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ABSTRACT

A graph labelling with a condition at distance two was first introduced by Griggs and Robert. This labelling is also
known as L(2,1)-labelling. Let G = (V, E) be a non-multiple graph, undirected, and connected. An L(2,1)-labelling on
a graph is defined as a mapping from the vertex set V(G) to the set of nonnegative integer such that for x,y € V(G),
lfG)—f)| =2if d(x,y) =1and |f(x) — f(¥)| = 1if d(x,y) = 2, where d(x,y) denoted the distance between
vertex x and y. The largest number of the vertex labels is called as span of L(2.1)-labelling. The span of a graph G can
be more than one, the minimum value of the span of a graph G is notated by A, ;)(G). In this paper, we consider a graph
labelling with distance two on generalized friendship, windmill, and torch graphs.

Keywords: L(2,1)-labelling, Labelling graph with distance two, Minimum of span, Generalized friendship,

Windmill, and Torch graph.

1. INTRODUCTION

Graph labelling is an assignment from the elements of
graph such as vertex, edge, or both to the set of non-
negative integer (commonly) with a certain requirement.
Over the years, more than 200 graph labelling have been
investigated. We can see it in [1] for further study. Every
variety of graph labelling hold different condition. There
are graph labelling with certain distance as a requirement,
one of them is L(2,1)-labelling. An L (2,1)-labelling
requires the difference between two vertex labels to reach
certain conditions if the distance between two vertices is
one or two [2].

Griggs and Roberts in the 1992 presented a concept
of graph labelling with a condition at distance two. This
concept is arisen from the modification of the frequency
assignment problem presented by Hale in 1980. On a
number of transmitters, each of them must be assigned a
frequency to avoid frequency stacking. To overcome the
frequency stack, then two transmitters that are “close”
must receive different channels. While two transmitters
that are “very close” must receive channels that are at
least two channels apart. In the language of graph theory,
the vertices of a graph represent transmitters, a “very
close” transmitters represented by two vertices that are
adjacent, and “close” transmitters represented by two
vertices with distance two in the graph [3].

Let G = (V,E) be a non-multiple, connected, and
undirected graph. Suppose that u, v € V(G) and d(u, v)
denoted the distance between vertex u and v. An L(2,1)-
labelling of a graph G is defined as a mapping f: V(G) -
{0,1,2,...,k} such that |f(u) — f(v)| = 2 if d(u,v) =
land |f(w) — f(v)| = 1ifd(u,v) = 2[2,4]. Anumber
k such that an L(2,1)-labelling exist is called as span of
L(2.1)-labelling if there is no label greater than k. The
span of a graph G can be more than one, and the
minimum value of the span of a graph G is notated by

A@1(6) [3]

There are many research about L(2,1)-labelling of a
graph. Griggs and Yeh [2,5] in 1992 proved that
A21(S1n) =n+1,2,1(Cy) = 4and A,,(P,) = 4. The
minimum span of fan graph (f;,) is n+ 1 and wheel
graph (W,) isn + 1 [6]. Yuri et al. [7] in 2018 proved
that the minimum span of Sierpinski graph (Sg,m)) is 4
form=2andm = 3.

In this paper, we present the minimum span of
generalized friendship, windmill, and torch graphs.
Before the further discussion, there are some properties
of L(2,1)-labelling which will be used in this paper as
follows.

Lemma 1.1. [8] If H is a subgraf of graph G, then
A2 (H) < 221(6).
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Lemma 1.2. [2] Let S,,be a star graph withn > 1, then
2.2,1(5,1) =n+ 1.

2. MAIN RESULT

In this section we discuss about the minimal span of
generalized friendship, windmill, and torch graphs.

2.1. Generalized Friendship Graph

Generalized friendship graph (F,,,) is defined as a
collection of m cycles C, with a common vertex [9].
Suppose that the vertices and edges of generalized
friendship graph (F, ,,,) are notated as follows.

V(Fym) = o, vi=1,2,..,mj=12,.,n-1}

E(Fom) = {vovi", vovita, vjvis J # ki j, k =
1,2,..,n—1}

Its notation can be seen in Figure 1.

\
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Figure 1 Generalized friendship graph (F, ).

Theorem 2.1. Let F,,,, be a generalized friendship
graph withn > 2, andm > 2 then 1, 1(F, ;) =
2m + 1.

