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Abstract. In this study, the impact of heat transfer on free convective Casson
nanofluid flow induced by an accelerated disk is analyzed. The study of non-
Newtonian Casson nanofluid that is suspended by single wall carbon nanotubes
(SWCNTs) andmulti wall carbon nanotubes (MWCNTs) has a vital role in human
blood flows. The problem is governed by governing momentum and energy equa-
tions that come alongwith appropriate conditions for initial and accelerated bound-
ary. The dimensionless form of the governing equation is then derived by applying
the suitable dimensionless variables. An exact solution of temperature and velocity
fields is obtained by utilizing Laplace transform technique. The impacts of perti-
nent parameters such as Casson parameter, Grashof number, nanoparticle volume
fraction and time on both profiles are discussed and illustrated graphically. It is
found that both temperature and velocity distributions satisfyinglymeet all the ini-
tial and boundary conditions. The addition of CNTs particles leads to an increase
in both temperature and velocity profiles, and SWCNTs possess a higher magni-
tude of temperature due to its outstanding thermal conductivity when compared
to SWCNTs.

Keywords: Casson Nanofluid · Accelerated Disk · Carbon Nanotubes · Laplace
Transform

1 Introduction

The phenomenon of heat transfer has been widely found in many engineering and
industrial applications, such as cooling systems of electric motors and generators, heat
exchangers and turbine systems, as well as in the design of heating systems in build-
ings and vehicles. This main topic has attracted the significant interest of researchers
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to investigate the process of heat transfer through a theoretical investigation, which can
save cost and time of conducting experiments. Some recent studies on heat transfer by
free convectionwith a viscous fluid along an oscillating plate were examined byNarahari
et al. [1] and Rajput et al. [2]. Earlier work on the heat transfer process via Newtonian
and non-Newtonian fluids with diverse geometries was conducted by Maqbool et al.
[3], Rao et al. [4], and Prameela et al. [5]. Recently, most of the industrial applications
such as bio-engineering processes, food processing industries, drilling operations, and
metallurgy processes are encountered with non-Netwonian fluid. This type of fluid is
found to be more complex compared to Newtonian fluid, and the simulation of the non-
Newtonian fluid flow is significant for an industry to examine the heat transfer process
[6]. This leads researchers to have a special interest in exploring the complexity of the
non-Newtonian fluid model. A non-Newtonian physical behavior is commonly exhib-
ited by substances that have an unfixed coefficient of viscosity, where the change in
viscosity depends on the applied stress, such as cornstarch, paint, blood, honey, ketchup,
and polymer solution. Casson fluid is a non-Newtonian fluid model that describes the
flow behavior of a viscoplastic fluid, and it behaves like a shear thinning fluid when the
applied stress dominates the flow. Once the level of applied stress surpasses the amount
of the yield stress, fluid flow behavior is exhibited. In the present day, the rheological
model for human blood is also described by Casson fluid due to the existence of sev-
eral substances such as human red blood cell, globulin in aqueous, protein, fibrinogen,
and base plasma [7]. Numerous studies on free convection of Casson fluid model have
been conducted by considering various aspects, including [8–11]. Sandhya et al. [12]
analyzed the mass and heat transfer on MHD Casson fluid flow across a moving porous
plate under the influence of chemical reaction and radiation effects. Khan et al. [13]
continued the work by including the effects of heat generation and Newtonian heating.

In addition, the efficiency of a heat transfer system is influenced by the fluid’s thermal
conductivity, whereby the heat transfer system would be more effective with the higher
thermal conductivity. Conventional fluids (water and engine oil) have been shown to
have restricted capabilities in heat transmission due to their low thermal conductivity.
Therefore, Choi and Eastman [14] developed an engineered heat transfer fluid, known as
nanofluid, in which nanoparticles such as metals, metal oxides, or carbon are suspended
in a conventional fluid to enhance the thermal conductivity. Carbon nanotubes (CNTs)
are among the developed nanoparticles and are often divided into two types. Material
of single layer graphene sheet with diameter of less than 1 nm is called single wall
carbon nanotubes (SWCNTs) while material of several multi-layer that concentrically
interlinked graphene sheet with a diameter of more than 100 nm is called multi wall
carbon nanotubes (MWCNTs). Khalid et al. [15] studied the impact of carbon nanotubes
on free convection flow by considering water as the base fluid, and Khalid et al. [16]
continued the previous work by replacing the base fluid with human blood. Both studies
were solved for an oscillating boundary condition and the exact solutions were solved
using the method of Laplace transform. Next, Ebaid et al. [17] used a stretching surface
to conduct the same nanofluid study with the existence of a magnetic field effect, and the
study revealed that the temperature and velocity distributions ascended with the addition
of more nanoparticles to the base fluid. A similar work was done by Alkasasbheh et al.
[18], considering both human blood and water and as base fluid, and their findings show
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that increasing values of Casson nanofluid parameter results in a decreasing velocity
profile and increasing temperature profile. Saqib et al. [19] investigated the nanofluid
flow with a suspension of CNTs in Carboxy-Methyl-Cellulose (CMC) in two vertical
parallel plates. It was concluded that MWCNTs nanoparticles exhibited higher velocity
compared to SWCNTs nanoparticles due to their low density. Then, some related studies
on heat transfer analysis were also conducted by [20, 21] but concentrated on the rotating
convective flow of carbon nanotube nanofluid with radiation effect.

