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Abstract. Real-life structures always include indeterminacy. The Mathematical
tool which is well known in dealing with indeterminacy is neutrosophic. Smaran-
dache proposed the approach of neutrosophic sets. Neutrosophic sets deal with
uncertain data. The notion of neutrosophic sets is generally referred to as the
generalization of intuitionistic fuzzy sets. In this paper, we introduce neutro-
sophic 88 —normal space and strongly neutrosophic 33 —normal space by using
neutrosophic 3 —normal sets and neutrosophic 3 —closed sets. We investigate
several fundamental properties and characterizations of these spaces as well as
their relations among themselves and with already existing spaces.
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1 Introduction

Many real-life problems in Business, Finance, Medical Sciences, Engineering, and
Social Sciences deal with uncertainties. There are difficulties in solving the uncertainties
in data by traditional mathematical models. There are approaches such as fuzzy sets,
intuitionistic fuzzy sets, vague sets, and rough sets which can be treated as mathematical
tools to avert obstacles dealing with ambiguous data. But all these approaches have their
implicit crisis in solving the problems involving indeterminant and inconsistent data due
to inadequacy of parameterization tools. Zadeh [20] introduced fuzzy set theory as a
mathematical tool for dealing with uncertainties where each element had a degree of
membership. In 2012, Salama and Alblowi [15] introduced the concept of Neutrosophic
topological spaces. Arar and Jafari [3], Arokiarani et al. [4], Bageerathi and Puvaneswari
[5], Das and Pramanik [6], Imran et al. [7], Iswarya and Bageerathi [8], Javyparthasarathy
et al. [9], Mary and Trinita [10], Narmatha et al. [13], and Shanthi et al. [16] investi-
gated properties and characterizations of Neutrosophic closed and open sets as well as
applications of these Neutrosophic closed and open sets in different notions in Neutro-
sophic topological spaces. Acikgoz and Esenbel [1], Babu and Aswini [2], Mehmood
et al. [11], Al-Nafee [12] and Puvaneswari et al. [14] investigated properties and char-
acterizations of separation axioms by using different types of Neutrosophic closed sets
in Neutrosophic topological spaces. Moldstov introduced soft set theory. Smarandache
[17] studies neutrosophic set as an approach for solving issues that cover unreliable,
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indeterminacy and persistent data. Applications of neutrosophic topology depend upon
the properties of neutrosophic closed sets, neutrosophic open sets, neutrosophic interior
operator, and neutrosophic closure operator. In 2020 Vadivel, Seenivasan and Sundar
[19] introduced a new type of §—open sets and §—Closed sets in Neutrosophic topo-
logical spaces. They also introduced and studied some properties and characterizations
of Neu—6p—Closed in Neutrosophic topological spaces. The objective of this paper is
to define neutrosophic §f—normal space and strongly neutrosophic §—normal space
in neutrosophic topological spaces and study their several fundamental properties and
characterizations as well as their relations among themselves.

2 Preliminaries

We recall basic definitions and operations of neutrosophic sets and neutrosophic
topological space.

Definition 2.1. Let X be a non-empty fixed set. A neutrosophic set P is an object having
the form P = {{x, up(x), op(x), yp(x)) : x € X}, where up(x)— represents the degree
of membership, op(x)— represents the degree of indeterminacy, and yp (x) — represents
the degree of non-membership. The class of all neutrosophic sets of X will be denoted
by N (X).

Definition 2.2. Let X be a non-empty set and let P = {{x, up(x), op(x), yp(x)) : x €
X}and QO = {<x, 1o (x), og(x), vo (x)) 1X € X} be two neutrosophic sets, Then:

1. (Empty set) Oy = (x, 0, 0, 1) is called the neutrosophic empty set,

2. (Universal set) 1y = (x, 1, 1, 0) is called the neutrosophic universal set.

