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ABSTRACT

This study proposes several new 3-steps schemes based on the Newton-Raphson method for solving non-linear equation
systems. The proposed schemes are analysed and formulated based on the Newton-Raphson method and the Newton-
cotes open form numerical integration method. In general, the schemes can be considered as a predictor and corrector
principles. In the first and the third steps, the Newton-Raphson method is applied. Furthermore, Newton-cotes Open
Form numerical integration modification is operated in the second step of the proposed schemes. The convergence
analysis of the proposed schemes is given. It shows that the proposed scheme provides the 8" order of convergence.
The performance of the proposed schemes is compared and assessed with several numerical examples.
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1. INTRODUCTION

Finding the exact or nearly exact solution of the non-
linear equation system is the most common problem in
mathematics. Since the exact solution, called the
analytical solution is problematic in some mathematical
sense, the numerical solution provides the solution that
produces a nearly exact solution of the problems. The
algorithm is considered to be effective and efficient if it
has a high order of convergence. It means the algorithm
can produce the solution faster. Several modifications of
algorithms have been introduced and investigated [1-7].
However, discovering the other high order algorithm is
highly possible.

Some modifications and new schemes for solving
have been investigated for decades. Farida in [1]
proposed some 3-steps Newton method schemes by
utilizing the numerical integration to modify the steps of
the schemes. The schemes have an order of convergence
6. Furthermore, Frontini and Sormani [2], denoted FSM,
found three-steps 5" and 6M-order of convergence
scheme based on predictor-corrector principle.
Moreover, Darvishi et al. [3-4] investigated and proposed
two new methods: Newton-like 3™-order of convergence
method and super cubic iterative approach to solve non-
linear equation system. Khirallah and Hafiz developed
3-order Newton-family and Jarrat methods to solve non-

linear equation systems in 2012 [7], called KHM
methods.

There are still many possibilities to develop and
modify non-linear equation system solving methods to
get a higher-order convergence. The modification
method can be conducted by using either one-step or
multi-step methods. In this paper, the first and third steps
are the Newton-Raphson method. Furthermore, the
modification of the 3-steps method has been done by
employing numerical integration Newton-cotes Open
Form six and seven points method as the second step of
the proposed method.

2. METHODS

2.1 System of Nonlinear Equations (SNLE)

The general form of non-linear equation system is

F(xy, X5, 0, Xp) =

(FiCer, Xa, oo Xin), (X1, Xy oy XD, woe, fin (X1, 22 00y X))

Where f; is the non-linear function which is mapping
R™ into R™. The system of the function F is mapping
R™ into R™. Furthermore, the solution of the system is
x* if F(x*) = 0.

The solution of the non-linear equation systems can
be obtained by using iterative methods. The most
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common iterative method is the Newton-Raphson
method. However, the modifications of the Newton-
Raphson method have been investigated in some
references.

2.2 Numerical Integration

In this paper, the numerical integration method is used for
modifying the non-linear equation system schemes. High
order numerical integration Newton-Cotes open forms is
employed as the second step of the proposed method. The
numerical integrations Newton-Cotes open forms 4, 5, 6
and 7-points are modified in this paper.

3. RESULTS

3.1. Modification of the Schemes

Let X be the solution of the differentiated function
and considered as the numerical solution of the equation
system F(x) = 0, for F:D € R®™ - R" is the
mapping that continues in the set D convex, F(x) has
unigque roots in D, (x) = (f1(x), fL(x), ..., fn(X)T

x = (x1,% .., x,)T and f;: R®™ - R is a nonlinear
function, then:
F(x) = F(x) + ['F'(¢t) dt. 1)

If the integral of the Equation (1) is approximated
with numerical integration method, Newton-Cotes open
form 6-points, it can be written as

6xy + 5xy + 2x
[611F ( x°7 x7)—4531~“’( all = ’)

3xg + 4x;
+562F" (%) @
Xo + 6x7)]
- .

