ATLANTIS

PRESS

Advances in Physics Research, volume 5

Soedirman International Conference on Mathematics and Applied Sciences (SICOMAS 2021)

The Existence of the Moore-Penrose Inverse In
Symmetrized Max-Plus Algebraic Matrix
Suroto Suroto®” Najmah Istikaanah! Renny Renny?

1Departement of Mathematics, Universitas Jenderal Soedirman, Purwokerto, Central Java, Indonesia

*Corresponding author. Email: suroto@unsoed.ac.id

ABSTRACT

In this paper we discusses Moore-Penrose inverse in symmetrized max-plus algebraic matrix. The existence of Moore-
Penrose inverse is shown using a link among symmetrized max-plus algebra and conventional algebra. The result is a
Moore-Penrose inverse in symmetrized max-plus algebraic matrix exists. Furthermore, the balanced inverse and the
max-plus inverse are also the Moore-Penrose inverse in symmetrized max-plus algebraic matrix..
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1. INTRODUCTION

Max-plus algebra is the set of R U {—o} equipped
with maximum (simply written "max") as addition and
usual addition (simply written "plus™) as multiplication,
where R is the set of all real numbers. Henceforth, the
max-plus algebra is denoted by R .. It is different from
conventional algebra, since there is no inverse element
under addition for every element in max-plus algebra,
except for zero element [1][2][3]. The symmetrization
process can be done to solve the additive inverse
problem. This process is carried out using a balance
relation (denoted by V) in order to obtain the minus and
balance of all elements in Rp,.c. The result of this
symmetrization is called symmmetrized max-plus
algebra and denoted by S [4][5].

In conventional algebra, it is known that A=* denotes
the inverse of an invertible square matrix A,,.,, [6]. It is
known that there is an inverse for an m x n matrix called
the Moore-Penrose inverse and usually denoted by A*[7].
The concept of the inverse of an n X n matrix can be used
as an alternative way to find a solution to a system of
linear equations in the form Ax = b. If A is an invertible
matrix, then the solution of the system of linear equations
can be solved using the formula x = A~1b. If the matrix
A of the system has a size of m X n, the solution of the
system cannot be found using these rules. The discussion
about application of the Moore-Penrose inverse in linear
equation systems was discussed in [8].

The discussion about the Moore-Penrose inverse on
arbritary ring and integral domain were discussed in [9]
and [10], respectively. In this paper, we discuss the
Moore-Penrose inverse of matrix over S. We use a link

between S and conventional algebra in [11] to show the
existence of Moore-Penrose inverse in S. We adopt the
Moore-Penrose inverse in conventional algebra [12] to
define the Moore-Penrose inverse in S, by changing
equal relation in the conventional Moore-Penrose inverse
into balance relation in symmetrized max-plus algebra.
The results in this paper can potentially be used as an
alternative tool to solve the solution of the systems of
linear balance in S.

2. BASIC TERMINOLOGY

This section discusses basic terminologies in
symmetrized max-plus algebra. Let R be the set of all real
numbers, € & —co and R & RU{—o0}. The basic
operations in R are defined by

a @ b = max{a, b} (1)
a®b=a+b )
where max{a, —o} =a and a + (—») = —oo, for all

a, b € R¢. The mathematical system R,.x = (Re, P, Q)
is called the max-plus algebra, with the zero element is
&, the unity element is e and the zero element € is
absorbsing for @. Furthermore, R, IS an idempotent
commutative semiring. There is no inverse element under
addition for all a in R, except fora = £.