3. (Inclusion): P C Q if and only if up(x) < pug(x),op(x) < og(x) and yp(x) > Yo
x)VxeX,

4. (Equality): P = Qifandonlyif P € Q and Q C P,

(Complement) P€ = 1y—P = {(x, yp(x), 1—0op(x), up(x)) : x € X},

6. (Union) PU Q = {(x, max(,up(x), pLQ(x)), max(ap(x), aQ(x)), min(yp(x), Y0
(x))) 1x € X}

7. (Intersection) P N Q = {(x rnin(,up(x), %) (x)), min(ap(x), aQ(x)), max(yp(x),
yQ(x))> 1x € X}

d

Definition 2.3. A neutrosophic point x4, g, ) is said to be in the neutrosophic set A- in
symbols x(, g,y) € Aifand only if & < pa(x), B < 0a(x) and y > ya(x).

Definition 2.4. A neutrosophic topology on a non-empty set X is a family Ty of neu-

trosophic subsets of X satisfying (i)Oy, 1y € Ty. (ii) G N H € Ty for every G,

H e Ty, (i) U G; € Ty forevery {Gj S J} C tn. Then the pair (X, Ty) is called
jeJ

a neutrosophicjtopological space. The elements of Ty are called neutrosophic open sets

in X. A neutrosophic set A in X is called a neutrosophic closed set if and only if its

complememnt A€ is a neutrosophic open set.
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Definition 2.5. Let (X, Ty ) be aneutrosophic topological space and A be a neutrosophic
set. Then:

(1) The neutrosophic interior of A, denoted by N Int(A) is the union of all neutorophic
open subsets of A. Clearly N Int(A) is the biggest neutrosophic open subset of X
contained in A.

(i) The neutrosophic closure of A denoted by N CI(A) is the intersection of all neu-
trosophic closed sets containing A. Clearly N CI(A) is the smallest neutrosophic
closed set which contains A.

Definition 2.6. A neutrosophic subset A of a neutrosophic topological space (X, Ty)
is said to be a neutrosophic regular open set if A C N /nf[N CI(A)]. The complement of
a neutrosophic regular open set is called a neutrosophic regular closed set in X .

Definition 2.7. Let (X, Ty ) be aneutrosophic topological space and A be a neutrosophic
set. Then neutrosophic d—interior of A, denoted by (briefly N 6 Int(A)) is defined as the
union of all neutrosophic regular open subsets of A. Equivalently, it could be as given
below: N Int(A) = U{B : B C A & B is a neutrosophic regular open set in X}.

Definition 2.8. Let (X, Ty) be a neutrosophic topological space and A be a
neutrosophic set. Then neutrosophic d—closure of A, denoted by (briefly N&CI
(A)) is defined as the intersection of all neutrosophic regular closed sets con-
taining A. Equivalently, it could be as given below: NSCI(A) = N{B : A C
B & B is a neutrosophic regular closed set in X}.

Definition 2.9. Let (X, Ty ) be aneutrosophic topological space and A be a neutrosophic
set on X . Then A is said to be a neutrosophic §—open (resp. d—closed) setif A = N§ Int
(A)(resp. A= NSCI(A)).

Definition 2.10. Let (X, Ty) be a neutrosophic topological space and A be a neutro-
sophic set of X. Then A is said to be a neutrosophic 3¢ —open (briefly N 33—0OS) set if
A C NCI[NInt(NS§CI(A))].

Definition 2.11. Let (X, Tx) be a neutrosophic topological space and A be a neutro-
sophic set of X. Then A is called a neutrosophic 3 —closed(briefly N 8—CS) set if its
complement A€ is a neutrosophic 8p—open set in X .

The family of all neutrosophic 3 —open (resp. 3p—closed) in a neutrosophic topo-
logical space (X, Ty) is denoted by NS§BOS (X, Ty) or NSBOS(X) (resp. NSBCS(X,
Tw)) or (resp. NSBCS(X)).

Preposition 2.12. Let (X, Ty) be a neutrosophic topological space. Then the following
statements are true:

(i) Every neutrosophic 8—open (resp. —closed) set is neutrosophic open
(resp. closed) setin X .

(ii)) Every neutrosophic open (resp. closed) set is neutrosophic 3df—open
(resp. dp—closed) setin X .
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Preposition 2.13. Let (X, Ty) be a neutrosophic topological space. Then the union
(resp. Intersection) of any family of NSBOS(X, Ty) (resp. NSBCS(X, Ty)) is in
NSBOS(X, Ty) (resp. NSBCS (X, Tn)).

