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Abstract. Magnetic nanofluids (MNFs) have recently piqued the interest of many
experts because of their capability and significance in various real applications.
Hence, in this study, we want to numerically highlight the influence of convective
boundary conditions and radiation on the magnetic nanofluids (MNFs) flowing
past a permeable moving plate. The governing flow model in partial differential
equations (PDEs) is transformed into ordinary differential equations (ODEs) using
suitable similarity variables. The ODEs are solved by implementing the built-in
solver in Matlab called bvp4c. The relevant specification of the parameters led
to the execution of two numerical outputs. We have finalized the investigation by
incorporating a stability analysis to confirm the stability qualities conveyed by the
outputs. The stability analysis has supported our initial presumption that only one
of the outputs is stable. In this present study, the thermal performance between
cobalt ferrite nanofluid and manganese-zinc ferrite nanofluid is compared, and
it appears that cobalt ferrite nanofluid has a slightly better performance in heat
transportation compared to manganese-zinc ferrite nanofluid. We also considered
ahigher amount of thermal radiation and Biot number to scrutinize the heat transfer
performance of MNF. We found that the immense value of these parameters effec-
tively improves the heat transfer rate. The skin friction coefficient is magnified
when the plate moves towards the slit, but the heat transportation performance is
higher when the plate moves out from the slit. This research is significant because
it simulates the thermal performance of MNFs when greater radiation and con-
vective heat are applied to a moving plate; therefore, it could be used as a guide
for actual applications that involve the heat transfer process.
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1 Introduction

In many engineering applications, there are scenarios of continuous moving surfaces,
for which an accurate estimate of the material’s axial temperature fluctuation is critical.
For instance, this happens during the lamination and melt-spinning processes, hot steel
extrusion, aerodynamic extrusion of plastic sheets, and heat treatment for material mov-
ing between windup rolls [1, 2]. Sakiadis [3, 4] was the pioneer to research boundary
layer flow due to a moving, continuous surface where he has discovered the disparity of
boundary layer between a finite-length surface and a continuous moving surface. After
his effort, the investigation has been followed by several researchers, including Chappidi
and Gunnerson [5], Afzal [6], Howell et al. [7], Weidman et al. [8], and Ishak et al. [9]
in analyzing the momentum or heat transmission for laminar/turbulent boundary layer
flow past a moving surface.

Subhashini and Sumathi [ 10] have addressed the study on mixed convection flow over
a moving vertical plate by considering copper, alumina, and titania nanofluids instead
of regular classical fluid. The findings reveal the existence of dual solutions when the
plate and free stream move in the same direction and the opposite direction. Later,
Das and Jana [11] consider the same flow geometry but with the additional magnetic
field and thermal radiation towards the flow that only concerning to natural convection.
By utilizing the hybrid nanofluid, Aladdin et al. [12], Waini et al. [13], and Khashi’ie
etal. [14] reported that the duality of the solution only exists when the moving parameter
moves towards the negative direction such that the plate moves in the adverse direction of
the free stream. Further, Anuar et al. [15] stated in their investigation that the temperature
and velocity distribution of nanofluids with carbon nanotubes accelerate with increasing
moving parameter. From the literature, we can see that nanofluids have merited in-depth
research and investigative focus among the researchers. Recent research also shows
that nanofluids perform better at heat transfer than regular fluids, and that improvement
enhances when the Reynolds number and nanoparticle volume fraction increase [16,
17].

Magnetic nanofluids (MNFs) or ferrofluids, are a subclass of nanofluids that consist
of colloidal suspensions of nanoscale magnetic particles (usually 5-10 nm) that show
both magnetic and fluid characteristics. Magnetic nanoparticles (MNPs) for this fluid
are often synthesized in a variety of sizes and shapes from metals along with their oxides
such as iron oxide, cobalt ferrite, and Mn-Zn ferrite in either polar or non-polar liquid
carriers such as oil, ethylene glycol and water. The primary benefit of MNFs is their
ability to adjust viscosity in a short period [18]; meanwhile, the MNPs in the suspension
neither form sediment in the gravitational/moderate magnetic field because of their small
size nor aggregate due to the magnetic dipole interaction [19]. This kind of fluid also
can minimize skin friction, and an external magnetic field can be inserted to alter the
heat transmission rate and flow characteristics of the fluid [20].