Let Pc & R X Re. The basic operations in Pc are
defined by

(a,b) D (c,d) =(aDc,bDd) (3)
@h) R d)=0QcPDbRdaQRdBbRc) (4)

for all (a, b), (c,d) € P.. The zero element is (&, £), the
unity element is (0,€) and (&,&) is absorbing for
multiplication. The mathematical system B,,., = (Ps,®
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,®) is a commutative idempotent semiring and called the
algebra of pairs. Some terminologies in algebra of pairs
refersto [4]. If u = (a, b) € Byax, then the absolute value
of u is defined as |u|g = a @ b, the minus of u is ©
u = (b,a) and the balance of u isu"=u P (B u) =
(lulg, lulg). Furthermore, for all w,v € Py, the
following statements are satisfied: u* = (© u)® = (u*)",
u®v=u®v=u®v), O6MBu=u O
wdv)=we©v) Ou®v) =(©O
u) ® v.

In the conventional algebra, forall x € R, x —x = 0,
but forall u € Py, u©Qu=u"# (€,&), except u =
(€, 8). Itis important to introduce “balance” relation for
substituting “equal” relation in conventional algebra. If
u = (a,b),v = (c,d) € P,ax balance relation (denoted
by V) in By, is defined as follows :

uVvifa®d=bPc. (5)

The balance relation reflexive, symmetric but it is not
transitive, so that it is impossible to define the quotient
set of P. by V. For example, (5,4)V(5,5) and (5,5)V(4,5)
but (5,4)¥%(4,5). The new relation will be introduced in
order to solve “transitive problem” in balance relation.
Let u = (a,b),v = (c,d) € Bpay, relation B in P,y IS
defined as follows :

(a,b)V(c,d), ifa#bandc#d 6
(@b)=(c.d), ifa=borc=d" ©

For all u€ Py u©uB(EE) except for u=

(€,&) and B is an equivalence relation. So, it is possible

to obtain a quotient set of B, by B. The equivalence

classes generated by B are

1. (w,—) ={(w,x) € Ppaxlx <w} is called max-
positive,

2. (—oo,w) = {(x,w) € Ppaxlx <w} is called max-
negative, and

3. (w,w) = {(w,w) € P,.x} is called balanced.

and

uBuv if {

The quotient set of B,., by B is denoted R max/B &S,
Note that (5,4) balance with (5,5) and (5,5) also balance
with (4,5), but (5,4) is not B relation to (5,5), neither are
(5,5) and (4,5).

The mathematical system S,,., = (S,®,&) is called
the symmetrized max-plus algebra. The zero element is
the class € = (€, €) class, the unity element is the class
é = (0,€) and the zero element (€, ) is absorbing for
®. Furthermore, (w, —»), (—oo,w) and (w,w) are
sufficiently written by w, © w and w*, respectively. The
set of all max-positive class or zero class, max-negative
class or zero class and balanced class are denoted by S®,
S© and S*, respectively. The set S = $® U §€ is called
the set of all signed element. Note that SP USO U S* =
Sand S® NSO ns ={( )}

The basic operation of matrix over S can be done in
the usual way as that in conventional algebra. The zero
matrix in ™™ is [€] with €;; = Eforalli = 1,2,...,m
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and j = 1,2, ...,n. The identity matrix is I = [a] € $™*"
with a;; =e if i=j and a;; =& if i #j, for i,j =
1,2,..,n.Forall A,B € S™", AV Bif a;; V b;; fori =

1,2,..,mand j=1,2,..,n. If A = [é 932] and B =

2° B2 . o
[4, 3 ] then AV B since a;; V b;; for i = 1,2 and

j = 1,2. Note that the corresponding entries of A and B
are not always equal.

3. A LINK BETWEEN CONVENTIONAL
ALGEBRA AND SYMMETRIZED MAX-
PLUS ALGEBRA

This section discusses a link between S and
conventional algebra. It is used to solve the Moore-
Penrose inverse in S via conventional algebra approach.
In this paper, this link is used to show the existence of
axioms of the Moore-Penrose inverse in S sense. The link
is refered from [11].

Definition 1
A mapping F with domain of definition § x Ry x R¢ is
defined as
lule®, if a € S®
F(a,u,s) =3 —|ule!”e®s,if a € $©
pel®os ,ifaes

()

where a € S, u € Ry, s € R¢.

