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ABSTRACT

Let G, A, and B be simple graphs. The notation G — (A, B) means that for any red-blue coloring of the edges of G, there
is a red copy of A or a blue copy of B in G. A graph G is called a Ramsey graph for (A, B) if G —» (4, B). Additionally,
if the graph G satisfies that G — e » (4, B), for any e € E(G), then G is called a Ramsey (A, B)-minimal graph. The
set of all Ramsey (4, B)-minimal graphs is denoted by R(4, B). In this paper, we study the Ramsey (Cn, Kl_Z)—minimaI
graphs. Specifically, we give some Ramsey (Cy, Ky, )-minimal graphs for any n € [7,10]. We also construct Ramsey
(Cn, Kllz)-graphs from the well-known Harary graph, for any integer n > 6.
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1. INTRODUCTION

Frank Plumpton Ramsey introduced a Ramsey theory
which enables us to determine whether a given set of
logical statements is consistent or not. Naturally, the
study of Ramsey theory has been further developed. One
of them is the study of constructing Ramsey minimal
graphs, introduced by Burr in 1970 [1].

The notation G — (A, B) means that for any red-blue
coloring of the edges of P there is a red copy of A or a
blue copy of B in G. A graph G is called a Ramsey graph
for (A, B) if G — (4, B). Additionally, if G — e » (A, B)
holds for any e € E(G), then G is called a Ramsey (A,
B)-minimal graph. The set of all Ramsey (G,H) -
minimal graphs is denoted by R(G, H). A pair of (G, H)
is called Ramsey-finite if the set R(G,H) is finite,
otherwise the pair (G, H) is called Ramsey-infinite. The
closure of graph G is the graph obtained from G by
recursively joining pairs of nonadjacent vertices whose
the degree sum is at least |G| until no such pair remains.
We include some classic theorems about hamiltonicity
that will be used in this paper.

Theorem 1.1 [2] If G is a simple graph with |G| = 3 and
6(G) = 'zﬂ then G is hamiltonian.

Theorem 1.2 [3] A simple graph is hamiltonian if and
only if its closure is hamiltonian.

There are some previous results about Ramsey
minimal graphs, for instance in [1] Burr et al. proved that
if G and H are both disjoint unions of edges then the pair
(G, H) is Ramsey-finite. Furthermore, in [4], they proved
that the pair (mK,, H) is Ramsey-finite for m > 1 and
any graph H. Nesetril and Rodl [5] showed that the pair
(G,H) is Ramsey infinite if both ¢ and H are 3-
connected or if G and H are forests neither of which is a
union of stars. In 2010, Vetrik et al. [6] gave an infinite
family of Ramsey (K ,, C,)-minimal graphs of diameter
greater than or equals 4.

In [7], they constructed new infinite class of Ramsey
(K2, C,)-minimal graphs. In the same year, Nabila and
Baskoro [8] constructed Ramsey (C,, K;,) —minimal
graphs for n = 5,6,8. They also gave Ramsey (Cp, K 5)
graphs for even n € [10,18]. In this paper, we give
Ramsey (C,, Ky, )-minimal graphs for some n € [7,10],
and derive Ramsey (C,, Ky,) graphs from the well-
known Harary graphs, for any integer n > 6.

2. MAIN RESULTS
2.1. Ramsey (C,, K4,)-minimal

In this section, we give a new graph in the set
R(Cp Ky,), for n = 7,89, and 10. Define the graphs
Fi, F,, F5, and F, as depicted in Figure 1.
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Figure 1 Graphs F;, F,, F5, F,.

Theorem 2.1 F, € R(C;,Ky,), F, € R(Cs, Ky 5), F3 €
R(Co, K1 2), and F, € R(Cy0, Ky ).

Proof.

We will show that F; - (C;,K,,). Consider any
red-blue coloring on graph F; that does not contain
a blue copy of K; ,. Since there is no blue copy of
K; ,, then all blue edges will form a matching M as
a subgraph of some maximal blue matching shown
in Figure 2. Then, we obtain a red copy of C, =
(1,2,3,4,5,6,7) in F1 for any matching M.

. 1 1 1 1
2 7 2 3 2
3 6 7 5 4 7 3 T
4 5 6 4 5 6 4 5
(a) (b) (c) (d)

Figure 2 Graph F; = (C;, Ky 3).