Proof. We will prove that /12,1(Fn,m) > 2m + 1. Since
the star graph (S,,,) is a subgraph of generalized
friendship graph F, ,,,, then based on Lemmas 1.1 dan
1.2, we have A1 (Frm) = 251 (S2m) = 2m + 1. So, we
have shown that A, (Fy ) = 2m + 1. Next, we will
prove that A, ; (Fp,m) < 2m + 1 by constructing L(2,1)-
labelling on generalized friendship graph F, ,,. Let
fiV(Fpm)—1{0,1,2,..2m+1} be a function as
follows.

f(we) =0
f(vi)=2i

f(vi)=2i+1
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For the image of f(vf) with i =2,..,m and j =
2,...,m— 2, we consider 2 cases as follows.

1.Casesl:m =2
Ifn=0mod3andj=2,..,n—2
(2;j=1mod3,j¢n—2

4;j=2mod 3
1 — )
ﬂvj)_iO;ijmodB

5j=n-2
4;j=1mod3,j#n—2
2;j=2mod 3
2 — )
%) =10 = 0mod 3
3;j=n—-2

fn=1mod3andj=2,..,n—2
2;j=1mod3,j#n—-2

4;7=2mod 3

1 — )

F0) =107 = 0 mod 3
5j=n-2
4;7j=1mod3

f(w})=12;j=2mod3
0;j =0mod 3

Ifn=2mod3andj=2,..,n—2
(2;j=1mod3,j¢n—2

4;j=2mod 3
1 — )
f(vj)_io;j=0mod3

1;j=n-2
4;7j=1mod 3
2;j=2mod 3
f(v})={0;j =0mod 3
3;j=n—3
Lj=n-2

Based on the definition of L(2,1)-labelling, two vertices
with a distance one differ by at least two. It will be shown
as follows. Since the labels of {v,,v}} in the form of
cycle sequence (0,2,4,0,2,4,...,4,0,5,3) and the labels of
{vo,vjz} in the form of cycle sequence
(0,4,2,0,4,2,...,0,3,5) for n = 0 mod 3, it is easy to see
that the difference labels of two vertices with distance
one is at least two. In the same way, for the labels of
{vo,v}} and {vy, v} where n=1mod3 and n=
2 mod 3, we can see that the difference labels of two
vertices with distance one is at least two. Furthermore,
for those of vertices with a distance two, we can also
easily see that the difference of the labels is at least one.
So, we can conclude that for m = 2, the function
f satisfied L(2,1)-labelling.
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2.Case2:m =3

7;j = 2mod 3
f(w!)=41j=0mod3
5;j=1mod3
7;j = 2mod 3
f(w?)=11;j =0mod3
3;j=1mod3
1;j=2mod3,i=3,..,m
f(v]?)z 5,j=0mod3,i=3,..,m
3;j=1mod3,i=3,..,m

In the same way with the Case 1, we can prove that the
function f satisfied L(2,1)-labelling form = 3.

Since the function f satisfied the rule of L(2,1)-labelling
then we can conclude that A,4(F,,) <2m+ 1.

Therefore, we get A,1(F,,) =2m+ 1. We give an
example to illustrate Theorem 2.1 in Figure 2.

Usz V3
4 8
V2@ v 5 2
’ 0 4
6 2
U1 Uy

Figure 2 L(2,1)-labelling of generalized friendship
graph F 4.

2.2. Windmill Graph

Windmill graph (W,™) is a graph obtained by
combining m copies complete graph K,, with a common
vertex. For the case n = 3, windmill graph (W,*) is a
generalized friendship graph F;,,. So, the windmill
graph here is started with n > 4 and m > 2. Suppose
that the vertices and edges of windmill graph are notated
as follows.

VW™ = {vo,v)5i=1,2,..,m;j =1,2,..,n — 1}
EW™ ={vev;i=12,...mj=12..,n—1}uU
Wi j = kijk=12,...,n—1}

The notation of vertices and edges of windmill graph as
depicted in Figure 3.
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Figure 3 Windmill graph W,™.

Theorem 2.2 Let W, be a windmill graph withm > 2,
my _ (mn—m+n—1,misodd

then A, (Wi™) = { mn —m + 1;mis even

Proof. Let W™ be a windmill graph with m > 2, we will

consider two cases to prove this theorem.

a). Case 1: misodd

We will show that 4, ; (W) = mn —m + n — 1. Since
the distance of vertex v/ and vj, for j # k is one, then in
order to satisfy the L(2,1)-labelling rule, the absolute
value of their label difference is at least two. So, all
vertices of v} and vy, for j # k must be labelled with
even labels or odd label only. Since the distance of vertex
v}' and vy is two for i # [, then in order to satisfy a
condition that |f(v} ) — (vf)| = 1, every vertex of v}
with i=1,2,..,m and j=1,2,..,n—1 must be
assigned different label. The minimal span of windmill
graph W, can be reached if the label of vertex v, is 0.
Since vertex v, adjacent with every vertex v; then the

label 1 cannot be attached to the vertex v}. In view of m

mT“) (n—1) even
labels and (mT_l) (n—1) odd labels. Considering that
the minimum even label of vertices v! is 2, then the