Definition 2
Let £(s) ~ ve!@®s be in the neighbourhood of oo, here is
the function R is defined as

lalg ,if v positive
© lalg ,if v negative

R = | ®)

The function in (7) and (8) are used to correspond
elements in symmetrized max-plus algebra into
conventional algebra and otherwise, respectively. If u =
1 then F(5,1,5)=¢e%, F(O51,5)=e> and
F(,1,s)=e%. Note that R(F(5,15))=
R(F(51,5)) =R(*)=5 and R(F(O51,5))=
R(e™>%) =© 5.Range of R is S¥ = S® U S© i.e the set
of all signed element.

The folowing theorem explain the correspondence
between addition and multiplication in symmetrized
max-plus algebra into conventional algebra.

Theorem 3

Leta,b,c €S.

1. Ifa @ b = cthenthere are ug, Up, 4. € R, such that
F(a, g, s) + F(b,up,s) ~ F(c, U, s), s — oo,

2. If there are pg, Uy, U € Ry such that
F(a, g, s) + F(b,up,s) ~F(c, U s), for s » o
thena @ b Ve.

3. Ifa ® b = c then there are ug,, up, 4. € R, such that
F(a, g, s) X F(b,up,s) = F(c,ue, s), s € RE.

4. Ifthere are g, Up, 4. € Ry such that

60



ATLANTIS

PRESS

F(a, g, s) X F(b,up,s) = F(c, ugs), for s e R
thena @ b Vec.

We can expand Theorem 3 into matrix over S. If A =
[aij] € S™" and M, = [(mA)ij] € RIV™ then A =
la;;] = F(A,M,) is the mxn real matrix-valued
function of A with @;;(s) = F(ay;, (m,)ij, s).

Theorem 4
Let A, B, C are matrices whose entries are in S.
1. If A@ B = C then there are matrices My, Mg, M,
whose entries are in R, such that
F(A,My,s) + F(B,Mg,s) ~F(C,M,s),s > o,
2. If there are matrices My, Mg, M whose entries are
in R, such that
F(A,My,s) +F(B,Mg,s) ~F(C,M.,s),s -
then A@ BVC.
3. If AQ B = C then there are matrices My, Mg, M.
whose entries are in R, such that
F(A,My,s) X F(B,Mg,s) ~F(C,M¢,s),s - co.
4. If there are matrices M,, Mg, M whose entries are
in R, such that
F(A,My,s) X F(B,Mg,s) ~F(C,M,s),s » o
thenA® BVC.

The entries of the matrix in S will be considered as sums
or series of exponentials. So we give the definition such
functions and their properties.

Definition 5
Let S, be the set of real functions which are analytic and
can be written as a sum of exponentials in a
neighborhood of oo, i.e
S, ={f:A- R|A € R,3IK € R{ such that
[K,0) € A and f is analytic in [K,) and
either
Vx > K, f(x) =Y ae’™, neN, a €R,,
b, € R¢ forall i and by > by > -+ > b,
or
Vx > K, f(x) = X2, a:e?™, a; ER,, b; €R,
b; > b4, Lli@ b; =¢ and the series are
absolutely convergent for each x > K}.

Theorem 6
If f €S, then f(x)~ayelo* for x > .

Theorem 7

1. If f and g belong to S, then pf, f + g, fg, f'and |f]
arealsoinS, forallp e Rand![ € N.
2. Ifthereexists K € Rsuch that f(x) # 0 foreachx >

K then % and % restricted to [K, o) are also in S,.
3. Ifthere exist Q € R such that f(x) > 0 for every x >
Q then \/f restricted to [Q, «) are also in S,

4. THE MOORE-PENROSE INVERSE IN
SYMMETRIZED MAX-PLUS ALGEBRAIC
MATRIX
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This section discusses the existence of the Moore-
Penrose inverse in S sense. The link between S and
conventional algebra is used to derive several properties
in determining the existence of the Moore-Penrose
inverse on matrix over S.