Based on the above review, the investigation of heat transfer analysis of carbon
nanotubes nanofluid through the usage of accelerated boundary condition has not been
investigated yet. However, the related study discovering the flow features of passing
porous medium across a vertical accelerating plate was carried out by Chaudhary and
Jain [22]. The extension of the previous problem was discussed by Hussain et al. [23],
considering the effects of heat and mass transport. Mohamad et al. [24] used second
grade fluid in conducting free convective flowwhich has been bounded to an accelerated
plate and applied Laplace transform technique to generate the analytical solution of the
temperature and velocity fields. The same method was used by Mohamad et al. [25] to
solve the non-coaxial rotating flow through a porous medium for a viscous fluid over
an accelerated plate. The study revealed that the acceleration parameter provides an
enhancement in the fluid velocity. Several studies on accelerated boundary condition
under the influence of various effects on the flow were done by researchers including
[26–28]. From the literature, it is obviously seemed that the Casson nanofluid flow
induced by an accelerating plate specifically using the mixture of carbon nanotubes in
Casson human blood has not been found in any study. Therefore, motivated by this
gap of study, the present work is carried out purposely to scrutinize the time-dependent
natural convection flow of Casson nanofluid with carbon nanotubes over an accelerated
disk. The closed form solution for temperature and velocity profiles with accelerated
boundary condition is established using Laplace transform method. Both profiles are
further analyzed for their parameters’ effect with the help of graphical results together
with a comprehensive discussion.

2 Problem Formulation

Consider an unsteady free convection flow of nanofluid past across a vertical accelerated
disk as depicted in Fig. 1. Coordinate system is assumed in such way that x-axis is opted
as along the plate in upward direction and z-axis is normal to plane of plate in the fluid.
The flow is restricted with an accelerated disk at z = 0 and the space z > 0 is filled with
Casson nanofluid of a constant kinematic viscosity νnf . Two types of Casson nanofluid
are considered such as the synthesis of human blood with SWCNTs and the synthesis
of human blood with MWCNTs. Initially, at time t = 0, both disk and nanofluid are
at rest and maintained at constant temperature T∞. Later, when t > 0, the disk starts
to move with a constant acceleration A and the temperature of the plate is raised or
lowered to Tw. The rheological equation (the relation of shear stress and strain rate) for
an incompressible flow of a Casson fluid can be found in Khalid et al. [16].
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Fig. 1. Geometry of the problem.

Under the assumptions made above, the problem is governed by the governing equa-
tions which have been expressed by the adaptation of usual Boussinesq approximation
and nanofluid model proposed by Tiwari and Das [29]. The momentum and energy
equations take the form as

ρnf
∂u

∂t
= μnf

(
1 + 1

γ

)
∂2u

∂z2
+ g(ρβ)nf (T − T∞), (1)

(
ρCp

)
nf

∂u

∂t
= knf

∂2u

∂z2
. (2)

The initial and boundary conditions for the problem are

u(z, 0) = 0, T (z, 0) = T∞; z > 0,
u(0, t) = At, T (0, t) = Tw; t > 0,
u(∞, t) = 0, T (∞, t) = T∞; t > 0,

(3)

where u,T , knf , μnf , ρnf ,
(
Cp

)
nf , βnf are the velocity, temperature, thermal conductiv-

ity, dynamic viscosity, density, electrical conductivity, heat capacitance, thermal expan-
sion coefficient for temperature specifically for Casson nanofluid. Another parameter



488 A. Q. Mohamad et al.

Table 1. Thermophysical features of Casson fluid, SWCNTs and MWCNTs.

