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ABSTRACT

Consider G = (V, E) as afinite, simple, connected graph with vertex set V and edge set E. G is said to be a decomposable
graph if there exists a collection of subgraphs of G, say H = {H;|1 < i < n} such that for every i # j, H; is isomorphic
to H;, UL, H; = G and should satisfy that E(H) N E(H;) =@ if i #j. Let £:V(G) UE(G) - {1,2, ..., [V(G)| +
|E(G)|} be a bijection mapping such that every subgraph in H has the same total of valuation w(H;) =
Z(f(v) + f(e)) =k forv € V(H;) and e € E(H;). In this paper, k is called a magic constant. If every subgraph H; =
H and using this labelling results w(H;) = k for all i, then G admits H-magic decomposition. Otherwise, if the total
values among all subgraphs are different, then G admits H-antimagic decomposition. In this research, a graph derived
from amalgamating some cycles in a terminal vertex is the object to be investigated to find its property regarding magic
decomposition. Furthermore, we find that the vertex amalgamation of some identical cycles admits both magic and

antimagic decomposition, which depends on its order.
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1. INTRODUCTION

In an organization, some problems may arise and
sometimes need a formulation to find the best solution.
This formulation uses mathematical notation and
modeling. A problem that arises in an institution, such as
task assignment for employees, frequently needs extra
consideration since the unbalance workload among the
employee may arise. Regarding this issue, some
researchers had applied a method, for example, Linear
Programming using Hungarian Method, to solve the
workload problem [1,2,3].

Another method studied in graph theory, magic
decomposition, can also be implemented to the task
assignment in a company. Using this method, initially,
the workflow in this company needs to be modeled as a
graph. Let it has some divisions, and each division
consists of the same number of employees and their
assignments. People in this division are denoted by
verteX, and the assignments are illustrated as edges. The

objective is to find the most proportional arrangement
such that every division has the same workload.

In order to implement this concept, we use graph
theory notation as follows. Consider G = (V,E) as a
finite, simple, connected graph with vertex set IV and edge
set E. G is said to be a decomposable graph if there exists
a collection of subgraphs of G, say H = {H;|1 < i < n}
such that for every i # j, H; is isomorphic to H;,

™, H; = G and should satisfy that E(H,) N E(H;) = @
ifi#j.

Let f:V(G) VE(G) - {1,2,...,.|V(G)| + |E(G)|} be
a bijection mapping such that every subgraph in H has
the same total of valuation, denoted by w, that is for v €
V(H_i) and e € E(G) altogether produce w(H;) =
Y(f() + f(e)) = k. In this paper, we said k as a magic
constant. If every subgraph H; = H of G admits such
labeling, then G admits H-magic decomposition.
Otherwise, if the total value among all subgraphs is
different, then G admits H-antimagic decomposition.
Furthermore, if f(V(G) ={1,2,...,|V(G)|}, then the
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labeling is called super. The following results provide
some results in this area. Subbiah et al. in [4] provide a
characterization ~ of  2-factor-edge-super  magic
decomposable graphs. Moreover, Hendy et al. in [5] had
investigated a sufficient condition of H-super magic
decompositions of the lexicographic product of cycles
and complete graphs. On the other hand, Inayah et al. in
[6] studied magic and antimagic decomposition for
complete graphs, and Hendy et al. in [7] explained how
to decompose antimagically toroidal grids and
triangulations. Specifically, Xiong et al. in [8] worked
and observed the amalgamation of wheels, fans, and
flower graphs.

2. MAIN RESULT

This research deals with the magic and antimagic
decomposition of vertex amalgamation of cycles. Let
Amal{C,}, be an amalgamation of ¢ number of cycles of
order n in € = {C;] 1 < i < n} which is constructed by
joining all C; in a vertex v, called terminal. In order to
find the desired decomposition, initially, we define the
vertices and edges label in Amal{C,}; as follows [9]:

For i =1,2,...,t, each cycle C, consist of V(C,) =
{vo,vi,vi,..,vi 1} and E(C,) ={e = }_1vj-i,en =
vh v |j=12,..,n—1}.