Preposition 2.14. Let (X, Ty) be aneutrosophic topological space. Let A be an N 3—0S
and B be an N 3—0OS. Then A N B is an N 3g—O0S.

Definition 2.15. Let (X, Txy) be a neutrosophic topological space and A be a neu-
trosophic set of X. Then A is said to be a neutrosophic regular 38—open set if
A = NdeltaBInt[N§BCI(A)]. The complement of a neutrosophic d—regular open
set is called a neutrosophic 83 —regular closed set in X .

Lemma 2.16. Assume that A is a neutrosophic subset of a neutrosophic topological
space (X, Tx). Then the following relations hold.

(@) X =N 8BInt(U) = NSBCI(X —U). (b) X —N8BCI(U) = N 8Int(X —U).

Definition 2.17. A functionf : (X, Ty) — (Y, oy) is called a neutrosophic continuous
(8B —continuous) function if the inverse f ~! (B) is a neutrosophic open (resp. 38—open)
setin X, for every neutrosophic open set Bin Y.

Definition 2.18. A function f : (X, Ty) — (Y, oy) is called a neutrosophic
8p—irresolute function if f~!1(B) is a neutrosophic 8p—open set in X, for every
neutrosophic dp—open set Bin Y.

Lemma 2.19. A functionf : (X, Ty) — (Y, oy) is aneutrosophic 3p —irresolute func-
tion if and only if f ~' (B) is a neutrosophic 88—closed set in X, for every neutrosophic
dp—closed set Bin Y.

Definition 2.20. A function f : (X, Ty) — (Y, on) is called a neutrosophic

dp—open (resp. 8p—closed) function if image set f(A) is a neutrosophic 3 —open
(resp. dp—closed) set in Y, for every neutrosophic open (resp. closed) set Ain X .

3 Neutrospohic § 38— Normal Spaces

In this section, we introduce neutrosophic 38 —normal space and study its properties and
characterizations.

Definition 3.1. A neutrosophic topological space (X, Ty) is said to be neutrosophic
dB—normal if for any two disjoint neutrosophic 3g—closed sets A and B, there exist
disjoint neutrosophic 3 —open sets U and V such that A C U and B C V.

Theorem 3.2. Let (X, Ty) be a neutrosophic topological space. Then the following
statements are equivalent:

(a) X is neutrosophic 88 —normal.
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(b) For every neutrosophic 3p—closed set A in X and every neutrosophic 3 —open set
U containing A, there exists a neutrosophic 33 —open set V containing A such that
N§BCl(V) C U.

(c) For each pair of disjoint neutrosophic 88 —closed sets A and B in X, there exists a
neutrosophic 3 —open set U containing A such that NSGCI(U) N B = Oy.

(d) For each pair of disjoint neutrosophic d—closed sets A and B in X, there exist
neutrosophic 38—open sets U and V containing A and B respectively such that
NS§BCI(U) NN SBCI(V) = Op.

Proof. (a) = (b) : Let U be a neutrosophic 83—open set containing the neutrosophic
8B—closed set A. Then B = U is a neutrosophic 3p—closed set disjoint from A. Since
X is neutrosophic 3 —normal, there exist disjoint neutrosophic 83 —open sets V and W
containing A and B respectively. Then N §CI(V) is disjoint from B. Since if y(, ;,5) € B,
the set W is a neutrosophic 3 —open set containing y(,,+,5) € B disjoint from V. Hence
N§BCl(V) C U.

(b) = (c) : Let A and B be disjoint neutrosophic 3p—closed sets in X . Then BC is
a neutrosophic 3 —open set containing A. By (b), there exists a neutrosophic 33 —open
set U containing A such that NSBCI(U) € B€. Hence NSBCI(U) N B = Oy. This
proves (c).

(c) = (d) : Let A and B be disjoint neutrosophic dp—closed sets in X . Then by (¢),
there exists a neutrosophic 38 —open set U containing A such that NSCI(U) N B = Oy .
Since N §8CI(U) is neutrosophic 8¢ —closed, B and N 6 CI(U ) are disjoint neutrosophic
dp—closed sets in X . Again by (c), there exists a neutrosophic 88 —open set V containing
B such that N§BCI(U) NN SBCI(V) = Oy. This proves (d).

