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Abstract. In this paper, we introduced new algorithms for solving split equal-
ity fixed point problems for the class of demicontractive mappings in Hilbert
spaces and proved the convergence results of the proposed algorithms. The results
presented in this paper generalized a number of well-known results announced.
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1 Introduction

Throughout this paper, we consider (., .) to be inner product and || . || as its corresponding
norm, H1, H, and H3 are Hilbert spaces, while C and D are nonempty, closed and convex
subset of H; and H>, respectively.

Let S : H;y — Hj be a mapping. S is called quasi nonexpansive if
[ISx — y|I<||x —y||, for all x € H; and y € Fix(S), where Fix(S) denote the fixed
point set of S i.e. Fix(S) = {y € Hi: Sy = y}. S is called demicontractive if there exist
a constant k € [0, 1) such that ||Sx — y||2 < ||x — y||> + ||x — Sx||?, forall y € Fix(S)
and x € Hj.

The split feasibility problem (SFP) in finite-dimensional Hilbert space was intro-
duced by Censor et al. [1] and is entailed as follows:

Findy € C suchthat Ay € D, (D

where C and D are nonempty, closed and convex subset of H; and H, respectively and
A : Hi — H> is a bounded linear operator. The SFP had received a lot of attention due
to its applications in many real lives problems, such as in image reconstruction, phase
retrievals, signal processing, see for example; [2, 3] and references therein.

Since every nonempty, closed and convex subset of Hilbert space can be seen as a
fixed point of its associating projection, therefore, problem (1) reduces to the following:

Findy € Fix(S) such that Ay € Fix(T), 2)
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where S : C — Hyand T : D — Hj, respectively. Problem (2) is known as split fixed
point problem (SFPP), see [4].

Iterative methods for solving the SFP and its related problems can be found in [5-8].
Related to the SFP, we have split equality problem (SEP), see Moudafi and Al-Shemas
[9]. The SEP is defined as follows:

FindX € C andy € D such that AX = By, 3)

where C and D are nonempty, closed and convex subsets of H; and H», respectively,
and A : Hy — H3 B : Hy — Hj are bounded linear operators.

Recently, Moudafi [10] also introduced another problem namely; split equality fixed
point problem (SEFPP) which is defined as follows:

FindX € Fix(T;) andy € Fix(T») > AX = By, 4)

where A : Hi — H3z and B : Hy — H3 are bounded linear operators, T : Hy — H;
and T, : H — Hj are two nonlinear mappings with Fix(T{) # @ and Fix(T,) # @.
He further obtained a weak convergence results for the SEFPP involving firmly quasi-
nonexpensive mappings.

Very recently, Padcharoen et al. [11] studied the SEFPP by proposing the following
iterative methods involving the class of demicontractive mappings.

X1 € Hy;
v = (1 — ay)xy;
Yn =V + TR AT(S — DAvy;
Xnt+1 = (I = Y T)yn + ¥ @uTyn,

®)

where p, u, ¥, o, € (0,1),0 > 0and 7, = 0,01" with [, being the smallest non-negative
integer such that ,,||A*(S — I)Ay, — A*(S — DAv,|| < wllyn — vall.

It is known that computation of the norm of bounded linear operator is not an easy
task, this was why Chang et al. [12] had considered the following algorithms for solving
the SEFPP involving two quasi pseudocontractive mappings and proved the convergence
results of the algorithms:

choose xg € Hy, y, € H, arbitrary,
Xnt+1 = Xn — Pn[Xn — Uxy + A*(Ax, — By,)], (6)
Yn+1 = Yn = Pn [yn — Vx, + B*(Byn - Axn)],

where A and B are two bounded linear operators on H; and H», respectively, U and V
are quasi pseudocontractive mappings.