From this definition, we have |V(Amal{C,},)| =
(n—1Dt+ 1 and |E(Amal{C,};)| = nt. Therefore, we
will have 2nt — t + 1 natural number to label the graph
such that it can be decomposed to be magic or anti-magic.

Let A be a finite set of natural numbers. The sum of
all elements in X is called the sumset of A in [6] and
denoted by

LA = Ygeaa 1)

The following lemma provides a property regarding
how to set the labels into an appropriate arrangement.
Lemma 1

Let ¢t be an odd natural number and A = {i|1 <i <
2t} be a set of natural numbers. Define A = {4; c
A|1 < j < t} be a collection of t number disjoint subsets
of A, which consist of two elements. Then there is an
arrangement such that the sumset of each subset 4; forms
an arithmetic progression that differs 1.

Proof
First of all, we need to divide the index j into even
and odd. For j odd, set 4;,,, = {[ﬂ ) H + EJ} and for

j even, set A; = {é E] é + t}. Therefore,

even

EAjeven_ZAjodd = (§+E]+é+t)_([é]+[é]+
P S
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Now, let v = |V(Amal{C,};)|=(n—1t+1 and
e = |[E(Amal{C,};)| = nt. Also for each n, define the
vertex set V(Cp) = {vo, v}, v}, v, ..., vy, 1 } and its edge
setas E(CL) = {el, el, ..., el}.

Theorem 1

Let n>3 and t are natural numbers. Graph
Amal{C,},; can be decomposed into t number of C, as
follow:

i. iftisanodd number, Amal{C,}; admits a super
magic C, decomposition with magic constant
k=n@nt—t+2)—>(t+1)

ii. If t is an even number Amal{C,}; admits an
(a, d)-antimagic C, decomposition with a =
2n*t—nt+2n—>+1andd = 1.

Proof

i. First of all, we need to set vertex labeling and edge
labeling as follow:

f:V(Amal{C,};) — {1,2,3, ..., v} such that

f(we) = v )
f(vj)=i+ (=1t fori=123,.. tandj =
1,2,3,..,n— 2, 3)

And f(v)) =(n—Dt+1—iforj=n—1. (4)

Using (1), the total of vertex label of each C} is the
sum of Equation (2), (3), and (4), that is

n-2

Fo) + ) f(5)) + f(via)
j=1

=(n—l)t+1+Z(i+(j—1)t)+(n—l)t
=1

+1—i

. . t(n—1)

=2nt—t+1)—-i+(n—-2) l—t+T
t(n? —5n+6) ]
=ont-2t4+2+—— 4 (n—3)i

=t —nt + 2t +4) + (n - 3)i (5)

On the other hand, its edge labeling is based on the
following assignment

g:E(Amal{C,};) > {v+1Lv+2,v+3,..,v+te
Using Lemma 1, g(ef) and g(e}) are defined as

follow:
] E] + v, iodd
'g(ei = i t . (6)
E+ H + v, i even
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_ H + l%J + v, iodd

g(ed) @

%+ t+ v, ieven
and

glef)=v+jt+1—iforj=345..,ni=
1,2,..,t. 8

Adding up the Equation (6), (7), and (8), then the
total of edge label for each C when i is odd results

a(ed) +g(ed) + ) a(e))
=3
=|s|+v+ |5+ 5] +v+ B+t +1-0)

. 3t—-1
=2v+i+1+

+m-2)nt—t+2-1)

nt(n+1)

+ -3t

3
=2nt—-2t+2+i+

1
...+E(3n2t— S5nt+4n— 2t —8) — (n — 2)i

1

=§(4nt—4t+4+3t—1+3n2t—5nt+4n)

—t—4—(n+3)i
=-@nit—nt—3t+4n—5—@m-3)i (9)
Adding Equation (5) and (9) gives the magic
constant k = n(2nt —t + 2) —%(t +1).

Using the same procedure for i as an even number,
then the same constant magic is achieved.