In retrospect, MNF was invented at the National Aeronautics and Space Administra-
tion’s (NASA) Research Center in 1963. Since that, researchers have taken an interest
in MNF investigation due to the various needs in a variety of sectors. The broad appli-
cations of MNF, for example, in electronics devices, heat transfer applications, medical
applications, and optical devices, have been discussed by the following authors: Raj and
Moskowitz [21], Marszalt [22], Kumar and Subudhi [23], Kole and Khadekar [24]. Many
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works have reported experimental studies and numerical studies regarding MNFs with
different objectives and methods. For further details regarding the investigation towards
nanofluids, some of the literature is listed in the following references: [25-33].

In this present study, the main purpose is to extend the numerical research on the
boundary layer flow over a moving permeable surface which has been previously pro-
posed by Weidman et al. [8]. Inspired by the emerging concept of nanofluids, we have
upgraded the research by considering magnetic nanofluids which are cobalt ferrite/water
nanofluid and Mn-Zn ferrite/water nanofluid. As looking through the preceding litera-
ture, cobalt ferrite and Mn-Zn ferrite are among of the magnetic nanoparticles that have
been considered by many researchers; however, the numerical investigation on these
fluids is still limited and should be continuously extended with various flow configu-
rations to specifically imitate the real-life applications. Hence, for a novelty purpose,
several additional parameters have been incorporated in this present study, such as ther-
mal radiation and convective boundary condition to contemplate their effects towards
the magnetic nanofluids. The heat transfer ability between these two considered mag-
netic nanofluids are also investigated and compared. Not just that, we also adopted the
correlations of the thermophysical properties for the nanofluids that have been validated
experimentally by Ho et al. [34]. The stability analysis is performed by using the proce-
dure prescribed by Merkin [35] and Harris et al. [36] as we detected two solutions from
the model. Thus, with the provided findings, we hope scientists and engineers can better
forecast the features of MNFs convective flow in advanced technological systems like
transportation, power production, chemical industries, and electronics.

2 Mathematical Model

Consider the two-dimensional flow and heat transfer of MNFs across a permeable moving
flat plate where (x, y) are the Cartesian coordinates, that we supposed the x-axis runs
along the plate and the y-axis is normal to the plate’s surface, the flow being aty > 0
(see Fig. 1).

For thermal enhancement, two distinct magnetic nanoparticles (MNPs), namely
CoFe;04 (cobalt ferrite) and Mn-ZnFe;O4 (manganese-zinc ferrite) are diluted in the
water-base nanofluid. The moving plate and the far-field velocities are U. The mass flux
velocity is v, (x) with v, < 0 for suction and v,, > 0 for the injection. The plate’s
bottom surface is heated by convection from a hot fluid at a temperature 77 with a heat
transfer coefficient Ay (x) = (2x)~Y2a, where a is a constant (see Kameswaran et al.
[37]). The temperature far from the plate (inviscid base fluid) is denoted by T and the
radiative heat flux g, is imposed.

Following the described assumptions, the boundary layer equations and the boundary
conditions are (see Weidman et al. [8]; Kameswaran et al. [37])

u v 0 0
ax  dy

3 d 2
Gyt P
dx dy  par 0y?
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Fig. 1. Physical model and coordinate system
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Here, u and v are the velocity components along x and y axes, T is the temperature of
the nanofluid and A is the moving parameter with A > 0 for the moving plate outside of
the slit, A < 0 for the moving of the plate toward the slit, and A = O for the static plate,
respectively.

Further, the correlations for the properties of MNF are given in Table 1 [34, 38],
where the properties consist of the density p, heat capacity pC,, dynamic viscosity u,
and thermal conductivity k, while the value for each property is tabulated in Table 2
[39]. In these tables, ¢ is the nanoparticle volume fraction, where ¢ = 0 corresponds to
a classical viscous fluid. The subscripts of nf, f, and s, on each of the properties, denote
MNEF, base fluid (liquid), and MNP, respectively.

