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ABSTRACT

A generalized theta graph is a graph constructed from two distinct vertices by joining them with [ (>=3) internally
disjoint paths of lengths greater than one. The distinguishing number D(G) of a graph G is the least integer d such that
G has a vertex labelling with d labels that is preserved only by a trivial automorphism. The partition dimension of a
graph G is the least k such that V(G) can be k-partitioned such that the representations of all vertices are distinct with
respect to that partition. In this paper, we establish a relation between the distinguishing number and the partition
dimension of a graph. We also determine the distinguishing number for the generalized theta graph.
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1. INTRODUCTION

The distinguishing number of a graph was introduced
by Albertson & Collins [1] in 1996. In a graph G(V,E), a
labelling ¢ : V(G) —={1,2,...,r} is said to be r-
distinguishing labelling if all of the vertex labels are
preserved only by the identity automorphism. The
distinguishing number of a graph G, denoted by D(G), is
defined as the least integer k such that G has k-
distinguishing labelling.

The partition dimension of a graph was introduced by
Chartrand et al. [2, 3] to tackle the problem of finding the
metric dimension for a graph. For any vertex vand w in a
connected graph G(V,E) and a subset S of V', the
distance d(v,w) between two vertices vertex v and w is
the length of a shortest path connecting both vertices, and
the distance d(v,S) between v and S is defined as
d(w,S) = min{d(v,x) |x € S}. Letm® = (5,5, ..., Sk)
be an ordered k-partition of V(G). The representation
r(v | m), of a vertex v with respect to « is defined as
r(vin) = (d,$),d®,S,), ...,d(,S,)). The k-
partition m is a resolving partition of G if the
representations of all vertices are distinct. The partition
dimension of the graph G is the minimum k for which
there is a resolving k-partition of G and denoted as

pd(G).

The distinguishing number of some well-known
graphs are as follows. For a cycle C, on n vertices, we
have that D(C,) = 2, for any n > 6, since there is a
minimum distinguishing labelling ¢ on a cycle C,, such
that c(vy) =1, c(vy) =1, c(v3) =2, c(v,) =1, and
c(vp) =2, for 5<k<n. But if n=3,4,5, then
D(C,) = 3 [1]. For a path B, and a complete graph K,,,
D(P,) =2 and D(K,,) =n, for any n = 2 [1]. For the
generalized Petersen graph P(n, k), D(P(n, k)) = 2, for
any (n,k) # (4,1),(5,2). Otherwise, D(P(n,k)) =3
[4]. If G is a hypercube Q,,, then D(Q,,) = 2, forany n >
4 [5]. For the results of the partition dimension of some
standard graphs, see for instance [3, 6 — 10]. The
distinguishing number and partition dimension of some
well-known graphs are summarized in Table 1.

In [11, 12],; for any integers s; = 1 for each i, the
generalized theta graph O(sy,ss,....,s;) is a graph
consists of a pair of end vertices, say x and y, joined by [
internally disjoint paths of lengths s; + 1 for each i €
[1,1]. If such internally disjoint paths connecting the
vertices x and y consist of n; disjoint paths of length s; +
1 (including x and y), for i =1,2,..,k, then the
generalized theta  graph is  denoted by
O(s ™, 5,2, ..., 5. ™). If s; = s, for all i, the generalized
theta graph is called uniform, and it is denoted by ©(s!).
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Table 1. Distinguishing number and partition dimension of some well-known graphs

v 275

Graph Distinguishing Number Partition Dimension
Path P, D(B) =2,n=2][1] pd(P) =2,n > 2[2]
Cycle C D(Cy)) =2,n=6]1] _ (4 n=even

" " pd(Cy) = {3,n = odd [13]
Wheel w, 2 ,n= [mlﬁpd(Wn)SZ[\/ﬁ]+l,

foralln = 4[6]

Generalized Petersen
GP(n, k)

3,(n, k) = (4,1)or(5,2)
2, otherwise

D(GP(nk)) = {

(4]

pd(GP(n,k)) < 4,n =2k +1[10]

Hypercube Q,

2 ,n=4

D) =1{3 =5 Bl

Not known yet

Star Ky 4

D(Kin1)=n—-1,n=3[1]

pd(Kin1)=n—1,n>33]

Complete Graph K,

D(Ky) = n[1]

pd(Ky) =n [3]

Complete Bipartite

D(K,,)=n+1[15]

pd(K,,) =n+1[16]

Kn,n

For example, in Figure 1(a) we have the generalized
theta graph ©(13, 3, 42) and Figure 1(b) gives ©(2*).