(d) = (a) : Let A and B be disjoint neutrosophic dp—closed sets in X. By (d),
there exist neutrosophic 3—open sets U and V containing A and B respectively such
that NSSCI(U) NNSBCI(V) = 0y. Since U NV € NSBCI(U) NN SBCI(V), U and
V are disjoint neutrosophic 38—open sets containing A and B respectively. Hence the
result of (a) follows.

Theorem 3.3. A neutrosophic topological space (X, Tx) is neutrosophic 3 —normal if
and only if for every neutrosophic 3 —closed set F' and a neutrosophic 33 —open set W
containing F, there exists a neutrosophic 38—open set U such that F € U C N§SCI
) cw.

Proof. Let (X, Ty) be neutrosophic 88—normal. Let F' be a neutrosophic 88 —closed
set and let W be a neutrosophic 88 —open set containing F. Then F and W€ are disjoint
neutrosophic 3B —closed sets. Since X is neutrosophic 88 —normal, there exist disjoint
neutrosophic 8p—open sets U and V such that F € U and W€ C V. Thus F C U C
VE < W. Since VC is neutrosophic §8—closed, so N3BCI(U) < N3§BCI(VC) =
V¢ C W. This implies that F € U € NSBCI(U) C W.

Conversely, suppose the condition holds. Let G and H be two disjoint neutrosophic
8p—closed sets in X . Then H € is a neutrosophic Sp—open set containing G. By assump-
tion, there exists a neutrosophic 88—open set U such that G € U € NSBCI(U) € HE.
Since U is neutrosophic 88—open and N §BCI(U) is neutrosophic 8f—closed. Then
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(NSBCL(U))C is neutrosophic 8p—open. Now NSBCI(U) € HC implies that H C
(NSBCI(U))C. Also U N (NSBCL(U))C € NSBCI(U) N (NSBCI(U))C = Oy. That
is U and (N8BCI(U))C are disjoint neutrosophic 8—open sets containing G and H
respectively. This shows that (X, Ty) is neutrosophic 3 —normal.

Theorem 3.4. Let (X, Ty) be a neutrosophic topological space. Then the following
statements are equivalent:

(a) X is neutrosophic 3f—normal.
(b) For any two neutrosophic 88—open sets U and V whose union is 1y, there exist
neutrosophic 3B —closed subsets A of U and B of V suchthat AU B = 1y.

Proof. (a) = (b) : Let U and V be two neutrosophic 3 —open sets in a neutrosophic
8B—normal space X such that U UV = 1. Then U and V¢ are disjoint neutrosophic
dp—closed sets. Since X is neutrosophic 3—normal, then there exist disjoint neutro-
sophic 8p—open sets G and H such that U¢ € G and V¢ C H. Let A = G° and
B = HC. Then A and B are neutrosophic 5p—closed subsets of U and V respectively
such that A U B = 1y. This proves (b).

(b) = (a) : Let A and B be disjoint neutrosophic 3 —closed sets in X . Then A€ and
BE€ are neutrosophic 8p—open sets whose union is 1. By (b), there exist neutrosophic
dp—closed sets E and F such that E C A€, F CBCandEUF = 1n. Then EC and F€
are disjoint neutrosophic 3 —open sets containing A and B respectively. Therefore X is
neutrosophic d—normal.

Theorem 3.5. Letf : (X, Ty) — (Y, on) be a function.

(a) If f is injective, neutrosophic dp—irresolute neutrosophic 3p—open and X is
neutrosophic 33 —normal, then Y is neutrosophic 38 —normal.

(b) Iff is neutrosophic 3 —irresolute, neutrosophic d3f—closed and Y is neutrosophic
dp—normal, then X is neutrosophic 8 —normal.