Properties/Materials Human blood SWCNTs MWCNTs

ρ
(
Kgm−3

)
1053 2600 1600

Cp

(
JKg−1K−1

)
3594 425 796

k
(
Wm−1K−1

)
0.492 6600 3000

β × 10−5
(
K−1

)
0.18 27 44

γ = μ
√
2πc
py

and A are the Casson parameter and acceleration parameter. The nanofluid
constant used in this study are written as

μnf = μf
(1−φ)

, βnf = (1−φ)(ρβ)f +φ(ρβ)CNTs
ρnf

,

(
ρCp

)
nf = (1 − φ)

(
ρCp

)
f + φ

(
ρCp

)
CNTs,

knf
kf

= 1−φ+2φ
kCNTs

kCNTs−kf
ln

kCNTs+kf
2kf

1−φ+2φ
kf

kCNTs−kf
ln

kCNTs+kf
2kf

,

(4)

where the thermal conductivity is adapted theoretically from Xue [30]. The constant φ

stands for solid volume fraction of nanofluid and the subscripts f and CNTs represent
to fluid and carbon nanotubes. Here, the nanofluid constants defined in Eq. (4) are used
based on their properties stated in Table 1.

Introducing the non-dimensional variables as follows

u∗ = u

(νA)
1
3

, z∗ = zA
1
3

ν
2
3

, t∗ = tA
2
3

ν
1
3

,T ∗ = T − T∞
Tw − T∞

(5)

and these variables collaborating with Eq. (4) are employed into the system of governing
equations, Eq. (1) to Eq. (3). Thus, the system of equations is reduced to

∂u

∂t
= 1

φ1

(
1 + 1

γ

)
∂2u

∂z2
+ Grφ3T , (6)

∂T

∂t
= λ

Prφ4

∂2T

∂z2
(7)

with the conditions

u(z, 0) = 0,T (z, 0) = 0; z > 0,
u(0, t) = t,T (0, t) = 1; t > 0,

u(∞, t) = 0,T (∞, t) = 0; t > 0,
(8)



Natural Convection Flow of Casson Fluid 489

where

Pr = νf (ρCp)f
kf

,Gr = gβf (Tw−T∞)

A , λ = knf
kf

,

φ1 = (1 − φ)2.5
(
(1 − φ) + φρCNTs

ρf

)
,

φ3 = (1−φ)+ φ(ρβ)CNTs
(ρβ)f

(1−φ)+ φρCNTs
ρf

, φ4 = (1 − φ) + φ(ρCp)CNTs
(ρCp)f

.

(9)

Here, Pr andGr are Prandtl number andGrashof numberwhile for others are the constant
parameters particularly for nanofluid.

3 Numerical Solution

On the use of Laplace transform method, the following governing equations in Ordinary
Differential Equations (ODE) are formed as

d2u

dz2
− a1qu = −a1φ3GrT , (10)

u(0, q) = 1

q2
, u(∞, q) = 0, (11)

d2T

dz2
− b0qT = 0, (12)

T (0, q) = 1

q
,T (∞, q) = 0. (13)

After that, in order to solve Eq. (10) and Eq. (12), the condition for boundary in
Eq. (11) and Eq. (13) are used. The resulting solution is then imposed with the inverse
Laplace and results the following solutions for velocity and temperature

u(z, t) = − b1

[(
b0z2

2
+ t

)
erfc

(−z
√
b0

2
√
t

)]
− b1

[
z
√
b0t√
π

exp

(−b0z2

4t

)]

+ b2

[(
a1z2

2
+ t

)
erfc

(−z
√
a1

2
√
t

)]
+ b2

[
z
√
a1t√
π

exp

(−a1z2

4t

)]
, (14)

T (z, t) = erfc

(
z

2

√
b0
t

)
, (15)

where

b0 = Prφ4

λ
, b1 = a1Grφ3

b0 − a1
, b2 = 1 + b1, a0 = γ

1 + γ
, a1 = a0φ1. (16)
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4 Results and Discussion

To give the best insight into the flow regime of the considered problem, the velocity and
temperature profiles are graphically plotted under the influence of embedded parameters
with different numerical values such as Casson parameter γ , Grashof number Gr, the
nanoparticle volume fraction of CNTs φ and time t. The effects on the temperature
and velocity fields are comprehensively discussed using the image discussion illustrated
in Fig. 2 to Fig. 7. From these plots, all the results satisfactorily satisfied both initial
and boundary conditions. The numerical Gaver-Stehfest algorithm [31, 32] is used to
verify the accuracy of the generated solution, and good agreement is found when the
comparison of the exact solution and the numerical Gaver-Stehfest algorithm yields an
identical value, as clearly shown in Table 2. Thus, the validity is confirmed.