Next, we will show the minimality of F,. For any
edge e € E(F;), consider the graph F; —e. By
isomorphism, we can assume that e = v;v, ore =
v,v,. If e = vyv, then use the coloring in Figure
2(a) by removing the edge e. It is clear that this red-
blue coloring contain neither blue copy of K; , nor
red copy of C,. Therefore, we obtain that F; — e »
(Cy,Ky,) for e = v,v,. Similarly, if e = v,v,, use
the coloring in Figure 2(b). Thus, F; € R(C;, K1)

We will show that F, - (Cg, Ky, ). Consider any
red-blue coloring on graph F, that does not contain
a blue copy of K, ,. Since there is no blue copy of
K ,, then all blue edges will form a matching M as
a subgraph of some maximal blue matching shown
in Figure 3. Then, we obtain a red copy of C5 =
(1,2,3,4,5,6,7,8) in F, for any matching M.

Next, we will show the minimality of F,. For any
edge e € E(F,), consider the graph F, —e. By
isomorphism, we can assume that e = v,vg, € =
V3V, OF e = v,vg. If e = v,vg then use the coloring
in Figure 3(a) by removing the edge e. It is clear that
this red-blue coloring contain neither blue copy of
K; , nor red copy of Cg. Therefore, we obtain that
F, — e » (Cg, Ky ) for e = v,vg. Similarly, if e =
v31,, Use the coloring in Figure 3(b), and if e =
v,Vg, USe the coloring in Figure 3(e). Thus, F, €
R(Cg, K1 2)-
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Figure 3 Graph F, - (Cg, Ky ).

Next, we will show the minimality of F,. For any
edge e € E(F,), consider the graph F, —e. By
isomorphism, we can assume that e = v,vg, e =
v3v, OF e = v,vg. If e = v,vg then use the coloring
in Figure 3(a) by removing the edge e. Itis clear that
this red-blue coloring contain neither blue copy of
K; , nor red copy of Cg. Therefore, we obtain that
F, —e » (Cg Ky,) for e = v,vg. Similarly, if e =
V31, USe the coloring in Figure 3(b), and if e =
v,Vg, USe the coloring in Figure 3(e). Thus, F, €
R(Cs, K1 2)-

We will show that F; - (Co, Ky ). Consider any
red-blue coloring on graph F; that does not contain
a blue copy of K; ,. Since there is no blue copy of
K, ,, then all blue edges will form a matching M as
a subgraph of some maximal blue matching shown
in Figure 4. Then, we obtain a red copy of Cy =
(1,2,3,4,5,6,7,8,9) in F3 for any matching M.

Figure 4 Graph F; > (Co, Ky ,).

Next, we will show the minimality of F;. For any
edge e € E(F;), consider the graph F; —e. By
isomorphism, we can assume that e = v,;vg ore =
v,V,. If e = v vg then use the coloring in Figure
4(a) by removing the edge e. It is clear that this red-
blue coloring contain neither blue copy of K, , nor
red copy of Cy. Therefore, we obtain that F; — e »
(Co, Ky ,) for e = vyv5. Similarly, if e = v;v,, use
the coloring in Figure 4(b). Thus, F; € R(Co, K1)

We will show that F, — (Cyo, Ky ). Consider any
red-blue coloring on graph F, that does not contain
a blue copy of K ,. Since there is no blue copy of
K ,, then all blue edges will form a matching M as
a subgraph of some maximal blue matching shown
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in Figure 5. Then, we obtain a red copy of C;, =
(1,2,3,4,5,6,7,8,9,10) in F, for any matching M.

10

Figure 5 Graph F, > (Cy0, K15).

Next, we will show the minimality of F,. For any
edge e € E(F,), consider the graph F, —e. By
isomorphism, we can assume that e = v v5, e =
VyUy, € = V1V OF e = VsV If e = v v5 then use
the coloring in Figure 5(a) by removing the edge e.
It is clear that this red-blue coloring contain neither
blue copy of K; , nor red copy of Cg. Therefore, we
obtain that F, —e » (Cyo,Ky,) for e =vyvs.
Similarly, if e = v,v,, use the coloring in Figure
5(b), if e = v, v, use the coloring in Figure 5(c),
and if e = vz, use the coloring in Figure 5(d).
Thus, F, € R(Cy0, Ky 2)- 0

2.2. The Ramsey (C,, K, ,) graph forn > 6

In this section, we construct new Ramsey graphs (not
necessarily minimal) for a pair of (C,y, K, ,) from the
well-known Harary graph H,, ,,, namely an n-connected
with m vertices that has exactly {nm/2} edges. The
structure H,, ., depends on the parities of n and m. For
this construction, we use only the Harary graph H,, ,,
with even m.

If both m and n are even and n = 2k for some k, then
the definition of the Harary graph Hy; ,,, is as follows.

Definition 1 Graph Hyy ., has vy, v,, -, vy,—, Vertices.
Two vertices v; and v; are adjacent if |j — i| < k (where
addition is taken modulo m).