The following theorems explain the existence of the
balance of matrix over S, which is similiar to the first and
second axioms of the Moore-Penrose in conventional
algebra.

Theorem 8

Let A and X be matrices over S. If there are matrices
N4, Ny whose entries are in R, such that

F(A, Ny, 5). F(X,Ny,5). F(A, Ny, s) ~F(A, Ny, 5),
s> o, thenAQRQ X AVA.

Proof. Let a and x be entries of A and X, respectively.
By using Definition 1, the exponential form of all entries
in A and X as in conventional algebra are obtained. All
entries in exponential form are in S,. Therefore,
according to Theorem 6 and Theorem 7, all of algebraic
operation of those exponential are in S,. Let F(A4, Ny, s)
and F (X, Ny, s) be real matrix-valued function for A and
X, with N4 and Ny are matrices whose entries are in R,.
Suppose there are matrices N,, Ny whose entries are in
R, such that

F(A, Ny, s). F(X,Ny,s). F(A, Ny s) ~F(4,Ny, s), for
s — oo, If the asymtotic equivalent form in part 4 of
Theorem 4 is replaced by

F(A,N,, s) . F(X,Ny,s).F(A, Ny, s) ~F(A,Ny,s),
s —» oo thenitisobtainedthat AQ X @ AVA. m

for

for

Theorem 9

Let A and X be matrices over S. If there are matrices
Ny, Ny whose entries are in R, such that

(X,Ny,s). F(A, Ny, s). F(X,Ny,s) ~F(X,Ny,s), for
s> othenX AR XVX.

Proof. Let F(4, Ny, s) and F(X, Ny, s) be real matrix-
valued function for A and X, with N, and Ny are matrices
whose entries are in R,. Suppose there are matrices
Ny, N, whose entries are in R, such that
F(X,Ny,s).F(A,Ny,s).F(X, Ny, s) ~F(X,Ny,s), for
s — oo, If the asymtotic equivalent form in part 4 of
Theorem 4 is replaced by

F(X,Ny,s).F(A, Ny s) . F(X,Ny,s) ~F(X,Ny,s) for
s —» oo thenitisobtainedthat X @ AQ XVX. m

The following theorems explain the existence of the
balance of matrix over S, which is similiar to the third
and fourth axioms of the Moore-Penrose in conventional
algebra.

Theorem 10

Let A and X be matrices over S. If there are N, Ny whose
entries are in R, such that

(F(A,N,,5) . F(X,Ny,5)) ~F(A4,N,,s). F(X,Ny,s)
for s > o0then(AXX)TVAR X

Proof. Let F(A,N,,s) and F(X, Ny, s) be real matrix-
valued function for A and X, with N, and Ny are matrices
whose entries are in R,. Suppose there are matrices
Ny, Ny whose entries are in R, such that
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(F(A,N,,5) . F(X,Ny,5)) ~F(4,N,,s) . F(X, Ny, s),
for s — co. If the asymtotic equivalent form in part 4 of
Theorem 4 is replaced by

(F(4,N,,5) . F(X,Ny,5)) ~F(4,Ny,5) . F(X, Ny, s)
fors » o thenwehave (A @ X)TVAR® X. m

Theorem 11
Let A and X be matrices over S. If there are N, Ny whose
entries are in R, such that

(F(X,Ny,s) . F(4 Ny, 5)) ~F(X, Ny, s).F(A,N,,s)
fors > o, then X ® A)TVX® A
Proof. Let F(X, Ny,s) and F(A, N4, s) be real matrix-
valued function for X and A, with Ny and N, are matrices
whose entries are in R,. Suppose there are matrices
Ny, N, whose entries are in R,, such that
(F(X,Ny,s) . F(4,N,,5)) ~F(X,Ny,s) . F(4,N,,s),
for s — oo. If the asymtotic equivalent form in part 4 of
Theorem 4 is replaced by
(F(X,Ny,s) . F(A,N,,5)) ~F(X, Ny, ). F(4,N,,5)
fors = oo thenwe have (X @ A)TVX QX A. m

The following example illustrates the existence of the
matrix balance form in Theorem 8 until Theorem 11.