The influence of γ on the physical behavior of the velocity can be observed in Fig. 2.
It should be noted that the Casson fluid is a viscoplastic fluid where the changes in γ

affect the non-Newtonian behavior. In this figure, the effect of a large γ is accompanied
by an increase in the plasticity of the fluid and leads to a decrease in the thickness of the
velocity boundary layer. This flow regime can be justified by the Casson fluid study of
Khan et al. [13] and Khalid et al. [16]. Figure 3 displays the impact ofGr on the velocity
profile of human blood with suspended SWCNTs and MWCNTs. The graph shows that
increasing the Gr values lead to an increase in velocity. This fluid behavior is caused
by the temperature difference, which usually causes a decrease in density and leads to
the buoyancy force acting on the flow to prevail. Therefore, it can accelerate the flow of
nanofluids. A similar effect of Gr on velocity can be found in Khalid et al. [10].

Fig. 2. Effect of γ on velocity profiles
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Fig. 3. Effect of Gr on velocity profiles.

Table 2. Accuracy between exact solution and numerical Gaver-Stehfest algorithm for SWCNTs
and MWCNTs with γ = 0.5,Gr = 0.5, φ = 0.2, t = 1, Pr = 21

z Velocity

SWCNTS MWCNTs

Exact Gaver-Stehfest Exact Gaver-Stehfest

0 1.0000 1.0000 1.0000 1.0000

1 0.5459 0.5459 0.5486 0.5486

2 0.2480 0.2480 0.2514 0.2514

3 0.1012 0.1012 0.1037 0.1037

4 0.0368 0.0368 0.0382 0.0382

5 0.0119 0.0119 0.0125 0.0125

6 0.0034 0.0034 0.0036 0.0036

Next, the identical effect on the velocity and temperature distributions are observed
with different values of φ, as shown in Figs. 4 and 5, where both profiles exhibit an
increasing trend as the value of φ increases. The increasing velocity profile in Fig. 4,
which is due to the addition of carbon nanotube nanoparticles to human blood may
offer several advantages in the health field, particularly in the development of a drug
delivery process that assists the transport of drugs directly to cancer growth and to areas
of damaged arteries in the fight against cardiovascular disease. In heat transfer analysis,
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Fig. 4. Effect of φ on velocity profiles.

Fig. 5. Effect of φ on temperature profiles.
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Fig. 6. Effect of t on velocity profiles.

the use of greater carbon nanotubes volume fraction φ causes the nanofluid to have high
thermal conductivity, making heat conduction much more effective and also increasing
the temperature of the nanofluid, as shown in Fig. 5. Ebaid et al. [17] also reported
similar impacts of CNTs on temperature and velocity profiles.

After that, Figs. 6 and 7 depict the effects of different values of t on velocity and
temperature profiles. The findings reveal that as the value of t increases, the velocity and
temperature profiles of human blood with SWCNTs and MWCNTs also increase. This
is because the buoyancy force can provide external energy sources for the flow over a
longer period, so that the nanofluid flows at high velocity and the temperature of the
nanofluid raises. From Figs. 2, 3, and 4, it is noticed that human blood with MWCNTs
shows outstanding effect compared to SWCNTs because MWCNTs have low density
of nanofluid, which leads to high velocity. However, Fig. 5 shows that the temperature
of human blood increases significantly more in the presence of SWCNTs than in the
presence of MWCNTs, which is due to the high thermal conductivity of SWCNTs that
enables them to conduct more heat.
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Fig. 7. Effect of t on temperature profiles.

5 Conclusion

Using Laplace transform method, the exact solution for the accelerated free convective
flowof dispersed carbonnanotubes (CNTs) in humanbloodCassonfluid andheat transfer
is achieved. The effect of several values of Casson parameter γ , Grashof number Gr,
nanoparticles volume fraction φ and time t on the velocity and temperature profiles
are visually shown in graphs, and their physical behavior is discussed in detail. The
following are the main findings of this study:

1. The velocity profile for bothMWCNTs andSWCNTs amplifieswith the rising values
of Gr, φ and t but diminishes with rising values of γ .

2. The temperature profile for both MWCNTs and SWCNTs increases with the rising
values of φ and t.

3. Under the influence of φ,Gr, and γ , the velocity of human blood with MWCNTs
are greater than SWCNTs while the temperature of human blood with SWCNTs is
greater than MWCNTs.
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