widely used to justify the method, 
to obtain theoretical estimates of the accuracy of the 
method, and to subsequently solve the equations. 
However, for some equations, one method gives a 
smaller error and for others a different one. However, 
there are a number of problems, such as problems with 
differential equations of fractional order, which cannot 
be solved by the Runge-Kutta method, so for them the 
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authors justified the application of the Bubnov-Galerkin 
method. 
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