Example 12
Let A and X be matrices over S, respectively where A =
-5 o4
[912 923 ezl]andX= 4 =3
©(-5) -4
11
it N=[7 1 7] and Ne=|1 1| then
1 11
s 2s s 11
_| e e —e _
FANy) = S5 o 5] and FONg,s) =
e—Ss _e—4-s 11 1
e~  —e~3s|. Therefore, there are N, = [
—5s —4s 111
—e e
11
and Ny = |1 1] such that
1 1

a. F(A, Ny, s).F(X,Ny,s).F(A Ny, s)
es eZs —eS
~[_eZS €3S 625] =:F(A,NA,S),S—)OO_

b T(X,Nx,s).F(A,NA,S).F(X,N)(,S)

—5s __p,—4s

e e
~| et —e35|=F(X,Ny,s), s> o
_e—Ss e—4s

c. (F(AN,s).FX Ny,s))
Ze—4s + €_ZS _els _ Ze—3s
- [—e's —2e73s 142e % ]
= (F(A, Ny s) . F(X, Ny, 5)), s > .

d. (F(X,Ny,s).F(A,Nys))T

e~ 4s + e~2s e 3s +eS _e 45 _ g2
~| e 3 +e7S e ¥ +1 —e735 ¢~
_e—4s _ e—Zs _e—3s —e~S e—4s + e—Zs

= F(X,Ny,s) .F(A,Ny,s), s > oo,

Since A and X satisfy a, b, c and d, then it is obtained that
1. AQXQAVA
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2. XQAQXVX
3. ARX)TVAR®X
4, XQATVXRA m

The discussion in Theorem 8 until Theorem 11 were
used to show the existence of the matrix balances in order
to define the Moore-Penrose inverse in S.

The following definition explains the Moore-Penrose
inverse in the matrix over S. This definition is defined by
modifying the definition of the Moore-Penrose inverse in
a conventional matrix, i.e by changing “equals” relation
in conventional algebra to “balance” relation in S.

Definition 13

Let M € ™", The Moore-Penrose inverse of M is an
n X m matrix M+ which satisfies

ILMMT Q@ MVM

2MTQMQMTVMT

3.(MQ@M*)VM Q@ M+

4.(M* Q@ M)TVM* @ M

=5 o (—4)
—4 O (-3)
© (=5) —4
the axioms in Definiton 13, then X is the Moore-Penrose
1 2 o1
62 63 21

The discussion of symmetrization of R, sShows that
Rp,ax 1S the positive part or zero of S. Therefore, R . IS
a special case of the symmetrized max-plus algebra, i.e
R,ax IS @ special case of S. According to Theorem 8 until
Theorem 11, the existence of the Moore-Penrose inverse
in max-plus algebraic matrix is guaranteed.

Based on the properties of the weak balances, the
weak transitive and the reduction of balance in
symmetrized max-plus algebra, Definition 13 can be
changed into the following definition.

Definition 14

Let M € (SY)™ ™, The Moore-Penrose inverse of M is an
n X m matrix MT € (§Y)™™ which satisfies
IMIMT@M=M

2MTQMMT =M*

(MM =MQRM*

4. (M*QM)T =Mt Q@M

According to Definition 14, we can define the Moore-
Penrose in max-plus algebra sense.

Definition 15
Let A € (Ry.)™ ™. The Moore-Penrose inverse of M is
ann X m matrix AT € (Ry.)™™ which satisfies
LARQA*®A=A
2AT QAR At = AT
3AQANT =A@ A"
4. (A"QAT=4"Q A
The balanced inverse of a square symmetrized max-

plus algebraic matrix plays a similiar role as an inverse in
coventional matrix.

