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ABSTRACT 

A generalized theta graph is a graph constructed from two distinct vertices by joining them with 𝑙 (>=3) internally 

disjoint paths of lengths greater than one. The distinguishing number 𝐷(𝐺) of a graph 𝐺 is the least integer 𝑑 such that 

𝐺 has a vertex labelling with 𝑑 labels that is preserved only by a trivial automorphism. The partition dimension of a 

graph G is the least k such that V(G) can be k-partitioned such that the representations of all vertices are distinct with 

respect to that partition. In this paper, we establish a relation between the distinguishing number and the partition 

dimension of a graph. We also determine the distinguishing number for the generalized theta graph. 
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1. INTRODUCTION 

The distinguishing number of a graph was introduced 

by Albertson & Collins [1] in 1996. In a graph G(V,E), a 

labelling is said to be r-

distinguishing labelling if all of the vertex labels are 

preserved only by the identity automorphism. The 

distinguishing number of a graph G, denoted by 𝐷(𝐺),  is 

defined as the least integer k such that G has k-

distinguishing labelling. 

The partition dimension of a graph was introduced by 

Chartrand et al. [2, 3] to tackle the problem of finding the 

metric dimension for a graph. For any vertex v and w in a 

connected graph 𝐺(𝑉, 𝐸)  and a subset 𝑆  of 𝑉 ,  the 

distance 𝑑(𝑣, 𝑤)  between two vertices vertex 𝑣 and 𝑤 is 

the length of a shortest path connecting both vertices, and 

the distance d(v,S) between v and S is defined as 

𝑑(𝑣, 𝑆) = min{𝑑(𝑣, 𝑥) |𝑥 ∈ 𝑆}. Let 𝜋 =  (𝑆1, 𝑆2, … , 𝑆𝑘) 

be an ordered k-partition of 𝑉(𝐺) . The representation   

𝑟(𝑣 | 𝜋) , of a vertex  with respect to 𝜋  is defined as 

𝑟(𝑣 |𝜋) = (𝑑(𝑣, 𝑆1), 𝑑(𝑣, 𝑆2), … , 𝑑(𝑣, 𝑆𝑘)).  The k-

partition 𝜋  is a resolving partition of G if the 

representations of all vertices are distinct. The partition 

dimension of the graph G is the minimum k for which 

there is a resolving k-partition of G and denoted as 

𝑝𝑑(𝐺). 

 

The distinguishing number of some well-known 

graphs are as follows. For a cycle Cn on n vertices, we 

have that 𝐷(𝐶𝑛) = 2, for any 𝑛 ≥ 6,  since there is a 

minimum distinguishing labelling c on a cycle  𝐶𝑛 such 

that 𝑐(𝑣1) = 1, 𝑐(𝑣2) = 1, 𝑐(𝑣3) = 2, 𝑐(𝑣4) = 1, and 

𝑐(𝑣𝑘) = 2,   for 5 ≤ 𝑘 ≤ 𝑛.  But, if 𝑛 = 3,4,5, then 

𝐷(𝐶𝑛) = 3 [1]. For a path 𝑃𝑛 and a complete graph 𝐾𝑛, 

𝐷(𝑃𝑛) = 2 and 𝐷(𝐾𝑛) = 𝑛, for any 𝑛 ≥ 2 [1]. For the 

generalized Petersen graph 𝑃(𝑛, 𝑘), 𝐷(𝑃(𝑛, 𝑘)) = 2, for 

any (𝑛, 𝑘) ≠ (4,1), (5,2).  Otherwise, 𝐷(𝑃(𝑛, 𝑘)) = 3  

[4]. If G is a hypercube 𝑄𝑛, then 𝐷(𝑄𝑛) = 2, for any 𝑛 ≥
4  [5]. For the results of the partition dimension of some 

standard graphs, see for instance [3, 6 – 10].  The 

distinguishing number and partition dimension of some 

well-known graphs are summarized in Table 1.  