Proof. (a) Suppose X is neutrosophic 33 —normal. Let A and B be disjoint neutrosophic
8p—closed sets in Y. Since f is neutrosophic 3p—irresolute, f~'(A) and f~!(B) are
disjoint neutrosophic 3¢ —closed sets in X . Since X is neutrosophic 3 —normal, there
exist disjoint neutrosophic Sp—open sets U and V in X such that f ~!'(A) € U and f~!
(B) € V.Now f~!(A) € U implies that A C f (U) and f ~'(B) € V implies that B C f
(V). Since f is a neutrosophic 88 —open map, f (U) and f (V) are neutrosophic 3 —open
in Y. Also U NV = Oy implies that f (U N V) = Oy and f is injective, then f (U) N f
(V) = 0py. Thus £ (U) and f (V) are disjoint neutrosophic 88 —open sets in Y containing
A and B respectively. Thus, Y is neutrosophic 8 —normal.

(b) Suppose Y is neutrosophic 3—normal. Let A and B be disjoint neutrosophic
dp—closed sets in X . Since f is neutrosophic 88 —closed map, f (A) and f(B) are neu-
trosophic 3 —closed sets in Y. Since Y is neutrosophic 3 —normal, there exist disjoint
neutrosophic 3f—open sets U and V in Y such that f(A) € U and f(B) € V. That is
A Cf~Y(U)and B C f~1(V). Since f is neutrosophic 3p—irresolute, f~1(U) and f !
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(V) are disjoint neutrosophic 3p—open sets such that A € f~1(U) and B € f~1(V).
Thus, X is neutrosophic 88 —normal.

Theorem 3.6. Letf : (X, Ty) — (Y, on) be a neutrosophic continuous, neutrosophic
dp—open bijection of a neutrosophic normal space X onto a neutrosophic space Y and
if every neutrosophic 3 —closed set in Y is neutrosophic closed, then Y is neutrosophic
dB—normal.

Proof. Let A and B be disjoint neutrosophic 3 —closed sets in Y. Then by assumption,
A and B are neutrosophic closed in Y. Since f is a neutrosophic continuous bijection,
f~YA) and f~1(B) are disjoint neutrosophic closed sets in X . Since X is neutrosophic
normal space, there exist disjoint neutrosophic open sets G and H in X such that f !
(A) € G andf~1(B) C H. Since f is neutrosophic 8—open bijection, f (G) and f (H)
are disjoint neutrosophic 88—open sets in Y containing A and B respectively. Hence Y
is neutrosophic 8 —normal.

4 Strongly Neutrosophic § 8— Normal Spaces

In this section, we introduce strongly neutrosophic 88—normal space and study its
properties.

Definition 4.1. A neutrosophic topological space (X, Ty) is said to be strongly neu-
trosophic 3 —normal if for every pair of disjoint neutrosophic closed sets A and B in
X, there are disjoint neutrosophic 33—open sets U and V in X containing A and B
respectively.

Theorem 4.2. Every neutrosophic 38f—normal space is strongly neutrosophic
dB—normal.

Proof. Suppose X is neutrosophic 3—normal. Let A and B be disjoint neutrosophic
closed sets in X. Then A and B are disjoint neutrosophic 33 —closed sets in X . Since X
is neutrosophic 88 —normal, there exist disjoint neutrosophic 33—open sets U and V
containing A and B respectively. This implies that X is strongly neutrosophic 38 —normal.

Theorem 4.3. Let (X, Ty) be a neutrosophic topological space. Then the following are
equivalent:

(a) X is strongly neutrosophic 3 —normal.

(b) For every neutrosophic closed set F' in X and every neutrosophic open set U con-
taining F', there exists a neutrosophic 3 —open set V containing F such that N §8Cl
(V)cv.

(c) For each pair of disjoint neutrosophic closed sets A and B in X, there exists a
neutrosophic 3 —open set U containing A such that NSSCI(U) N B = Oy.
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Proof. (a) = (b) : Let U be a neutrosophic open set containing the neutrosophic
closed set F. Then H = U€ is a neutrosophic closed set disjoint from F. Since X is
strongly neutrosophic 33 —normal, there exist disjoint neutrosophic 38—open sets V
and W containing F' and H respectively. Then N 68CI(V) is disjoint from H, since if
Y1,y € H, the set W is a neutrosophic semi—o—open set containing y,,;, ) disjoint
from V. Hence N§BCI(V) C U.

(b) = (c) : Let A and B be disjoint neutrosophic closed sets in X. Then B€ is a
neutrosophic open set containing A. By (b), there exists a neutrosophic 3 —open set U
containing A such that N §8CI(U) B€.Hence N 8BCI(U)NB = Oy. This proves (c).