For the radiative heat flux ¢, in Eq. (3), according to Rosseland approximation, we
can simply express the term as follows [40—45]:

40* 9T*
3k* dy

4= ®
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Table 1. The correlation of thermophysical characteristics of MNF (see Ho et al. [34] and
Sheremet et al. [38])

Properties Correlations

Density pnf = (1 — @) pr + ¢ps

Heat capacity ('Ocl’)nf =1- ¢)(,0Cp)f + qﬁ(pCp)S
Dynamic viscosity l;'}f - ¢)25

kg ks+2ks =20 (kr —ks)

Thermal conductivity & = ko2l 1ok —k)
s ’f f —Ks

Table 2. Thermal and physical characteristics for MNF compositions (see Ahmed et al. [39])

Properties p(kg/m3) Cp(/kgK) k (W/mK) Pr
H,0 997.1 4179 0.613 6.96
CoFey0y 4907 700 3.7 -
Mn-ZnFe,0, 4900 800 5.0 -

where k* and o* are the mean absorption coefficient and Stefan-Boltzmann constant,
respectively. T4 is extended about T, using the Taylor series and omitting higher-order
terms to obtain 7% ~ 4TSOT - 3T§o. So, Eq. (3) may thus be expressed as

aT aT 1 166*T3 \ 82T
’ °°> ©6)

u——m +v— = ks + i
ax By (pcp)nf<"f 3kt ) 9y?

To simplify the flow model, we consider the Blasius similarity transformation [8],

“= U, v=—(”vf) F o = nf"Gn].

. @
o) = Tf T s =V 7oy
also, the transpiration effect (suction/injection) is given as,
Uy 1/2
) =—(=-] S ®)
2x

where the prime denotes differentiation to 1, v/ = s /oy is the kinematic viscosity of
the base fluid, and S is the constant mass flux velocity, with S > O for suction and S < 0
for injection, respectively.

Applying Eq. (7) into Egs. (2), (6) and the boundary conditions, we obtain the
following ODEs, meanwhile the continuity equation is well-satisfied,

/’L”f/'u“f "

+f" =0 )
Pnf [ Pf
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1 1 (knf 4 > p ,
- | — +=Rd |0 +f0 =0 (10)
Pr (pCP)nf/(pCP)f ke 3
along with the boundary conditions
fO) =8, f(0)=1,

—%0’(0) — Bi[l — 6(0)], (11)
f/(00) = 1, 8(c0) — 0.

Here, the dimensionless parameters are: Pr is Prandtl number, Rd is the radiation
parameter, and Bi is Biot number, which are defined as

LG VR i N (12)
kT kT VU

It is important to state that, we notice Eq. (9) reduces to Eq. (4) from Weidman et al.
[8], when ¢ = ¢» = 0 (classical viscous fluid), whilst Eq. (10) was not been considered.

The skin friction coefficient Cy and the local Nusselt number Nu, are the physical
quantities of importance in this study, which are written as

C == el (B_M) )
= puz\ oy y=0

o7 . (13)
_ X
Nite = 5@ -12) |:_k"f(3_>’)y=o * mr)y:o}
After adapting Eq. (7), we can reformulate the physical quantities as
V2Re!2Cp = LELF(0),
" (14)

_ ky,
V2Re 2Ny, = —(k—ff + ng)e/(O)

where Re = Ux/vy is the local Reynolds number.

3 Stability Analysis

Historically, this analysis was performed by Merkin [35] to indicate the stability feature
carried by the solution, whether it is stable or non-stable. Since this study produces two
solutions, therefore it is required to finalize the investigation by analyzing the stability
of the numerical solutions. The procedure begins by modifying Eqs. (2) and (6) to be in
the form of a time-dependent version with the unsteady variable, such that

9 9 B] 92
I Henf _“,
at dx Ay pur 0Y?

15)

aT aT aT
S Tusc + Vay

(PG (knf e )3)7
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Then, a new similarity transformation dependable to time is introduced and applied,

u=U a(mt)

p = (””f) [f(n, D -k, (17)

0(1.7) = 7=p=. 1=y /70 T = Ut/2x

so that Egs. (15) and (16) become,

Mf_/ﬂf<ﬁ> (ﬁ)_<ﬁ>=0 18
oo o3 ) F )~ e 1o
1 1 kns 4+ 4 %0
3 —<pcp>nf/<pcp>, (% + 4ra) 5t (19)

with the boundary condition

f0O,7) =S8, %(0, T) = A,
an
knr 06 .
—-2 —(0,7) = Bi[l —6(0, )], (20
ke 9
%(oo, ) = 1, (00, 1) = 0,
an