X7
L F'eodx = 7095
0

4xg +3
+562F (M)

 453F (Zxo + 5x7)

+611F’(

Supposed that x, = x; and x;, = x, h = % and
supposed that F(x) is a system of nonlinear equations. It
can be assumed that a vector (x*) is a solution of F(x),
such that F(x*) = 0. By substituting Equation (2) to

Equation (1), the implicit scheme of solving the non-
linear equation systems can be formed,

(6% +x L (5% + 2x
x:xi—1440[611F (—)—453F( 7 )

(
+ 562F (3xf ;’ R ) ©))
(

The order of convergence of Equation (3) can be
increased by modifying the interpolation points using the
formula L=2DXH MY here N and M are integers, see [1]
for the details of the interpolation points. Once the linear

equation of the interpolation points has been determined,
the non-unique solution of the linear equation can be
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found. Consequently, the new interpolation points of
Equation (3) are such equations below,

_ Xit+6y;
) 4 — 7

3x;+4y; _ —2xi+9y;

7 2T g
2xi+5y;

W5 = %, dan W6 =

_ TXit8y;

W. =
1 7

y W3
-3x;+10y;

7

Finally, Equation (3) can be written using the new
interpolation points as follows,

+ 4x —2x; + 9
) - s ()

x; + Sx)

i+ 6x) (4)

(5=
(Zx, + 5x>

3x;
x =x; — 1440 [611F (

+ 562F'

+ 562F

— 453F'

3x; + 10x
+ 611F' (7)

| e

Equation (4) is an implicit equation. However, since
the converged solution is expected in this case, we can
assume the Equation (4) is an explicit equation if the
value of x on the right-hand side is estimated with the
prediction step from the Newton-Raphson scheme.
Furthermore, by adding one step in the following step 2
(Equation (4), the new 3-steps Newton-Raphson-like
scheme can be considered as the predictor-corrector
technique as follows

X = F' () 7'F (%),

Z, =y, — 1440 [611F’ (Pttm)

453F" (L) 4

562F (Z12t) 4+ 5625 (E2) — (5
453F" (Z2m) 4

611F’( 3xn+10yn)] F(yn

Yn =

Xng1 = Zn — F’(Zn)_lF(Zn)-

Moreover, let the integral of the Equation (1) be
approximated with numerical integration Newton-Cotes
open form 7-points method. To increase the order of the
convergence, we apply a similar manner to find the new
interpolation points. Furthermore, the new 3-steps
Newton-Raphson-like scheme can be determined as
follows,

Yn = Xn — F,(xn)_lp(xn)

(16xn Vi

Zy =y, — 945 [460F ) — 954F'

25 17 (
Xn — Yn)
)

3x, + 11yn)

+ 2196F' (

23 15
- 2496F’( n — 2OV

2 + 10
+ 2196F' (M) (6)
3x, + 5yn)
8
+9y,\17 ¢

—an)] F(ym)

—954F’<

+ 460F’<
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Xn+1 = Zn - F’(Zn)ilF(Zn)

By using numerical integration method Newton-
Cotes open form 4-points to estimate the integration part
of Equation (1), the following third 3-steps Newton-
Raphson-like has been developed.

Yn = Xn — F’(xn)ilF(xn)

— Yn> F (an + 4-yn) @

7x
anyn—24[11F’( L :

+F (—an + 8yn)
6

( 7x, + 13yn)

+11F' ] F()

Xny1 = Zn — F’(Zn)_lF(Zn)

Lastly, the integral of the Equation (1) can be
approximated with numerical integration method
Newton-Cotes open form 5-points. The modification of
the numerical integration equation above yields the
fourth 3-steps Newton-Raphson-like scheme below,

Yn = Xn = F' () 7'F (2n)

28x, — 20 11x, -3
Zp = Yy — 20 [11F’ (,.Ty,.) — 14F' ("Ty"
L5, +13 19x, — 11
+ 26F'( n y") 14F'( L y")
22x, — 14
+ 11F (7”)] Flom) ®

Xni1 = Zn — F'(Zy)'F (Zy)

Four new 3-steps schemes have been established.
Furthermore, the convergence analysis of all proposed
schemes is explained in Section 3.2.

3.2 Convergence Analysis

Algorithm #1

Theorem 1: Let x* be a simple solution of the
differentiable function F(x) and given the initial value
x;, the three-steps scheme defined in Equation (5) has
order of convergence 8.