If misevenandnisoddandn = 2k + 1 for some k, then
the definition of the Harary graph Hyj.1 ., is as follows.

Definition 2 Graph Hyjyq ., is constructed by first
drawing Hy ., and then adding edges joining vertex v; to
VErteX vy, for 1 <i < n/2.

Now, first we construct Ramsey graphs for a pair of
(Cyn Ky 5) by modifying the Harary graph H,, 5, if n is
odd. Our modified graph H,, ,,, is defined as follows.

Definition 3 Let n > 7 be an odd integer. The graph
Hy, ,,, is a graph that we obtain by modifying graph H,, ,,,
as below.
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. . n—3 n+3
Hn,2n = Hn,Zn\ {vilell € [1' T] U [T;n - 1]}
3n—3 }

n+3
U{vovklk € [T,n— 1]U[n+1, 5
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Theorem 2.2 H;, 5, = (Cyn, K1 ,) forodd n > 7.

Proof. We will show that H;, 5, = (Cyp, Ky 5). Consider
any red-blue coloring of the edges of graph Hj,,
containing no blue copy of K; ,. Then, all the blue edges
will form a matching M. Now, consider the graph graph
H;;,Zn\M-

(i) Partition the vertices of the graph Hy, ,,,\M into 8
sets as follows.

Ay ={vo};

A, = {vl,vz, ...,Un—3};
2

Az = {Un—l,vn+1};
2 2

A; = {vn+3, ...,vn_l};
2

Ay = {Un};

AS = {Un+1, oy U3n—3};
2

Ag = {U3n—1,v3n+1};
2 2

A, = {U3n+3, ---,U2n—1};
2

where |4;] = "T_3for i €{1,3,57}.

Note that d(v,) =2n—4, d (Un_—l) =

2
d(vn_+1> = d<‘l7ﬁ) = d(UE) =n-—1,
2 2 2
Vv € A1,A,, d(v) =n—2, and Vv € A3, As,
dlv) =n-1.
Therefore, we obtain the degree sequence of
graph Hy ,,\M as follows.

2n—-4n-1,...,.n—-1,n—-2,...,n— 2.
n+2 n-3

(i) Next, do the closure process of the graph
H;, ,»\M. In the first step of the closure, the vertex
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v, Will be adjacent to v = Un+1 and v = U3n 1,

since their degree sum of both vertlces is d(v) +
d(vy) =n—1+2n—4 = 2n. Therefore, their
degrees will increase as follows:

d(vy) = 2n — 2;
d(Un_-H) =n,
2
d(vzm_—1> =n.
2

Consequently, after the first step, we have the
degree sequence:

2n—-2,nnn—1,..,.n—1,n—2,..,n— 2.

n n-3

(iii) Since vertex wvn+1 and vertex wsn-1 are not
2 2

adjacent and d (Un_-i»l) +d (UE) =n+n2
2 2

2n, then these vertices will be adjacent in the
second step of our closure process. This makes
their degrees change into:

d(vn_ﬂ) =n+1andd(vE) =n.
2 2

Thus, the degree sequence becomes:
2n—-2,n+1,n+1,n-1,..,n—-1,n—-2,..,n— 2.

n n-3

(iv) Now, consider vertex vn+1 and vertex v on As,
2

we can see that d (Un_+1) +dw)=mn+1+
2

(n — 1) = 2n. This means that in the next step of

the closure process on, we can consider these

vertices: vn+1 and v, for all v € A5. So, their
2

degrees will change into:

3n—-1
d (Un+1) = ;
2 2

d (vﬂ) =n,Vv E As.

2

Thus, the degree sequence becomes:
3n—1
2n — Z,T n+ 1,,n ,n,n—1,..,n—1,

n+3
2 2

’ w

n-3
(v) Inthe next step, consider vertex vn+1 and vertex v
2
on A,. We can see that

d(vn_n)+d(v) E+(n—1) > 2n.
2
By the closure process, their degrees will become:

d (w_ﬂ) =2n-2;

2

Advances in Computer Science Research, volume 96

d(UE) =n-—1,Yv € 4.

2

The degree sequence will become:

2n—2,2n—2, n+1n n,n—1,..,n—1,

‘
-3 n

n-3

(vi) Now, consider vertex vsn-1 and vertex v on A;.
2

The degree sum will be:
d(vzn- >+d(v) —(+1D+{m-1)>2n

Therefore, these vertices will be adjacent in our
closure process. So, the degrees of these vertices

become:
d (Uﬁ) = 3n2_1;
2
d(v) =n, Vv € As.
As the consequence, the degree sequence
becomes:
3n—1

2n—2,2n-—2, ,n,..,n,n—1,..,n—1,

2 n-3 n+3

=z

n—2,..,n—2.
—n;3—/

(vii) Consider vertex van-1 and vertex v on A,, we
2

can see that

d(vﬁ> +dw) = (3n 1) +(n—-2)=2n.