After that, according to Weidman et al. [8], the subsequent perturbation method is
adopted

fm, ) =fom) +e VTF() @1
0(n, 1) =600(n) +e7 7" G(n)

Hence, upon the method adoption with some simplification, and setting T = 0, the
eigenvalue equations are

Mnf/:uf F" + (fOF// + Ff()”) + )/F/ -0 (22)
;Onf/pf
1 1 4 /"
— R
f e oy (1 + 3R4)G (23)
+(fG' + Fby) +yG =0
respect to the boundary condition:
F0)=0, F'(0)=0, "f G/(O) BiG(0) (24)

F'(00) — 0, G(c0) — 0

To generate the possible eigenvalues, Harris et al. [36] suggested any suitable con-
ditions as n — o0 to be relaxed (i.e. F'(c0) — 0) and a new condition (i.e. F”(0) = 1)
is inserted. By implementing the suggestion and solving Eqgs. (22)—(24) with the facili-
tation of bvp4c, an infinite eigenvalue is generated y; < y» < y3... Where the solution
is said to be real only when y; > 0.
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4 Results and Discussion

Before generating the new results from the present model, we need to verify the numerical
computation. Comparison has been made with the previously published findings by
Khashi’ie et al. [46], Zainal et al. [47], Mohd Rohni et al. [48], and Weidman et al. [8]
for certain limiting cases as displayed in Tables 3 and 4. The outcomes are remarkable
in agreement with the published findings, which also means that the model and the
computation in the present solver scheme are well formulated and computed. We also
provide the data tabulation for the present flow model for future reference in Tables 5
and 6 for the skin friction coefficient and the local Nusselt number for selected A of the
magnetic nanofluids.

The numerical outcomes for the present model are articulated graphically as dis-
played in Figs. 2, 3, 4, 5, 6 and 7. The Prandtl number is designed to stay constant
throughout this investigation with the amount of Pr = 6.96 referencing to the base lig-
uid (water). The following range is established for the other parameters to provide the
possible outcome; —0.5 < § < 05,1 <Rd <10,1 <Bi <10,—1 <A <2. In
most of these figures, it should be observable that there are two possible outcomes are
generated. It is also seen that the second solution only appears at the negative region of
A, which is when the plate is moving towards the slit. Hence, this also implies that the
second solution is only possible to be generated if we apply the negative value towards
the moving plate parameter (A < 0), or otherwise, we cannot attain the dual solution.
However, even there are two possible outcomes are generated, we can only rely on one
of them and neglect the alternative outcome due to the non-stable feature.

Figures 2 and 3 portray the distribution of v/2Re!/ 2Cf and v/2Re™'/2Nu, against
the moving parameter of the plate for two different water-based MNFs which are cobalt
ferrite nanofluid and Mn-Zn ferrite nanofluid. The volume fraction for the MNP is
specified to be ¢ = 1% for each type of MNFs, meanwhile, the other parameters are
specified as follows: § = 0.5, Bi = Rd = 1. Under these specified conditions, for the
first solution, cobalt ferrite MNF has a moderately greater ﬁRel/ 2c r and \/zRe_l/ 2Nux

Table 3. Comparison values for f”/(0) at the selected A when S = 0 for copper-water nanofluid
with ¢ = 0.1

A First solution Second solution
Present Khashi’ie Mohd Present Khashi’ie Mohd
et al. [46] & | Rohni et al. et al. [46] & | Rohni et al.
Zainal et al. | [48] Zainal et al. | [48]
[47] [47]
—0.2000 | 0.505317779 | 0.505318 0.5053 0.026061434 | 0.026061 0.0261
—0.2500 [ 0.471688345 | 0.471688 0.4717 0.053322207 | 0.053322 0.0533
—0.3000 | 0.418959116 | 0.418959 0.4190 0.099701700 | 0.099702 0.0997
—0.3500 | 0.302592535 | 0.302592 0.3028 0.209760590 | 0.209761 0.2097
—0.3541 | 0.257961808 | 0.257961 0.2623 0.253876406 | 0.253877 -
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Table 4. Comparison values for y; at the selected S and A when ¢ = Rd = 0 in the absence of