]
largest label is 2+ ((mTH) (n—-1) — 1) 2=mn-—

m+n—1. So, we have identified that 2,,(W,™) >
mn—m+n-—1.

is odd, all vertices v} need exactly (

Next, we will prove that ,, (Wy') <mn—m+n—1
by applying L (2,1)-labelling on windmill graph
W,™. Define a function f:V(W3') - {0,1,2, ..., mn —
m+ n — 1} as follows.

f(vy) =0

For the image of all vertices v} there are two cases to be
consider.
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1. Ifi i.s odd
f@W)=m-1Dn-1)+2)

forj=1,2,..,n—1

2. Ifiiseven
f@)=m-2(n-1D+2j+1

forj=1,2,..,n—1

Using similar method with Theorem 2.1, it can be easily
seen that f satisfied L (2,1)-labelling and we get
Lo (W) <mn—m+n—1. Therefore, we can
conclude that 4, (W) =mn—m+n—1.

b). Case 2: m is even

We will prove that 4, ,(W3') = mn —m + 1. Assume
that windmill graph W,™ can be labelled by
0,1,2,3,..., mn —m. Since v, adjacent to all vertices
v]‘ then the minimum span of windmill graph W,;" can
be obtained if the label of vertex v, is 0. As a result, label
1 cannot be attach to any vertex of v} due to the rule of
L(2,1)-labelling. Now, the remaining labels available are
mn —m — 1, while the number all vertices of vji is

m(n — 1) = mn — m. It means that we short of 1 label.
Therefore, we need 1 label except labels
0,1,2,3,..., mn —m. So, the assumption that windmill
graph W, can be labelled by 0,1,2,3,...,mn—m is
failed to be reached. Here, we have proved that
Aoy (WR) =mn—m+ 1.

Next, we will prove that 1,,(W3') < mn—m+ 1 by
formulating an L(2,1)-labelling on windmill graph W™
Suppose that f:V(W3') - {0,1,2,..,mn—m+ 1} is
a function with the rule as follows.

fw) =0

For the map of all vertices v]‘ we will divide it into two
cases.

1. Ifi i§ odd
f@)=m-1Dn-1)+2)

forj=12,..,n—1

2. Ifiiseven
f(v})=(m—2)(n—1)+2j+1

forj=1,2,..,n—1

Again, in the same way with Theorem 2.1 it is easy to
prove that f is L (2,1)-labelling. So, we have
A2 (W3') < mn —m + 1. Therefore, we can conclude

Advances in Computer Science Research, volume 96

that 2,,(W3') = mn —m + 1. For example, an L(2,1)-
labelling of windmill graph W,* can be seen in Figure 4.

2

Figure 4 L(2,1)-labelling of Windmill graph W;*.

2.3. Torch Graph

Torch graph (0,,) is a graph obtained by combining a
triangular book graph with a fan graph f; containing one
leaf in the central vertex [10]. Suppose that the vertices
and edges in the torch graph are notated as follows (see
Figure 5 for the illustration).

V(0,) ={v;i=1,2,..,n+4},

E(0,) = {viVpy1, ViVpysii = 2,...,n—2} U
fvivyn<n<n+412..,n—-1}U

{vn+3vn+1x Un-1Vn UnVnya, Unvn+2}-

Un—2

Un+4 Un+2
%
vn
Vn-1

Figure 5 Torch graph (0,,).

Theorem 2.3. Let O,, be a torch graph with n > 3, then
_(6;for3<n<5
A21(0n) = {n +1:forn>6

Proof. Since the star graph and triangular book are the
subgraph of a torch graph 0,, [11], it is easy to prove that
A21(0,) =6 for3<n<5and 1,,(0,) =n+1 for
n = 6.
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Next, we will see that 1,,(0,) <n+1 by assigning
L(2,1)-labelling on torch graph O,. Let f be a function
from V(0,) t0 {0,1, 2, ..., n + 1} as follows.

7—05i=1,23
i+3;4<i<n-2
i—n+li=nn+1n+2
4i—4n—-12;i=n+3,n+4
f(vn_1)=5

It is easy to show that 4, ,(0,) < n+ 1. Then, we get
/12’1(0,1) =n + 1

fw) =

As an illustration, Figure 6 presents an L(2,1)-labelling
of torch graph O.

Figure 6 L(2,1)-labelling of torch graph 0.
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