In [11, 12],; for any integers 𝑠𝑖 ≥ 1 for each i, the 

generalized theta graph Θ(𝑠1, 𝑠2, … . , 𝑠𝑙)  is a graph 

consists of a pair of end vertices, say x and y, joined by 𝑙  
internally disjoint paths of lengths 𝑠𝑖 + 1  for each 𝑖 ∈
[1, 𝑙] . If such internally disjoint paths connecting the 

vertices x and y consist of 𝑛𝑖 disjoint paths of length 𝑠𝑖 +
1  (including x and y), for 𝑖 = 1,2, … , 𝑘, then the 

generalized theta graph is denoted by 

Θ(𝑠1
𝑛1 , 𝑠2

𝑛2 , … , 𝑠𝑘
𝑛𝑘). If 𝑠𝑖 = 𝑠, for all 𝑖, the generalized 

theta graph is called uniform, and it is denoted by Θ(𝑠𝑙). 
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Table 1. Distinguishing number and partition dimension of some well-known graphs 

Graph Distinguishing Number Partition Dimension 

Path 𝑃𝑛  𝐷(𝑃𝑛) = 2 , 𝑛 ≥ 2 [1] 𝑝𝑑(𝑃𝑛) = 2 , 𝑛 ≥ 2 [2] 

Cycle 𝐶𝑛 𝐷(𝐶𝑛) = 2 , 𝑛 ≥ 6 [1] 𝑝𝑑(𝐶𝑛) = {
4, 𝑛 = 𝑒𝑣𝑒𝑛
3, 𝑛 = 𝑜𝑑𝑑

 [13] 

Wheel 𝑊𝑛 𝐷(𝑊𝑛) = {
2   , 𝑛 ≥ 7
3, 𝑛 = 5,6

 [14] ⌈ √2𝑛
3

 ⌉ ≤ 𝑝𝑑(𝑊𝑛) ≤ 2⌈√𝑛 ⌉ + 1, 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥ 4 [6] 

Generalized Petersen 

𝐺𝑃(𝑛, 𝑘) 
𝐷(𝐺𝑃(𝑛, 𝑘)) = {

3, (𝑛, 𝑘) = (4,1)𝑜𝑟(5,2)
2, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

[4] 𝑝𝑑(𝐺𝑃(𝑛, 𝑘)) ≤ 4 , 𝑛 = 2𝑘 + 1 [10] 

Hypercube 𝑄𝑛 𝐷(𝑄𝑛) = {
2   , 𝑛 ≥ 4
3, 𝑛 = 3

 [5] 
Not known yet 

Star 𝐾1,𝑛−1 𝐷(𝐾1,𝑛−1) = 𝑛 − 1 , 𝑛 ≥ 3 [1] 𝑝𝑑(𝐾1,𝑛−1) = 𝑛 − 1 , 𝑛 ≥ 3 [3] 

Complete Graph 𝐾𝑛 𝐷(𝐾𝑛) = 𝑛 [1] 𝑝𝑑(𝐾𝑛) = 𝑛  [3] 

Complete Bipartite 

𝐾𝑛,𝑛 

𝐷(𝐾𝑛,𝑛) = 𝑛 + 1 [15] 𝑝𝑑(𝐾𝑛,𝑛) = 𝑛 + 1 [16] 

 

For example, in Figure 1(a) we have the generalized 

theta graph Θ(13, 34, 42) and Figure 1(b) gives Θ(24).  

 

Figure 1  (a) 𝛩(13, 34, 42) and (b) 𝛩(24). 