X
X
Y
Y
(a) (b)

Figure 1 (a) ©(13,3%,42%) and (b) 6(2%).

Lemma 1.1 Let G = 0(s;™,s,™,...,5,), 0dd(G)
denoted the number of longitudes with odd number of
internal vertices in each, and Even(G) denoted the
number of longitudes with odd number of internal
vertices in each. Then pd(G) = m if and only iff

a) m?—4m+6<0dd(G) <m?-2m+2,
b) m?2—-5m+9<0dd(G) <m?—-3m+ 4.

In this paper, we are going to derive a relation
between the distinguishing number and the partition
dimension of any graph. Then, we explore the
distinguishing number for a particular class of graphs
called the generalized theta graph.

2. RESULTS

First, we are going to establish a general relation
between the distinguishing number and the partition
dimension of any graph. We will show that D(G) <
pd(G) forany graph G. Then, we will explore the graph
G attaining the equality sign and finding the gap
between these two parameters for the generalized theta
graph.

Theorem 2.1 For any graph G, D(G) < pd(G).

Proof. Let G(V,E) be a graph. Let = be a resolving
partition of G with = = (S, S,, ..., Si.), k € N. Let t be
a k-labelling of G induces such partition. We will show
that t is a distinguishing labelling of G. Let x, y be any
two distinct vertices in S; for some i € [1, k]. Since m is
a resolving partition then r(x|m) # r(y|m). This
means that there exists S; such that d(x, S;) # d(y, S;).
This implies that there is no nontrivial automorphism
mapping x and vy, preserving vertex-labellings.
Therefore, t is a distinguishing labelling of G. Thus,
D(G) <pd(¢).Q

Itis known that if G is a path Py, a star Ky 5.1, a complete
graph K, or a complete bipartite graph K, ,, then
D(G) = pd(G). However, it is very hard in general to
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characterize all graphs G satisfying D(G) = pd(G).
How big is the gap between D(G) and pd(G) for any
graph G? this question is also very interesting.

In Theorem 2.2, we will present the upper bound of
pd(G) if G is a generalized theta graph. This bound was
derived by Mohan. In Theorem 2.3, we will determine
the distinguishing number of the generalized theta
graph. The generalized theta graph is an example of a
graph that has a considerable large gap between its
distinguishing number and its partition dimension.

Theorem 2.2 [12] Let G be the generalized theta graph
0(s;™,s,™, ..., 5,™). Then, pd(G) < ¥, n;.

Theorem 2.3 Let G be the generalized theta graph
O(s;™,s,m2,...,5, ). Let r be the least positive
integer such that n; < r, for all i. Then, D(G) =
max{r, 2}.

Proof. Let G = O(s;™,s5,™2, ..., 5, ™), and x, y be the
north and south poles of G, respectively. For any i €
[1,k], we define P = {P},PZ, ..., P'} as the n; paths
on s; vertices connecting x and y in the generalized
theta graph G. For instance, if s, = 4 and n, = 5, then
P = {P},PZ, ..., P?} is the 5 internal paths on 4 vertices
connecting x and y. Let r be the least positive integer
suchthat n; < r*i, forall i. Let ¢ = max{r, 2}.

For any i € [1,n;], we define

A = {(xl,xz, ...,xsl)|xj €[1,ql,j €[1,s;]}. For
instance, if g=3 and s,=4, then A4, =
{(xllXZ' X3, x4—) | xj € [1'3]11 € [114]}

If r = 1 define a g-labelling f on G such that f(x) =
1,f(y) = 2,and f(v) = 1, for any other vertices v in
G. If r # 1, define a g-labelling f on G such that
f)=1,f(y)=2,andfori € [1,k],and t € [1,n;],

f (V(Psti)) = a;, where a; € 4;, and

F(v(re)) = f(v(R))fore =1

Note that f({vy, vy, ., v}) = (Wi, Wy, ooywy,)  if
f(vl') = Wi,Vi.
Since r is the least integer satisfies that n; < r*¢, for all
i € [1, k], then fis a distinguishing labelling of G with
minimum number of labelling. Therefore, D(G) =
max{r,2}. 4

Corollary 2.4 Let G = 0(sy, sy, ....,5,), | > 2,and
51 < S, <--<s5;.Then, D(G) = 2.
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Proof. Let G = 0(sy,5;,....,5),l >2,and s; <5, <
-+ < s5;.Since r = 1 and by Theorem 2.3 we have that
pD(G)=2. QO

For example, the distinguishing labellings of the
generalized theta graphs ©(2%,3%,4%) and 6(2,4,7)
are given in Figure 2. By Theorem 2.2 and Lemma 1.1,
, the partition dimension of (25, 3%, 42) is between 4
and 11. By Theorem 2.3, its distinguishing number is 3.