Motivated by these results, in this paper, we proposed new iterative algorithms for
solving the SEFPP involving the class of demicontractive mappings in Hilbert spaces
and proved the convergence results of the proposed algorithms.
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2 Preliminaries

In sequel, we shall make use of the following lemmas in proving our main results:

Lemma 2.1. (Opial [13]) Let {x,} € H, such that there exist a nonempty set 2 € H
such that the following conditions are satisfied:

i. Foreachx € , lim||x, — x]| exists,
n— oo

ii. Any weak-cluster point of the sequence {x,} belongs to 2.

Then, there exists y € €2 such that {x,} converges weakly to y.

Lemma 2.2. For x, y € H, the following result hold:

i. ||x+y||§=||x||§+2x,y+||y||§,VX,yeH,

ii. |x—yl> = [IxI> = 2x,y + [lyll*>, ¥x,y € H,

iii. [lox + (1 —@yll* = allx|> + (1 — )llyl|> — a(l —o)|lx —y||* ¥x,y € H, and
a € R.

3 Main Results

LetA : Hi — Hand B : Hy — Hj3 be two bounded linear operators, and 77 : Hy — H;
and 7> : H» — Hj be two non-linear mappings with Fix (T7) # @ and Fix (T2) # @.
The SEFPP is defined as follows:

Find x* € Fix(T}) and y* € Fix(T2) > Ax* = By* @)
In what follows, we donate the solution set of the SEFPP (7) by
I = {(x* y*): x* € Fix(T) and y* € Fix(T2) > Ax*By*}. (8)

To approximate the solution of problem (8), we make the following assumptions:

(C1) Hy, Hy and H3 are Hilbert spaces, C and D are two nonempty, convex and

closed subset of Hy and Hj, respectively.

(C2) Ty : Hy — Hj and T; : Hy — Hj are two demicontractive mappings with

Fix(Ty) # ¥ and Fix(T,) # 0.

(C3) A: H — Hiz and B : Hp — Hj are bounded linear operators with their
adjoints

A* and B*, respectively.

(C4) (T — 1) and (T, — I) are demiclosed at zero.

(C5) Algorithm: Let x, € Hy and y, € Hy, where xo € H;j and y; € H, are chosen
arbitrary.
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Step 1. Compute

{Xn+] = (1 — yfn)vn + YTnTan, (9)
Y1 = (I = 8Tp)uy + 31, Touy,

Step 2. Choses v, and u,, as follows:

{ Vn = Xp + TaA*(By, — Axy),
U =y, + ‘EnB*(AXn — Byn),

where 1, € (0, lﬁ)’ where L; = ||A*A|| and L, = ||B*B}|, respectively.
Step 3. If x,+1 = v, and y,4+1 = uy, stop, otherwise, compute Step 1 to 2.

Theorem 3.1. Suppose that assumptions (C1)—(C5) are satisfied and I' # . Then,
the sequence {(xn, y,) } generated by algorithm (9) converges weakly to the solution of
problem (8).

Proof: Let (x*, y*) € I', by algorithm (9) and the fact that 7'} and T, are demicontractive
mappings, we have

[net =% = (1 = yz)vn + yaTive — 2|
= 0 =y (v = x) + ya(Tive =) |
= (1 = yt)llva = x* 17 + ylITive = *|> = y5u(1 = yr)lIT1 — val?
< Jvn = x*7 = ym@ —k = y@)ITiva — vall?
= ||xn + A* By, — Axy) — x*[* = yz(l =k — y7) [ T1va — vall?
= [Jx0 = x*|* + 2taxa — x*, A*(By, — Axn) + |[taA" (By, — Axa)||* = ¥7a(l =k — y 7o) IT1va — vall?

= ||xa = x*||* + 2taAxy — AX*, By, — Axy + || taA*(By, — Axa)||” = y7,(1 =k = yT,)lITive — val >

Thus,

Hxnﬂ - x*”2 < Hxn 7x*H + 21, Axy — AX*, By, — Ax, + IﬁHAA*HHByn — Aan2 — yrn(l —k— yr“)HTlvn — vall.2

(11)
On the other hand,

[I¥nse1 = X1 < [|yn = X*||* + 2Tayn — By*, Axa — By, + 72| |BB*|[||Byn — Axal|* = 67a(1 — k — 870)[| T2t — ulP?