Proof.
Step 1:

_ F(xn) : (9)

Fr(xn)

Yn = Xn
By using the Taylor series, it can be obtained,

Fl) = ) + F () = x°) + Gy 222
Flll(x*)(xn;—:‘*):i + . (10)
L e
k! Fr(x*)
— x*, then Equation (10) become,

Since F(x*) =0, by assuming V, =
2,3,...and E, = x,

F(x,) = F'(x")[En + VoEp* + V3E,® + V,En* (11)
+ VsE,® + VgE,® + V,E,’
+ VRE,® + 0(||En9”)]-

Furthermore, the derivative of Equation (11) is
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F'(x,) = F'(eN[I + 2V,E, + 3V3E,* + 4V,E,° +
VsEn* + 6V4E,° + 7V,E,° + 8V5E,” + O(||Ex®|))].  (12)
From Equation (11) and Equation (12), we obtain,

F(xp) _ _ 2 2 _ 3 _
oy = En = VaEn® + 2(VE = VR)E,2 + (TV,V5 13)
3V, — 4VHE,* + 0(||E.°|))-

Substituting Equation (13) to Equation (9), it can be

*

simplified as follows, since E, = x, — x",

Yo = X"+ VoE 2 +2(V; — VRE + (TV,V5 — 3V, —

WHE + 0(|[E,5]): (14)

Step 2:
Zy = yu — 1440 6117 (F22) _
453/ (~Znt2m) 4
562F" (7"‘":8”) + 562F (@) )
453F" (Z2m) 4
611F (—3’“"””")] F(3,).
By using the Taylor series, is can be obtained

F(yn) = F’(X*)[(yn - X*) + Vz()’n -
)2+ Vs —x7)° + (16)

O(llE*D]:

Next, by substituting Equation (14) to Equation (16), we
have,

F(yn) = F'()[V,E,* +2(Vs — VIE,® +
(7TV,Vs — 3V, — AVHE,* + 7)
V3 En* + O(||Ea°[])]
By using the Taylor series, we obtain:
F(wy) = F'&) [, —x7) + Vo (wy —
x)? + Va(w, —x*)3 + (18)
o(llEx*[D]-
and the derivative of Equation (18) is:
F'(w,) = F'(x)[I +2V,(w, — x*) +

. 19
3, 2971 1 O(|E,7]) 9
where r = 1, 2, 3, 4,5, and 6, and w, = @ w, =
—2x;+9y; y = -Xi ;-Syl’ = X +76yl-| s = 2xl-;-5yl’ and
_ —3x;+10y;
We = ———
Defined T = V,E,2 + 2(Vs — VA)E,> + (7V,V; — 3V, —
4VHE,* + O(||E,?||) in Equation (14), we obtain
Yo =x"+T. (20)

Substitute Equation (20) to wy, wy, ws, w,, we, and wg ,
it can be obtained,
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3x;+4(x*+T —2x;+9(x*+T —x;+8(x*+T
Wy = THEAT) 2G| xS
7 7 7
x;+6(x*+T) 2x;+5(x*+T)
= lf y Ws = % , and  wg =
—3x;+10(x*+T)

7

Next, the new, w;, w,, ws, w,, ws, and wg are
substituted to Equation (19). Supposed that B,,, iS a
coefficient. We will obtain,

F'(wy) = F'(e) [+ SVaEy + PryBn? + ProEn® +

PusEn* +0(|E:°])]

F'(wy) = F' (") [I =2V3E, + Py En® + PpoBEn® + Py +
o(llE:° 1]

F'(ws) = F'(¢") [1 =2V,E, + PyyEn? + PyyEy® + PysE,* +
o(llE:° 1]

F'(wy) = F' () |1+ 2VoEy + PuaEy? + PioBy® + Py B +
o(llE:° 1]

F'(ws) = F'(e) |1+ 2VaEp + Py Ey? + PogEy +

PssEn® + O([[E.%]))]-

F'(we) = F'(x) |1 = SVaEp + PoyEn? + PogEy +

PesEn® + O([[E.%]))]-

Then,

611F' (w;) — 453F (w,) + 562F" (w3) +
562F' (w,) — 453F' (ws) + 611F" (wg) =
1440F' (x)[I + PE,* + PoE,® + P3Ep* +

o(llE-"ID1

We assume,

(21)