Then, after the closure process their degrees
become:

d(Uﬁ) =2n-—2;

2

dv)=n-1, Vv € A;.
As the consequence, the degree sequence also
change into
2n—-2,,.2n—-2,n,...,n,n—1,...,.n—1.
3 n-3 n

(viii) Now, consider vertex vn+s and vertex v onAs\

2
{vn41}, we can see that d (Un_+3) +dw)=n+
2

n > 2n. From the closure process on these
vertices, we obtain:

3n-5
d (Un+3) = ;
= 2

dw)=n+1, Vv € A\{Vy41}

This implies that the degree sequence becomes
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3n—5
2n—2,,..2n—2,———

3 Lot

onn—1..,n—-1,
n—3 n
2

nl

(ix) Now, consider vertex vsn-3 and vertex v on A; U
2

{vn-1}. We can see that
2

d(vﬁ)+d(v)=(n+1)+(n—1)22n.

From the closure process on these vertices, we
obtain:

3n+1
d (17371—3) = T;

2

dw) =n, Vv € 4; U {vn-1}.
2

Then, the degree sequence becomes:

2 5 2 5 3n+1 3n—-5
n Jy 2 T T
3
n+1,.,n+1,n..,n,n—1,...,n—1
n-3 n-2 n+1

-2 —_—

2 2

(x) Consider vertex vn+s and vertex v on A, U

2
{van+1}, we can see that
2

3n-5
2

d(vnTH) +dw) =5 m—1) = 2n.

The closure process on these vertices will result:

d<17n_+3) =2n-—3;

2

d(w) =n, Vv € A, U {vzn+1}.
2

Then, the degree sequence becomes:

3n+1
2 )

2n—2,,...
3

2n—2,2n -3,

n+1,..,n+1,n,..,n,n—1.

n-3 3n-5
=z 2 =

(xi) Consider vertex vn-1 and verteX vsn+:1 . We
2 2

observe that d <17n_—1) +d (vﬂ> =n+n2
2 2
2n.

By the closure process on these vertices, we have:

d<17n_—1)=n+1;

2

d(vE)=n+1.

2

Then, the degree sequence becomes:
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3n+1
2n—2,,..,2n—2,2n -3, >
3
n+1,.,n+1,n,..,n,n—1.
n-3 3n-5

2 7 2

(xii) Lastly, consider vertex vn-1 and vertex v,,. We
2

can see that

d<vn_—1> +dv,)=m+1+(n-1)=2n.
2

The closure process will result

d(vn_—1)=n+2;
2

d(v,) =n.
Then, the degree sequence becomes:
3n+1
2n—2,,..,2n—2,2n—3, > ,n+2
3
n+1,..,n+1,n,..,n
n->5 3n—5_1
2 2

Since the degree of each vertex is at least n in the closure
of Hy, ,,\M, then by Theorem 1.1, we obtain c(Hy, ,,\M)
is hamiltonian. By Theorem 1.2, we obtain Hy, ,,\M is
hamiltonian. So that, Hy, ,,\M contains a red copy of
Can. Therefore, H, 5 > (Con, Kyp) foroddn > 7. O

Now, we construct Ramsey graphs for a pair of
(C2n, K1) by modifying the Harary graph H,, 5, if n is
even. Our modified graph Hy’,, is defined as follows.

Definition 4 Let n > 6 be an even integer. The graph
H;’,, is a graph that we obtain by modifying graph H,, ,,,
as below.

n,2n = n.Zn\ {vivi+%|l € [O’E - 1] U [TL,7 B 1]}

U {vjvj+n|j € [g— 1%]}

Vi A (*‘Q\
A\

./1;'
y 774
vl
N i.l‘ ‘,"
? \-‘\:\ A 7 .

A

Van-1 g0 v

Theorem 2.3 H;%, = (Con, Ky 5) forevenn > 6.

Proof. We will show that H;%,, = (Cyn, Ky 5). Consider
any red-blue coloring on the edges of the graph Hy,



ATLANTIS

PRESS

containing no blue copy of K ,. Then, all the blue edges
will form a matching M. It can be verified that every
vertex in the closure of the graph Hy",,\M has degree at
least n. Then Hy%,\M is hamiltonian (by Theorem 1.1
and 1.2) Therefore, there exists a blue copy of C,, in
H;;5n\M. Therefore, Hyy%, = (Con Ky o). 0
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