convective boundary condition

S A Smallest eigenvalues y1 1
First solution Second solution
Present Weidman et al. [8] Present Weidman et al. [8]
0.00 0.00 0.8096 0.8096 - -
—0.30 0.2470 0.2470 —0.1332 —0.1332
—-0.35 0.0577 0.0576 —0.0492 —0.0492
—0.25 0.00 0.5524 0.5524 - -
—0.200 0.1045 0.1045 —0.0701 —0.0701
—0.212 0.0403 0.0403 —0.0341 —0.0341
0.25 0.00 1.0852 1.0852 - -
—0.500 0.1588 0.1588 —0.1158 —0.1158
—-0.520 0.0473 0.0473 —0.0428 —0.0428

Table 5. Values of ﬁRel/ 2 Cf at the selected A when Bi = Rd = 1, S = 0.5 for cobalt-ferrite
nanofluid and Mn-Zn ferrite nanofluid with ¢ = 0.01

A First solution Second solution

Cobalt ferrite/water | Mn-Zn ferrite/water | Cobalt ferrite/water | Mn-Zn ferrite/water
—0.60 | 0.926288516 0.926223395 0.280704347 0.280701259
—0.65 | 0.874575405 0.874505184 0.359348206 0.359348229
—0.70 | 0.780082225 0.779993447 0.480813606 0.480830197

Table 6. Values of «/iRe_l/ 2Nux at the selected A when Bi = Rd = 1, S = 0.5 for cobalt-ferrite

nanofluid and Mn-Zn ferrite nanofluid with ¢ = 0.01

A First solution Second solution
Cobalt ferrite-water | Mn-Zn ferrite-water | Cobalt ferrite-water | Mn-Zn ferrite-water
—0.60 | 1.254023586 1.253760150 0.327589760 0.327797638
—0.65 | 1.195216646 1.195031290 0.485409845 0.485686416
—0.70 | 1.093215342 1.093133116 0.702984236 0.703290237
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Fig. 2. Skin friction coefficient against A for different MNFs
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Fig. 3. Local Nusselt number against A for different MNFs
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than Mn-Zn ferrite MNF. The boundary layer separation for these MNFs occurred at the
negative region of the moving plate parameter which is at A, = —0.72301 for cobalt
ferrite MNF and A, = —0.722998 for Mn-Zn ferrite MNF. Although the critical point
for these two MNFs is quite near and not that different, we still can deduce that cobalt
ferrite MNF is preferable in preventing the boundary layer separation compared to the
other one.

In Figs. 2 and 3 too, the first solution of v/2Re!/ sz is contemplated to be rapidly
increasing when the moving plate parameter goes from the positive region to the negative
region. Approximately, the highest value of +/2Re!/ 2Cf is achieved when A ~ —0.4
and after this value, v/2Re!/ 2Cf starts to decrease before reaching the critical point that
declares the separation of the boundary layer. However, the adverse impact is noticed
for the first solution of v/2Re™!/2Nu,. The heat transfer rate for MNFs is predicted to
increase when the plate is moving out from the slit which is when the value of the moving
plate parameter increase.

Figures 4 and 5 unveil the impact of thermal radiation parameter and Biot number
towards v/2Re™!/2Nu,, respectively, against the moving plate parameter specifically for
cobalt ferrite MNF when ¢ = 0.01, S = 0.5. The thermal radiation parameter and Biot
number are contemplated to simulate the same behavior towards ~/2Re™"/2Nu,. The
boost in these parameters enable /2Re™'/2Nu, for the first solution to be enhanced
without affecting the boundary layer separation. In other words, the boundary layer
separation point remains the same at A, = —0.72301 although we choose a different
value for the thermal radiation parameter and Biot number.