611P,;- 453P,,+ 562P5, + 562P,, - 453Ps, + 611P,, = P, isa
coefficient of E,,*

611P;,- 453P,,+ 562P5, + 562P,, - 453Ps, + 611P, = P, isa
coefficient of E,,>

611P;3- 453P,5+ 562Py; + 562P, 5 - 453Ps; + 611Ps; = Py isa
coefficient of E,*

Substitute Equation (14) and Equation (21) to Equation
(15), it is obtained

Zp=x"+ P101En4 + P102En5 + P103En6 +

22
ProsEn’ + ProsEn® + O(|E°|): (22)

Suppose the coefficient of E,* is P,yq, E,° is Pyoz, En®
iS Pyo3, E,,” is Pyga, and E, B is Py g5
Step 3:

F(Zy)
Xn+1 = Zﬂ. - FI(Z )
n

By using the Taylor series, it is obtained

(23)
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F(Zy) = F'()[(Zn = x) + Va(Zy —x)2 + (24)
Vs(Z, —x*)% + 0(||En4”)]'
Equation (22) is substituted to Equation (24)

F(Z,) = F'(x")|Pio1 Ex* + Pro2En® +
P103En6 + P104—En7 + P105En8 + (25)
V2PioiEn® + O(||E:°])]-
The derivatives Equation (24) is,

F'(Zy) = F'(x)|[l + 2V, (Z, — x*) + (26)
3V3(Zn — x7)? + O(||E.*|)].

Equation (22) is substituted to Equation (26). We have

F'(Zy) = F')[I + 2Vy(Pyor En* +
Pyo2En® + ProsEn® + PiosEy” + (27)

8
o([lE°N]-
From Equation (25) and Equation (27). It is obtained
F(Zn)
F,((Zn) = Pio1En" + P102En5 + P103En6 +

PiouEn + PiosEn® — V,PRy E,° + (28)
9
o(|[E.°|))-
Substitute Equation (22) and Equation (28) to Equation
(23)
xn+1 = X* + P1971En4 + P1%2En5 + P183En6 + .
PiosEn" + PiosEn” + O(HEn ”) = (Pio1 By +
Py, E° ‘g Py3E,° ‘: PyosEn” + PyosE,® —
VP51 En® + O([EL°I1)
Xni1 = %"+ VP23, E® + O(||ER°||) (29)
If x,41 — x* = E,44, finally we will obtain,

Eni1 = O(HEns”)*

which shows that Algorithm #1 (Equation (5)) has order
of convergence 8, the required results.

Algorithm #2

Theorem 2: Let x* be a simple solution of the
differentiable function F(x) and given the initial value
x;, the three-steps scheme defined in Equation (6) has
order of convergence 8.

Proof:

Step 1: Itis the same as step 1 of Algorithm #1 (Equation
(14)).
Step 2:

It has similar behavior as Algorithm #1. We can find the
Taylor series of F(y,,) and F'(w,.) in step 2 of Equation
(6), wherewhere r = 1, 2, 3, 4,5, 6 and 7, and w; =

16xn,—8yn _ —3xp+llyn _ 25xp—17yn

8 ’ W2 - 8 ' W3 8 ’ W4— =
23xp—15yn _ —2xp+10yp _ 3xpn+5yn _
, W = , We = , and w, =
8 8
—Xn+9Yyn

8
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Then substitute Equation (20) to wy, w,, ws, w,, wg, W,
and w, it is obtained,

16x,—8(x*+T) —3xp+11(x*+T)
W1 = 78 , W2 = 78 , W3 =
25xp—17(x*+T) __ 23xp—15(x"+T) _ —2xp+10(x"+T)
- W4_ - - o W5 ]
3xp+5(x"+T —Xn+9(x*+T
W6 =" 8( ) and W7 =" 8( )

Further, the new wy, w,, ws, w,, ws, wg, and w, are
used to expand the Taylor series of F'(w,.). Supposed
that Q,,,,, IS a coefficient. We will obtain,