 

Lemma 1.1  Let 𝐺 = Θ(𝑠1
𝑛1 , 𝑠2

𝑛2 , … , 𝑠𝑘
𝑛𝑘), 𝑂𝑑𝑑(𝐺) 

denoted the number of longitudes with odd number of 

internal vertices in each, and 𝐸𝑣𝑒𝑛(𝐺)  denoted the 

number of longitudes with odd number of internal 

vertices in each. Then 𝑝𝑑(𝐺) = 𝑚 if and only iff 

a) 𝑚2 − 4𝑚 + 6 ≤ 𝑂𝑑𝑑(𝐺) ≤ 𝑚2 − 2𝑚 + 2, 

b) 𝑚2 − 5𝑚 + 9 ≤ 𝑂𝑑𝑑(𝐺) ≤ 𝑚2 − 3𝑚 + 4. 

 

In this paper, we are going to derive a relation 

between the distinguishing number and the partition 

dimension of any graph. Then, we explore the 

distinguishing number for a particular class of graphs 

called the generalized theta graph. 

2. RESULTS 

First, we are going to establish a general relation 

between the distinguishing number and the partition 

dimension of any graph. We will show that 𝐷(𝐺) ≤

𝑝𝑑(𝐺) for any graph G. Then, we will explore the graph 

G attaining the equality sign and finding the gap 

between these two parameters for the generalized theta 

graph. 

Theorem 2.1  For any graph G, 𝐷(𝐺) ≤ 𝑝𝑑(𝐺). 

Proof. Let 𝐺(𝑉, 𝐸)  be a graph. Let 𝜋  be a resolving 

partition of G with 𝜋 = (𝑆1, 𝑆2, … , 𝑆𝑘), 𝑘 ∈ ℕ. Let t be 

a k-labelling of G induces such partition. We will show 

that t is a distinguishing labelling of G.  Let x, y be any 

two distinct vertices in Si for some 𝑖 ∈ [1, 𝑘]. Since 𝜋 is 

a resolving partition then 𝑟(𝑥|𝜋) ≠ 𝑟(𝑦|𝜋).  This 

means that there exists 𝑆𝑗  such that 𝑑(𝑥, 𝑆𝑗) ≠ 𝑑(𝑦, 𝑆𝑗). 

This implies that there is no nontrivial automorphism 

mapping x and y, preserving vertex-labellings. 

Therefore, t is a distinguishing labelling of G. Thus, 

𝐷(𝐺) ≤ 𝑝𝑑(𝐺).  

It is known that if G is a path Pn, a star K1,n-1, a complete 

graph Kn or a complete bipartite graph 𝐾𝑛,𝑛,  then 

𝐷(𝐺) = 𝑝𝑑(𝐺).  However, it is very hard in general to 
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characterize all graphs G satisfying 𝐷(𝐺) = 𝑝𝑑(𝐺). 
How big is the gap between D(G) and pd(G) for any 

graph G? this question is also very interesting.  

In Theorem 2.2, we will present the upper bound of  

pd(G) if G is a generalized theta graph. This bound was 

derived by Mohan. In Theorem 2.3, we will determine 

the distinguishing number of the generalized theta 

graph. The generalized theta graph is an example of a 

graph that has a considerable large gap between its 

distinguishing number and its partition dimension. 

 

Theorem 2.2  [12] Let 𝐺 be the generalized theta graph 

𝛩(𝑠1
𝑛1 , 𝑠2

𝑛2 , … , 𝑠𝑘
𝑛𝑘).  Then, 𝑝𝑑(𝐺) ≤ ∑ 𝑛𝑖

𝑘
𝑖=1 . 

 

Theorem 2.3 Let 𝐺  be the generalized theta graph 

𝛩(𝑠1
𝑛1 , 𝑠2

𝑛2 , … , 𝑠𝑘
𝑛𝑘).  Let r be the least positive 

integer such that 𝑛𝑖  ≤ 𝑟𝑠𝑖 , for all i. Then, 𝐷(𝐺) =

𝑚𝑎𝑥 {𝑟, 2}. 