Figure 2. The distinguishing labellings of @(2°, 3%, 4%)
and 0(2,4,7)

ACKNOWLEDGMENTS

This research has been supported by the Research
Grant of “Penelitian Disertasi Doktor, Lembaga
Pengelola Dana Pendidikan (LPDP)” and the Research
Grant of “Penelitian Dasar Unggulan Perguruan
Tinggi (PDUPT)”, Indonesia.

24



ATLANTIS
PRESS

REFERENCES

[1]

[2]

[3]

[4]

[5]

[6]

[7]

8]

M. O. Albertson and K. L. Collins, Symmetry
breaking in graphs, Electronic Journal of
Combinatorics, vol. 3(1), 1996, pp. 1-17. doi:
10.37236/1242

G. Chartrand, L. Eroh, M. A. Johnson, and O. R.
Oellermann, Resolvability in graphs and the
metric dimension of a graph, Discrete Applied
Mathematics, vol. 105(1-3) 2000, pp. 99-113.

G. Chartrand, E. Salehi, and P. Zhang, The
partition dimension of a graph, Aequationes
Mathematicae, vol. 59 (1-2) 2000, pp. 45-54,
doi: 10.1007/PL00000127

J. Weigand and M. S. Jacobson, Distinguishing
and distinguishing chromatic numbers of
generalized Petersen graphs, AKCE International
Journal of Graphs and Combinatorics, vol. 5(2)
2008, pp. 199-211.

B. Bogstad and L. J. Cowen, he distinguishing
number of the hypercube Discrete Mathematics,
vol. 283(1-3) 2004, pp. 29-35  doi:
10.1016/j.disc.2003.11.018

I. Tomescu, I. Javaid, and 1. Slamin, On the
partition dimension and connected partition
dimension of wheels, Ars combinatoria, vol. 84,
2007, pp. 311-318.

S. Safriadi, H. Hasmawati, and L. Haryanto,
Partition Dimension of Complete Multipartite
Graph, Jurnal Matematika, Statistika dan
Komputasi, vol. 16(3) 2020, p. 365. doi:
10.20956/jmsk.v16i3.7278

E.C.M. Maritz and T. Vetrik, The partition
dimension of circulant graphs, Quaestiones
Mathematicae, vol. 41(1) 2018. doi:
10.2989/16073606.2017.1370031

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Advances in Computer Science Research, volume 96

K.I.B.K.P. Arimbawa and E.T. Baskoro, Partition
dimension of some classes of trees, Procedia
Computer Science, vol. 74, 2015, pp. 67—72. doi:
10.1016/J.PROCS.2015.12.077

A. Jalil, M. Khalaf, M. Faisal Nadeem, M.
Azeem, M.R. Farahani, and M. Cancan, Partition
dimension of generalized Peterson and Harary
graphs, Journal of Prime Research in
Mathematics, vol. 17(1), 2021, pp. 84-94,
Accessed: Oct. 10, 2021. [Online]. Available:
http://jprm.sms.edu.pk/

B. Rajan and I. Rajasingh, Metric Dimension of
Uniform and Quasi-uniform Theta Graphs,
Journal of Computer and Mathematical Sciences,
vol. 2(1), 2011, pp. 1-169.

C.M. Mohan, S. Santhakumar, M. Arockiaraj, and
J.B. Liu, Partition dimension of certain classes of
series parallel graphs, Theoretical Computer
Science, vol. 778, 2019. pp. 47-60. doi:
10.1016/J.TCS.2019.01.026

Asmiati and E.T. Baskoro, Characterizing all
graphs containing cycles with locating-chromatic
number 3, AIP Conference Proceedings, 1450,
2012, pp. 351-357. doi: 10.1063/1.4724167

J. Tymoczko, Distinguishing numbers for graphs
and groups, Electronic Journal of Combinatorics,
vol. 11(1), 2004. doi: 10.37236/1816

E.W. Weisstein, Distinguishing  Number,
Accessed: Jan. 05, 2022. [Online]. Available:
https://mathworld.wolfram.com/DistinguishingN
umber.html

G. Chartrand, E. Salehi, and P. Zhang, The
partition dimension of a graph, 2000. Accessed:
Sep. 30, 2020. [Online].  Available:
https://link.springer.com/content/pdf/10.1007/PL
00000127.pdf

25