F'(wy) = F’(X*)[I + AV,E, + Qu1En® + QB +
QusEn" + 0([[Ex°|])]
3
F'w) = F') [1 = 3 VaBn o+ QB + Qo + Qasn

(A

25
F'(w3) = F'(x*) [1 + TVZEn + Q31En® + Q52E°

+ 03Bt + 0(|E7])]

F'(w,) = F'(x") [1 + 24—3V2En + QuiEn® + QuEy® + QuzEn*
+o(l&:°1)]

F'(ws) = F'() [1 = 2VaEn + Qs1En® + Qs2En® + Qs3En” +
o(llE*IN]

F'(we) = F') [1 +2V2En + Qo1 En® + Qe2Fn® + QesEn” +
o(llE*IN]

F'(wy) = F') [1 = 3V + QraEn® + Qr2Bn® + QraBy* +
o(llE*IN]

Then,

460F'(w;) — 954F' (w,) + 2196F' (ws) —
2496F'(w,) + 2196F' (ws) —
954F'(wg) + 460F'(w;) = 945F' (x*)[I +
QB + Q2E,° + Q:E,* + O(||E.°[])]-

We assume,

460Q,,- 954Q,, + 2196Q3; - 2496Q,; + 2196Qs, -
954Qq, + 460Q,,= Q, is a coefficient of E,*

4’60012' 954sz+ 2196Q32 - 2496Q42 + 2196Q52 -
954Q,, + 460Q,,= Q, is a coefficient of E,,>

460Q;5- 954 Qy3+ 2196 Q5 - 2496 Q43 + 2196 Q55 -
954Q,; + 460Q,5= Q, is a coefficient of E,,*

Substitute Equation (14) and Equation (30) to step 2 of
Equation (6), it is obtained

(30)

Zy =x"+ Qu01En* + Quo2En” + Quo3E,° +
QuoaEn” + QuosEn® + O(||E°|))-

Suppose the coefficient of E,* is Q191, En° IS Q102, En®
iS Q103, En” 15 Q104, and E,;® is Qys.

(31)
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Step 3: We can easily find the Taylor series of F(Z,,) and
F'(Z,) of step 3 in Equation (6) since Z,, has been
defined in Equation (31). Furthermore, we can also obtain
F(Zn)
F1(Zn)

= Q101En4 + Q102En5 + Q103En6 +
Qio4E," ‘E Qi0sE® o (32)
V2Qf01En” + O([|Ex[]).

Finally, Equation (31) and Equation (32) are substituted
to step 3 of Equation (6) we obtain,

Xpp1 = X"+ Qo1 En* + Quo2En” + Quo3En® +
QoaEr” + QuosEr® + O(||Ex°||) —
(Qi01En* + QuozEn® + Q103En® + Qi04E," +
QuosEn® = V2 Q201 En® + O(||Ex°[|)

Xny1 = X"+ V50801En" + O(||Ex°[])

If x4 — x* = E,4q , Finally we have

Ens1 = O([|Ea°)-

which shows that Algorithm #2 (Equation (6)) has order
of convergence 8, the required results.

Algorithm #3

Theorem 3: Let x* be a simple solution of the
differentiable function F(x) and given the initial value
x;, the three-steps scheme defined in Equation (7) has
order of convergence 8.

Proof:

Step 1: Itis the same as step 1 of Algorithm #1 (Equation
(14)).

Step 2: We can find the Taylor series of F(y,) and

F'(w,.) in step 2 of Equation (7), wherer =1, 2, 3, and 4

7Xn— 2xn+4 —2xn+8
and W1:n—yn|W2: n Yn, g = n J’nland
6 6 6

_ —7xpn+13yn
W4 - f-

Then substitute Equation (20) to wy, w,, w3, and w, , it
is obtained
_ 7xp—(x"+T) _ 2xp+4(x"+T) _ —2xXp+8(x"+T)

W1 6 |W2 6 5W3_ 6 [l

—7xp+13(x*+T)

andw, = .