Furthermore, Figs. 6 and 7 expose the impact of suction parameter towards the dis-
tribution of v/2Re!/ 2Cf and v/2Re~!/2Nu, against the moving plate parameter, respec-
tively, for cobalt ferrite MNF when ¢ = 0.01, Rd = Bi = 1. As we focus on the first
solution, the escalation of the suction parameter is observed to diminish v/2Re!/? Cr at

First solution Rd = 10
| = = —Second solution

-
T

ol ~-2 Cobalt ferrite ¢ = 0.01 | |
A, = -0.72301 Bi=1,8=0.5
L . . . . .
-1 0.5 0 0.5 1 1.5 2
A

Fig. 4. Local Nusselt number against A for different radiation parameter
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=
N 3
5
(]
(2’4 ol
N
$
1L
o S Cobalt ferrite ¢ = 0.01 | |
A = -0.72301 Rd=1,5=0.5
C
-1 : - ‘ . ‘
-1 -0.5 0 0.5 1 1.5 2
A

Fig. 5. Local Nusselt number against A for different Biot number
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/\C = -0.72301

S =-0.5,0.0, 0.5 |

-/

Cobalt ferrite ¢ = 0.01
Bi=Rd=1

15 ! . ) . .
-1 -0.5 0 0.5 1 1.5

A

Fig. 6. Skin friction coefficient agains A for different suction parameter

N

the region when 1 < A < 2, meanwhile the reverse effect has occurred at the region
when A, < A < 1. Physically, the boost in suction may aid in the migration of the fluid
particles towards the wall. When the plate is moving in an opposite direction from the
fluid, this causes the velocity gradient at the surface to increase and improves the skin
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2 .
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Fig. 7. Local Nusselt number against A for different suction parameter

friction. The point of (1, 0) is noted to be the focal point that conflicts the behavior of
the suction parameter towards +/2Re!/? Cr, which also pointed.

out zero-skin friction happens when A = 1 as the free stream of the fluid is equally
moving with the same velocity as the plate [46]. Moreover, in the aspect of the heat
transfer, the strengthening in this parameter has amplified the ~/2Re™ /2 Nu, efficiently
for the first solution, especially when a higher value of A is applied. The boundary
layer separation point for these figures too (see Figs. 6 and 7) is seen to be projected
at the negative region of A which is at, A, = —0.10260, —0.35410, —0.72301 for § =
—0.5, 0.0, 0.5, respectively. This kind of occurrence also signifies that the boundary
layer separation can be prevented if a higher suction parameter is imposed.

As previously discussed, there are two possible outcomes are observed to be gen-
erated from this flow model. But for sure, only one outcome can be used for the actual
application. In most of the cases observed before, we can perceive that the first solution
is the most realizable one. Anyhow, this initial assumption needs to be validated through
a stability analysis. According to our findings from the analysis, the first solution is real
as it is more stable than the other one. In Fig. 8, we have illustrated the distribution of the
smallest eigenvalues y; against the moving plate parameter when S = 0.5, Bi = Rd =1
and ¢ = 0.01 for cobalt ferrite MNF. It is validated from Fig. 8 that the first solution
is the practical predicted solution as it provides the positive smallest eigenvalue that
signifies the stable property carried by the solution when the perturbation equations are
implied. However, the second solution gives the negative smallest eigenvalue due to the
growth of perturbation that implies the non-stable property, which is not realizable for
practical use. Therefore, only the first solution can be relied upon for prediction in actual
application.
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Fig. 8. Distribution of the smallest eigenvalues

5 Conclusion

The mathematical model for the boundary layer flow and heat transfer of MNFs over a
moving surface with convective boundary condition and radiation effects are successfully
formulated and solved. Two types of water-based MNFs are chosen, which are the cobalt
ferrite MNF and Mn-Zn ferrite MNF. The MNF containing cobalt ferrite is deduced to
have better heat transfer properties and skin friction rate compared to the other one. Two
possible numerical outcomes can be generated within the specific value of controlling
parameters, but only the first solution can be relied on for practical usage. Therefore,
from the first solution, we can draw the following conclusions:

e The heat transfer performance is much more effective when a suitable larger value of
Biot number, thermal radiation, suction, and moving plate parameter is applied.

e The boundary layer separation can be prevented by using a stronger suction effect;
meanwhile, the thermal radiation and Biot number cannot be used in controlling the
separation.

e The skin friction coefficient is larger when the plate is moving towards the slit,
especially when the suction parameter is enlarging.

This study is significant in giving an initial simulation for the behavior of MNFs and
provides insight into controlling the specified parameter to achieve the desired output,
especially for cooling/heating activities. However, the findings in this study are only
confidently reliable for the application that is within the specified model description and
geometry.
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