(12)
From Eq. (11), Eq. (12) and the fact that Ax* = By*, we have that

||xn+1 _X*HZ + |IYn+l _x*||2 = Hxn _X*H + ||yn _X*Hz = (2 — (L1 + L2))||Byn _Axn||2

vt —k = yT)IT1ve — vall* = 8T0(1 — k — 8T) || oty — unl|*.
(13)

The fact that 7,, € (O , where L} = ||A*A|| and L, = ||B*B||, Eq. (13) gives

_2
> Li+Ls

[Pt =2 I+ [yt =212 < [l =[] + [y = "] (14)
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Thus, {IIx,,—x*II2 + ||yn—y*||2} is a monotone decreasing sequence and
bounded below by zero, therefore converges. From Eq. (13) and the fact that

{||x,, — x*|1? + |lyn — y*||2} converges, we deduce that

lim ||Ax,, — By,|| = 0, (15)
n—oo
and
lim ||T2By, — By,y|| =0, lim ||T2y, — yall (16)
n— oo n—oo

Furthermore, since {||x, — )c*ll2 + llyn — y*||2} converges, this ensures that both
{x,} and y, are bounded. Thus x, — x* and y, — y*, respectively. By Eq. (9), we have
that v, — x* and u,, — y*.

The fact that x,, — x*, v, — x*, and lim ||Axn — BynH = 0 together with Eq. (9),

n—oo

we deduce that x* = Tx*.

Similarly, we obtain that y* = Toy*.

Now, x, — x* and lim [[T;x,; — Xg|| = O together with the demiclosedness of

n—0o0

(Ty — I) at zero, we deduce that x* € Fix(T;). On the other hand, y, — y* and
lim | |T2yr1 -V | = 0 together with the demiclosedness of (T, — I) at zero, we deduce
n—oo
that y* € Fix(T»).

Since vy, — x*,u, — y* and the fact that A and B are bounded linear operators,
we have

Av, — Ax*, and Bu, — By",
this implies that
Avy — Bu, — Ax* — By*,
which turn to implies that

[|Ax* — By*|| < lim inf||Av, — Buy|| = 0, which further implies that Ax* =
n—oo

By*. Noticing that x* € Fix(T;) and y* € Fix(T>), we conclude that (x*, y*) € T.
Summing up, we have proved that:

i. Foreach (x*,y*) € I, and the lim (||Xrl —x*|)? + ||yn — y*Hz) exist
n—oo
ii. Each weak cluster of the sequence (x,, y,,) belongs to I'.

Thus, by Lemma 2.1, we conclude that the sequence (x,, y,) converges weakly to
(x*, y*)e T'. And the proof is complete.

Corollary 3.2. Let A : H — Hj3 and B : Hy — H3 be bounded linear operators
with their adjoints A* : H3 — H; and B* : H3 — Hp, respectively. Suppose that
Ty : Hi — Hj and T, : Hy — H; are quasinonexpansive mappings and T; — I and
T, — I are demiclosed at 0, then the sequence {(Xn,y,)} generated by algorithm (9)
converges weakly to (x*, y*) € I.
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4 Conclusion

In this paper, we introduced new algorithms for solving split equality fixed point prob-
lems for the class of demicontractive mappings in Hilbert spaces and proved the weak
convergence results of the proposed algorithms. However, the strong convergence result
can be obtained if semi-compactness type conditions is imposed on our mappings. It is
important to note that this semi-compactness condition appeared very strong as many
nonlinear mappings are not semi-compact, therefore, a new research can be carried out
to prove the strong convergence result without imposing the said condition.
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