The new w;, w,, wy, and w, are used to expand the
Taylor series of F'(w,). Supposed that L, iS a
coefficient. We will obtain,

F'(wy) = ') [1+2VEn + LisEn® + LigEy® +
LisEn* + O(|IE:°)]
F'(wy) = F'Q) 1 +2V,Ey + Lyt En? + Lo B +

LasEn* + O(||E|)]

F'(ws) = F'(x) [I = 2VoE, + Loy En? + LygEy® + Ly En* +

o(llE|)]
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F'(wg) = F'G) 1 = 2V + Lag En® + LagEy® +
LisEn® + O(|IE°]))]-

Then,
11F" (wy) + F'(w,) + F'(ws) +
11F'(wy) = 24F' (x| + L E,* + (33)

L,E,* + L:E,* + O(||E.° )]
It is assumed,
11Ly 1+ Ly, + Ly +11L,, = Ly is a coefficient of E,
11L,p+ Lyy+ Lyp+11L,, = L, is a coefficient of E,,
11Ly 3+ Lys+ Ly3+11L,5 = Ly is a coefficient oft E,,*

Substitute Equation (14) and Equation (33) to step 2 of
Equation (7), it is obtained

Zy = X"+ L1y Ep* + L1g2En® + LygsEn® +

34
LiosEn” + LigsEn® + 0(|Ex°])): (34)

Suppose the coefficient of E,* is Lygq, En° IS L1z, En°
iS Lio3, E,” 1S Lygq, and E,® is Lygs

Step 3: We can easily find the Taylor series of F(Z,,) and
F'(Z,) of step 3 in Equation (7) since Z, has been
defined in Equation (34). Furthermore, we can also
obtainWe can easily find the Taylor series of F(Z,,) and
F'(Z,) of step 3 in Equation (6) since Z,, has been
defined by Equation (31). Furthermore, we can also
obtain

F(Zn)

) LigtEn® + L1gzEn® + L1g3En® +

LigaBr” + LiosEn® — Val3g1 B+ (39)
o([[E.°I)-

Finally, Equation (34) and Equation (35) are substituted
to step 3 of Equation (7) we obtain,

Xpi1 = X"+ Lo Ep* + L1g2En”® + LigzE,® +
LygsEy” + LygsEn® + 0(||En9”) — (L Ex* +
Lyo2Ey® + LigsEn® + LygsEn” + LygsEy® —
Vo Lio1En® + O(||E:°||)
Xpi1 = x" + V,L20,E.2 + O(||EX°|)) (36)
If x,41 — X" = Epyq then we have E,; = O(||E,.?||).

which shows that Algorithm #3 (Equation (7)) has order
of convergence 8, the required results.

Algorithm #4

Theorem 4: Let x* be a simple solution of the
differentiable function F(x) and given the initial
value x;, the three-steps scheme defined in Equation (8)
has order of convergence 8.

Proof:

Step 1: Itis the same as step 1 of Algorithm #1 (Equation
(14)).
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Step 2: We can find the Taylor series of F(y,) and
F'(w,) in step 2 of Equation (8), wherer =1, 2, 3, 4, and

28xp,—20Yy, 11x,n—3Y; —=5xn+13y;
5, and w, = ns n, w, = ng 2 = n8 L

22xpn—14yn
s .

y W3

19x,—11
w, = %, danwg =
Then substitute Equation (20) to wy, w,, ws, w, and ws
it is obtained
w, = 28xn—2;)(x*+T) , Wy = llxn—:;(x*+T) , ws =
—5xp+13(x*+T) _19x,—11(x"+T)

5 , and ws =

8 v Wa
22xp—14(x*+T)
5 .