Moreover, we can see from this labeling that the
label v is encountered (t — 1) times. So, the total
label for each C,, is

k=%[(t—1)v+Zi

2nt—t+1
- %[(t D[ =Dt +1]+ Z il

i=1

1
=?[(nt2—nt—t2+2t—1)

2
242 2 t_ _E
+2n2? - 2ne? + >+ 3nt - ot + 1

=2nzt—nt—£+2n+1
2 2

=n(2nt—t+2)—%(t+1) (10)
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Therefore, if t is an odd number, Amal{C,}, admits
a super magic C, decomposition with magic
constant k = n(2nt — t + 2) — % (t+1).

i. Let n be any natural number and t is an even

number. The term % (t + 1) in Equation (10) is nota

natural number. So, there is no (super) C,-magic
decomposition in Amal{C,}; using the vertex and
edge labeling as mentioned in part (i) of this proof.
Since it applies vertex labeling in Equation (2) for
j=0 and Equation (3) for j=12,..,n—-1
(without Equation (4)), so the total of vertex label of
each C.. is

n-1
fw)+ > £(v)
j=1
n-1

=(n—1)t+1+Z(i+(j—1)t)
=1

=1+ Ty (n-1)i (11)

And then, using edge labeling in Equation (6) and
(7), we can see that for i odd,

i i . 3t
gle)+g(ed)=i+1+2v +5
but for i even,
. . . t
gle)+g(ed)=i+2v+ 3

which means that the total label of each C! are
consecutive with different 1.

On the other hand, its edge labeling is based on the
Equation (6), (7), and (8). So, the total of edge label
for each C}, when i is even, is

g(el) +g(ed) + Zg(e})

=[] re ol 3]+
+ X7+ jt+1-10)

=i+1+20+ 2+, +jt+1-1)

1
=E(4nt—4t+4+3t+3n2t—5nt

+4n — 2t —8) — (n + 3)i
=-@nt—nt—3t+4n—4)— (n—3)i (12)

Choose i = 1, then the sum of Equation (11) and
(12) gives the smallest total label in C;, that is
(n* —n)

a=l+——t+(n-1)

50



ATLANTIS

PRESS Advances in Computer Science Research, volume 96

The following result shows that the magic constant can

1
Z(3n%t — nt — —4) —(n—
* 2 @Gnit—nt=3t+4n—4) - (n-3) have many alternatives as stated in Corollary 1.

= 2n2t—nt+2n—%+ 1. Corollary 1
This proves that for ¢ even number, Amal{C,}, The boun_d of the magic constant of _Amal{Cn}t with
admits a super (a, d)-C,,-antimagic decomposition. n = 3 and t is an odd number such that it has a C,,-super

™ magic decomposition is 2n%t — 2nt + g +3n —% <

1
Figure 1 illustrates how to build an amalgamationof 5~ k < n(2nt —t +2) = > (¢t +1).
copy of C; with notion of its vertices and edges.

Moreover, Figure 2 shows the vertex and edge Proof.
labeling, so it admits super Cs-magic decomposition The lower bound of the magic constant can be
with magic constant k = 467. achieved when the terminal vertex is assigned by label 1,

while label v is applied for its upper bound. Using similar
vertex labeling and edge labeling from theorem 1 by
changing the label of v, from v to 1, the following magic
constant is for f(v,) = 1, while if f(v,) = v is already
shown in the previous proof.

Y
2nt—-t+1
I(t—1)+ z ]

=Tl 4

2
242 2 E_ _.§
+( 20707 = 20t + -+ 30— St + 1

1 t? 1
=—|2n?%t? - 2nt>+—+3nt— =t
t 2 2

3 3
(& (B t 1
! ) =2n2t—2nt+z+3n—§
Figure 1 Amalgamation of 5 copy of identical cycles of 1

order 7, Amal{C,}s. =n2nt—-t+2) - 3 t+1

3. CONCLUSION

The amalgamation of t copy of cycles is a graph that
is obtained by joining some (identical) cycles in a
terminal vertex, denoted by Amal {C,};. For any n
natural number and t odd number, then Amal{C,};
admits a super C,-magic decomposition, but for t even
number, it admits a super C,,-antimagic decomposition.
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Figure 2 Vertex and edge labeling on Amal{C,}:.
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