Since X = in Example 12 fulfills

inverse of 4 = [
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Definition 16 (Balanced Inverse)

Let A € S™™. If there is B € $™*™such that A @ BVI,
and B @ AVI, then A is said to be balanced invertible
and B is a balanced inverse of A. Furthermore, the
balanced inverse of A is denoted by Ay?.

The balanced inverse of a square matrix in S can be
solved using Definition 1, Definition 2 and the properties
of the link between S with conventional algebra. The
following example explains the balanced inverse of
square matrix over S.

Example 17

Let A = [21 i] where det(4) = 5¥&. The real

matrix-valued function which corresponds to A by the
- s s

function in (7) is A(s) = [:25 :451. Therefore

~ - —pS
det(A(s)) = e> — 3% and cof(4(s))T = [_6625 ees ]
r e4s —eS
+ oo cof(A(s))" _ |e55_e3s e55_g3s
for s € Ry. Since WG) — | e s | then
TS5 g3 o5 g3s
e5S _e3 _e254¢2S
= cof(ff(s))T _|e55—e3s  TeSs_e3s 1 0]_ +
A(S) det(ﬁ(s)) - 65_6S  _ 354,55 [ ] 12 and
e55—e3S e55_g3s
r e55—e3s e5S—e5
cof(4(s)) # | e55_e35  e55_¢3s 1 0 .
det(4(s)) A(s) = —e35+e35 35455 [ ] =1, for
255—935 eSS_e3S
s — .
11 -1 6 (—4)] 0
Consequently, [2 ]® [9( 3) Z4 v[e
o (- 4)] 1140
e Cs) ®, 47l are
. . 1 1 17 .
obtained. Since [2 4] [2, 4] where [2 4] is a

signed matrix in symmetrized max-plus algebra, then

[z' ] ® [e( 3) °% 4)] v [g

-1 6(4)
© (-3) ]®[2 4] [

balanced inverse Ag*

and

0]. Therefore, a

_ [ o (-4
© (-3) —4
A ® Ay VI, and Ay ® AVI, is obtained m

such that

The following theorem explains that the balanced
inverse of 4 is also the Moore-Penrose inverse of A.

Theorem 18
A balanced inverse of A € $™*™ is the Moore-Penrose of
A.
Proof. Let A" be a balanced inverse of A. According to
Definition 16, it satisfies

A® Ay! VI, and Ayt
Consequently, it also satisfies
LARQAV ®AVI, QA=A
2A7' Q@ AR ATV, ® Ayt = Ayt
3.(ARATVU)T = 1,VA ® Ayt
4. (A7' @ AT V()T = L,VAT! ® A.

® AVI,.

Therefore, Ay is the Moore-Penrose inverse of A. m
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According to Example 17, the balanced inverse matrix
ait = -1 04
v ©((3) -4

inverse of A = [21 Z]

is the Moore-Penrose

Corollary 19
An inverse matrix of A € (Ry,)™™ is the Moore-
Penrose of A.
Proof. Let A®~ be an inverse of A in max-plus algebra
sense. It satisfies

AQA® 1 =1 and A® ' QA=1,.
Consequenly, it also satisfies
1LAQA®1QA=1,QA=4A
2491 Q AR A®VI, @ A®t =
3. (4@ A% V()" = I,VA @ A®1

4. (4%1 @A) V(I,)" = [,VA® ' @ A.

A®?

Therefore, A%~ is the Moore-Penrose inverse of A. m

5. CONCLUSION

The existence of the Moore-Penrose inverse in
symmetrized max-plus algebra can be determined using
a link between symmetrized max-plus algebra and
conventional algebra. The Moore-Penrose inverse in
symmetrized max-plus algebra can be defined as that in
conventional algebra by replacing “equal” relation by
“balance” relation. The balanced inverse is the Moore-
Penrose inverse in symmetrized max-plus algebra.

The future research potentially can be done in
construction Moore-Penrose inverse using matrix
decomposition in symmetrized max-plus algebra.
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