Now, the new w;, w,, ws, w, and wy are used to expand
the Taylor series of F'(w,.). Supposed that M,,,, iS a
coefficient. We will obtain,

F'(wy) = F'(x)[I + 7VoEn + My, En* + MyE,° +
Mi3E,* + O(||Ex°)]

F'(wy) = F'(e) [+ 2V, By + Myy En? + My ® +
Ma3E,* + O(|E,°])]

F'(ws) = F'(x) [ = 2VoE, + My By + MayEy* +

MssEy* + 0(||E,°)]

F'(wy) = ') |1 + 2 VB + My En? + Mo +
MisEy* + 0(||E,°)]

Fiws) = F'GO)[1+2V,E, + My Eg? + MspEy +
MssEn* + 0(||E:°|)]

Then,

11F'(wy) — 14F' (w,) + 26F'(w3) —

14F'(w,) + 11F'(ws) = 20F' (x)[I + (37)
M,E,* + MyE,* + MsE,* + O(||E.°||)]-

It is assumed,

11M11' 14M21+ 26M31' 14M4_1 +11M51 = Ml |S a.
coefficient of E,

11My,- 14 My, + 26 May- 14 My, +11Ms, = M, is a

coefficient of E,*

11 Mys- 14 My + 26 Mys- 14 M5 +11 Moy = M, is a
coefficient of E,,*

Substitute Equation (14) and Equation (37) to step 2 of
Equation (8), it is obtained

Zp=x"+ MlOlEn4 + szEn5 + M103En6 +

38
Moy’ + MigsEn® + O(|IE:°]). (38)

Suppose the coefficient of E,* is Myo;, E,,° is Myoy, En®
IS Myo3, E,,” is Myg4, and E, B is M s.

Step 3: Since Z,, has been defined in Equation (38), we
can find the convergence of the algorithm using similar
way as previous algorithm as follows
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Z, Xpy1 = X* + My, En* + My E,° + Myo3E,° + Example 1. Initial value (1, 1, 1)
1\/1104En7 + MlOSEn8 + 0(||En9||) - (1\/[101En4 +
1\4102En5 + 1\/[103En6 + 1\/[104-En7 + 1\/1105En8 -

VM2, E,° + 0(||E°|))

2x*4+y—-2z*-10=0
3x2+6y—2z2—-2=0
Xni1 = X"+ VoMiG E® + O(||E:°)) x2 -5y +622—4=0
If xpy1 — %" = Enyq , then, Enyq = O(||Ex2|)- Example 2. initial value (-1, 1, -1)

which shows that Algorithm #3 (Equation (7)) has order
of convergence 8, the required results.

10x +sin(x +y)—1=0
8y — (cos(z—y)?—-1=0

3.3 Numerical Results 12z +sinz—1=0

In this study, three simple non-linear equation
systems examples are given. The examples are solved
with the other multistep methods, such as FSM, KHM,
Farida's best algorithm [1], and the proposed algorithm.
The convergence criteria or error tolerance (&) is € <
10715 and the maximum iteration is 50. The comparison
results are shown in Tables 1 - 3 below.

Example 3. initial value (0, 0, 0)
15x +y2—4z—-13=0
x24+10y—e?-11=0

Y3 —252+422=0

Table 1. Comparison results of Example 1

Method Iter Solution The function value

KHM1 5 X=2.183031149571622, y=2.046875000000000, z=1.256234452640111 f_1=-0.00000000035x10"(-5), f_2=-0.00000000071x10~(-5), f_3=-0.00000000071x10"(-5)
FSM 6 X=2.183031149571622, y=2.046875000000000, z=1.256234452640111 f_1=-0.00000000035x10"(-5), f_2=-0.00000000071x10~(-5), f_3=-0.00000000071x10"(-5)
The best Farida’s _ _ _ A — A _ A
method 5 X=2.183031149571622, y=2.046875000000000, z=1.256234452640111 f_1=-0.00000000035x10"(-5), f_2=-0.00000000071x10~(-5), f_3=-0.00000000071x10"(-5)
Algorithm #1 3 x=2.183031149571622, y=2.046875000000000, z=1.256234452640111 | f_1=-0.00000000035x10~(-5), f_2=-0.00000000035x10"(-5), f_3=-0.00000000035x10"(-5)
Algorithm #2 3 x=2.183031149571622, y=2.046875000000000, z=1.256234452640111 | f_1=-0.00000000035x10~(-5), f_2=-0.00000000035x10"(-5), f_3=-0.00000000035x10"(-5)
Algorithm #3 3 %=2.183031149571622, y=2.046875000000000, z=1.256234452640111 | f_1=0.000000000355x107(-5), f_2=0.000000000355x10"(-5), f_3=-0.00000000035x10"(-5)
Algorithm #4 3 x=2.183031149571622, y=2.046875000000000, z=1.256234452640111 | f_1=-0.00000000035x10(-5), f_2=-0.00000000035x10"(-5), f_3=-0.00000000035x10"(-5)