(c) = (a) : Let A and B be disjoint neutrosophic 3 —closed sets in X . By (c), there
exists a neutrosophic 3 —open set U containing A such that NSSCI(U) N B = Oy . Take
V = (NSBCI(U))C. Then U and V are disjoint neutrosophic 33 —open sets containing
A and B respectively. Thus X is strongly neutrosophic 88 —normal.

Theorem 4.4. Let (X, Ty) be a neutrosophic topological space. Then the following are
equivalent:

(a) X is strongly neutrosophic 3 —normal.
(b) For any two neutrosophic open sets U and V whose union is 1y, there exist
neutrosophic 88 —closed subsets A of U and B of V such that AU B = 1.

Proof. (a) = (b) : Let U and V be two neutrosophic open sets in a strongly neu-
trosophic 8—normal space X such that U UV = ly. Then U€ and V€ are disjoint
neutrosophic closed sets. Since X is strongly neutrosophic 8 —normal, then there exist
disjoint neutrosophic 88—open sets G and H such that U¢ € G and V¢ C H. Let
A = G and B = HC. Then A and B are neutrosophic 8f—closed subsets of U and V
respectively such that AU B = ly.

(b) = (a) : Let A and B be disjoint neutrosophic closed sets in X . Then A€ and B¢
are neutrosophic open sets such that AC U B¢ = 1y. By (b), there exists neutrosophic
dB—closed sets G and H such that G C AC, HC B andGUH = 1n. Then G€ and
HE are disjoint neutrosophic 8 —open sets containing A and B respectively. Therefore
X is strongly neutrosophic 88 —normal.

Theorem 4.5. Letf : (X, Ty) — (Y, on) be a function.

a) Iff is injective, neutrosophic continuous, neutrosophic 3 —open and X is strongly
neutrosophic 3 —normal, then Y is strongly neutrosophic 3 —normal.

b) If f is neutrosophic 3 —irresolute, neutrosophic 3¢—closed map and Y is strongly
neutrosophic 3 —normal, then X is strongly neutrosophic 3 —normal.

Proof. (a) Suppose X is strongly neutrosophic 3¢—normal. Let A and B be disjoint
neutrosophic closed sets in Y. Since f is neutrosophic continuous, f ~!(A) and f -1(B)
are neutrosophic closed in X . Since X is strongly neutrosophic 88 —normal, there exist
disjoint neutrosophic 8—open sets U and V in X such that f~1(4) € U and f~!
(B) € V.Now f~!(A) C U implies that A C f (U) and f~!(B) C V implies that B C f
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(V). Since f is a neutrosophic 88 —open map, f (U) and f (V) are neutrosophic 3 —open
sets in Y. Also U NV = Oy implies that f(U N V) = Oy and f is injective, then f
(U)Nf(V) = 0y. Thus f(U) and f (V) are disjoint neutrosophic 88—open sets in ¥
containing A and B respectively. Thus, Y is strongly neutrosophic 8 —normal.

(b) Suppose Y is strongly neutrosophic 3—normal. Let A and B be disjoint neu-
trosophic closed sets in X . Since f is neutrosophic 3f—closed map, f (A) and f (B) are
neutrosophic 3—closed in Y. Since Y is neutrosophic 33 —normal, there exist disjoint
neutrosophic 3f—open sets U and V in Y such that f(A) € U and f(B) € V. That is
A Cf~Y(U)and B C f~1(V). Since f is neutrosophic 3p—irresolute, f 1 (U) and f !
(V) are disjoint neutrosophic 3—open sets such that A C f_l(U) and B C f_l(V).
Thus, X is strongly neutrosophic 33 —normal.

5 Conclusions

We introduced neutrosophic 33—normal space and strongly 88—normal space using
neutrosophic 88 —open sets and 3 —closed sets in neutrosophic topological spaces. We
investigated their several fundamental properties and characterizations in neutrosophic
topological spaces.

Acknowledgments. The author is highly and gratefully indebted to Prince Mohammad Bin
Fahd University Al Khobar Saudi Arabia, for providing excellent research facilities during the
preparation of this research paper.
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