Proof. Let 𝐺 ≅ Θ(𝑠1
𝑛1 , 𝑠2

𝑛2 , … , 𝑠𝑘
𝑛𝑘), and x, y be the 

north and south poles of G, respectively. For any 𝑖 ∈
[1, 𝑘], we define 𝒫 =  {𝑃𝑠𝑖

1 , 𝑃𝑠𝑖
2, … , 𝑃𝑠𝑖

𝑛𝑖} as the 𝑛𝑖  paths 

on 𝑠𝑖  vertices connecting x and y in the generalized 

theta graph G. For instance, if 𝑠2 = 4 and 𝑛2 = 5, then 

𝒫 = {𝑃4
1, 𝑃4

2, … , 𝑃4
5} is the 5 internal paths on 4 vertices 

connecting 𝑥 and 𝑦. Let r be the least positive integer 

such that 𝑛𝑖  ≤ 𝑟𝑠𝑖, for all i. Let 𝑞 = 𝑚𝑎𝑥{𝑟, 2}.  

For any 𝑖 ∈ [1, 𝑛𝑖], we define  

𝐴𝑖 = {(𝑥1, 𝑥2, … , 𝑥𝑠,)|𝑥𝑗 ∈ [1, 𝑞], 𝑗 ∈ [1, 𝑠𝑖]}. For 

instance, if 𝑞 = 3  and 𝑠2 = 4, then 𝐴2 =
{(𝑥1, 𝑥2, 𝑥3, 𝑥4) | 𝑥𝑗 ∈ [1,3], 𝑗 ∈ [1,4]}.  

If 𝑟 = 1 define a q-labelling f on G such that 𝑓(𝑥) =
1, 𝑓(𝑦) = 2, and 𝑓(𝑣) = 1, for any other vertices v in 

G. If 𝑟 ≠ 1,  define a q-labelling f on G such that 

𝑓(𝑥) = 1, 𝑓(𝑦) = 2, and for 𝑖 ∈ [1, 𝑘], and 𝑡 ∈ [1, 𝑛𝑖], 

𝑓 (𝑉(𝑃𝑠𝑖
𝑡 )) = 𝑎𝑖 , where 𝑎𝑖 ∈ 𝐴𝑖, and 

𝑓 (𝑉(𝑃𝑠𝑖
𝑡 )) ≠  𝑓 (𝑉(𝑃𝑠𝑖

𝑙 )) for 𝑡 ≠ 𝑙.  

Note that 𝑓({𝑣1, 𝑣2, … , 𝑣𝑛}) = (𝑤1, 𝑤2, … , 𝑤𝑛)  if  

𝑓(𝑣𝑖) = 𝑤𝑖 , ∀𝑖.  

Since r is the least integer satisfies that 𝑛𝑖  ≤ 𝑟𝑠𝑖 , for all 

𝑖 ∈ [1, 𝑘], then f is a distinguishing labelling of G with 

minimum number of labelling. Therefore, 𝐷(𝐺) =
𝑚𝑎𝑥 {𝑟, 2}.   

 

Corollary 2.4  Let 𝐺 = 𝛩(𝑠1, 𝑠2, … . , 𝑠𝑙), 𝑙 > 2, and 

𝑠1 < 𝑠2 < ⋯ < 𝑠𝑙 . Then, 𝐷(𝐺) = 2. 

Proof. Let 𝐺 = 𝛩(𝑠1, 𝑠2, … . , 𝑠𝑙), 𝑙 > 2,  and 𝑠1 < 𝑠2 <
⋯ < 𝑠𝑙 . Since 𝑟 = 1 and by Theorem 2.3 we have that 

𝐷(𝐺) = 2.      

For example, the distinguishing labellings of the 

generalized theta graphs Θ(25, 34, 42)  and 𝛩(2,4,7) 

are given in Figure 2. By Theorem 2.2 and Lemma 1.1, 

, the partition dimension of Θ(25, 34, 42) is between 4 

and 11. By Theorem 2.3, its distinguishing number is 3. 
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Figure 2. The distinguishing labellings of 𝛩(25, 34, 42) 

and 𝛩(2,4,7) 
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