Table 2. Comparison results of Example 2

Method Iter Solution The function value
KHM1 4 | x=0.068978349172667, y=0.246442418609183, z=0.076928911987537 | f_1=0.000000000488x107(-5), f_2=0.000000000044x10"(-5), f_3=0.000000000044x10(-5)
FSM 6 | x=0.068978349172667, y=0.246442418609183, z=0.076928911987537 | f_1=0.000000000488x10"(-5), f_2=0.000000000044x10"(-5), f_3=0.000000000044x10(-5)
;Zih‘f;‘ Farida’s 4 | x=0.068978349172667, y=0.246442418609183, z=0.076928911987537 | f_1=0.000000000488x107(-5), f_2=0.000000000044x107(-5), f_3=0.000000000044x10(-5)
Algorithm #1 3 | x=0.068978349172667, y=0.246442418609183, z=0.076928911987537 | f_1=0.000000000488x107(-5), f_2=0.000000000044x10"(-5), f_3=0.000000000044x10(-5)
Algorithm #2 3 | x=0.068978349172667, y=0.246442418609183, z=0.076928911987537 | f 1=0.000000000488x10(-5), f_2=0.000000000044x107(-5), f_3=0.000000000044x10(-5)
Algorithm #3 3 | x=0.068978349172667, y=0.246442418609183, z=0.076928911987537 | f 1=0.000000000488x10(-5), f_2=0.000000000044x107(-5), f_3=0.000000000044x10(-5)
Algorithm #4 3 | x=0.068978349172667, y=0.246442418609183, z=0.076928911987537 | f_1=0.000000000488x107(-5), f_2=0.000000000044x10"(-5), f_3=0.000000000044x10(-5)

Table 3. Comparison results of Example 3

Method Iter Solution The function value
KHML 4 | x=1.042149560576038, y=1.031091271830402, 7=0.923848154879368 | f 1=-0.0000000005x10%(-5), f 2=-0.0000000001x10(-5), f 3=-0.0000000007x10A(-5)
FSM 5 | x=1.042149560576038, y=1.031091271830402, 7=0.923848154879368 | f 1=-0.0000000005x10%(-5), f 2=-0.0000000001x10(-5), f 3=-0.0000000007x10A(-5)
;th‘f;‘ Farida’s 4 | x=1.042149560576938, y=1.031091271839402, =0.923848154879368 | f 1=-0.0000000005x10(-5), f 2=-0.0000000001x10A(-5), f_3=-0.0000000007x10(-5)
Algorithm #1 3 | x=1.042149560576938, y=1.031001271830402, 2=0.923848154879368 | f 1=-0.0000000005x107(-5), f 2=-0.0000000001x10°(-5), f 3=-0.0000000007X10A(-5)
Algorithm #2 3 | x=1.042149560576938, y=1.031001271830402, 2=0.923848154879368 | f 1=-0.0000000005x107(-5), f 2=-0.0000000001x10(-5), f 3=-0.0000000007X10A(-5)
Algorithm #3 3 | x=1.042149560576038, y=1.031091271839402, z=0.923848154879368 | f 1=-0.0000000005x10%(-5), f 2=-0.0000000001x10(-5), f 3=-0.0000000007X10A(-5)
Algorithm #4 3 | x=1.042149560576038, y=1.031091271839402, z=0.923848154879368 | f 1=-0.0000000005x10%(-5), f 2=-0.0000000001x10(-5), f 3=-0.0000000007X10A(-5)
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1 - 3 show that the proposed algorithm converge

faster than the references in use.

4. CONCLUSION

In this

study, we propose four new three-steps Newton-

Raphson-like algorithms. It has been proven that the
proposed algorithms have the order of convergence 8.
Numerical examples show that the proposed algorithms
converge faster than the other multistep algorithms, such

as the FSM method, KHM method, and Farida’s best
method.
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