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ABSTRACT

In this research, we estimate the coefficient in the class of Bazilevic functions B, (a) related to the Lemniscate Bernoulli
a-1
on the unit disk D = {z: |z] < 1}, satisfying subordination condition [f’(z) (@) ] <+V1+z forzeD. The

upper bound of the modulus of a, and a5 are determined.
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1. INTRODUCTION

Let S denote the class of analytic normalized univalent
functions f defined in unit disk D={z: |z| < 1}, normalized
by f(z) = 0and f'(z) = 1, and given by

< 1)
fz)=z+ z a,z"
n=2

Thenfora =0, f € B(a) c S ifandonly if for z € D

f( ))“ 1]>0 )

[f() 7@

From equation (2), if g(z) = z then it gives the class
B, (a) of Bazilevic functions with logaritmic growth.
B;(a) is well known as class R of functions whose
derivative has positive real part in D. The properties of
B,(a) have been studied extensively by previous
researchers [2], [3], and [5].

Therefore, fora = 0, f € B,(a) c S if and only if for
z€e D,

f (z ))“ ! ®)

>0

[f()

We say that an analytic function f is subordinate to an
analytic function g and write f(z) < g(z), if and only if

there exists a function w analytic in D, such that w(0) =
0,lw(z)| <1 for|z| <1 and f(z) < g(w(z)).

First, we give definition of the class Bazilevic
functions B, (a) related to the Lemniscate Bernoulli on
the unit disk D = {z: |z] < 1}.

Definition 1. If f(z) and g(z) analytic in unit disk D and
f(z) = g(z). The assumed f univalent and R, < Rf
gives w(z) = f1(g(z)), and satisfying the condition,

a-1 4
[f()f()> ] 177 = q@) @

where the branch of the square root is chosen to be g(z) =
1. Bernoulli Lemniscate function ¢ = (x? + y?)? —
2(x? — y?) = 0 and g(I), lies in the region bounded by
the right part of the Bernoulli Lemniscate. [8].

Next, we need to determine the modulus of initial
coefficient. We use some Lemmas in [1], [2], [5], [8], and
[9] to obtain the upper bound of modulus of a, and as.
Modulus a, and a; can be written as |a,| and |a;|. The
main advantage of this research is to estimate the value of
functions by using its coefficients.

2. PRELIMINARY LEMMAS

Definition 2. [1]. If p € P the class of function
satisfiyng Re(p(z)) > 0 forz € D = {z:]z| < 1}.
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Let,

p(z) =1+ X5 -1pn2". )

The following lemmas used in [2], [5], [8], and [9] as given
as follows

Lemma 2.1. If p € P analityc in D with p(z) =1+
Y, puz™ for n > 1 then

lpl < 2.

For the p(2) =£ this lemma known as inequality

Caratheodory Toeplitz. [2], [8].

Lemma 2.2 If p € P analityc in D with 0 < B < 1and
B(2B —1) < D < B, than
lpy — 2Bpyp, + Dp,®| < 2.

Lemma 2.3. If p € P analityc in D with coefficient p,, ,

than |p,| < 2 forn =1 than

1
|p - 5p12| < max {2,2|p—1[}
_ { 2, 0 <u<?2
T R2lu -1, elsewhere
In this reseach we use three lemmas such as the lemmas
2.1,2.2 and 2.3.

3. RESULT

This reseach are working on the Bazilevic functions
B, (a) related to Bernoulli Lemniscate based on the result
of Sokol and Thomas [9] for Starlike function related to
Bernoulli Lemniscateas. This idea is also supported by the
result of Singh [10] for coefficient of Bazilevic functions
B, (a).We first define functions f € S, from lemma 2.1
and lemma 2.3 gives,

e (7)™

VA

<J1+w(z) ©)

where w(0) =0, |w(2) | < 1 for z € D. On the other
hand it is known that

_6p(x)—1 (7
T Sp(2) +1

For some p € P which gives,
F@Of@ _ |, sp@) -1 ®)
za-1 B op(z)+1

Theorem 1. If f € B;(a) and is given by (1), then

w(z)
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2V«
|a2|S—\/_ 3 for a =0 and § = 0.
V2(1 + 6)2
We also have,
V2va
las| < va s, for 0<a <159

2+a)(1+06)2
and § =0,

V2va
< —\/_ ) for a > 1,596

Q+a)(1+8):2
9
—1—-8a —6a? + 4a3 + 2a*

442 28 (1 + 6)?
< ( )7 , for a > 1,596

82+ a)(1 +6)z

and 0 < 4§ <

9

ds > .
an 1 _8a — 6a? + 4a3 + 2a*

For boundaries |a,|, |as| and the inequalities are sharp.

Proof.
We need the following steps to proof the Theorem.

1. To express the related function into function with
positive real part,

2. Equating coefficients,
3. Obtain some equations,

4. Solve the above equations by considering some
cases and using known lemmas,
From equation (8), we equating the initial coefficient
which gives,
pl‘/a
3
V2(1 + 68)2

a, =

and

as = ! 7 (‘/3(4272‘/5(1 +6)?

82+ a)(1+6)2

—p12(V2 + 5V268 + 44252
+2(=2+a+ a®)VsV1+6)

Next, by using lemma 2.1 gives,

Va

laz| = ———— Inl

V2(1 + 6)2
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< e
V2(1+6)2

The inequality for |a,| is sharp when p; = 2.
Next, we estimate |a;| by applying lemma 2.3 and write

V8 (4V2(1 + 6)? m

las| = P2 — _P12|

z 2
82+ a)(1+6)2
with,
1

W=7

2v2(1 + 6)2

(V2 +5V28 + 4V28% + 2(=2 + a +

a)VEVT +6).
Since 0 < u <2 provided 0 <a <1596 and § =0 ,
and when a > 1,596 and
6= 2 then the first and second

~ -1-8a-6a2+4a3+2a* ’
inequality for |as| are proofen. For elsewhere condition in
lemma 2.3, we get the third inequality for |as]| .

The first and second inequality for |a;| are sharp when
p, =0and p, = 2. The third inequality for |as| is
sharpwhen p, =2and p, =2. i

Next, determin the coefficient of a,. From (8) equating
initial coefficient gives,

a, = ( - 9> (Va@42p; 2 +a)
482+ a)(1 +6)2

(14 68)% - 12p,p,(1 + 8)a*VéV1+ 6 +
2(V2 +5V2 + 4V26% - 3V6V1 +6) +
a(2(V2+5V2 + 4V26? — 4/5VT+9)) +
PP(14V2a5 + 42a*6 + 6 (2(V2 + 52 +
44262 + 8v26% — 3V6V1 +§) —
1253@) +6% (—4v26 + 6VOVI+ 5 +
2453\/m) + a(3VZ — 11V26 + 36v26% +
24v26% + 126VT + 8 + 485:VI+ 8

To complete the theorem we use lemma 2.1, lemma
2.2 and lemma 2.3, then allows for additional entries for
sharp boundaries, [1], [2], [5], [8], and [9].

4. CONCLUSION

This reseach is extended from Sokol and Thomas
research [9]. We use the Bazilevic function to determining
the boundary for the coefficient estimates in the class of
Bazilevic functions B, (a) related to the Lemniscate
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Bernoulli for the modulus of a, and a3. The results are
sharp.
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