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Abstract. This study aims to develop rainbow antimagic coloring. A
graph G is said to be a rainbow antimagic coloring if there is a bijection
function f : V(G) — {1,2,...,V(G)}, and the associated weight of an
edge uv € E(G) under f is wy(uv) = f(u) + f(v). If there is wy(uv) #
wg(u'v") for every two edges uv,u’v’ in E(P), a path P in a vertex-
labeled graph G is said to be a rainbow path. The purpose of this paper
is to study the rainbow antimagic coloring and determine the smallest
number of rainbow antimagic connection number, denoted by rac(G),
where G is the vertex amalgamation of some graphs, namely fan graph
F}, dragon graph Dg,, bow graph B, 4, and wheel graph W,,. In this
paper, we complete previous research of rainbow antimagic connection
number of vertex amalgamation product of fan graph until reaching the
lower bound.

Keywords: Edge coloring + rainbow antimagic coloring - vertex
amalgamation

1 Introduction

Graph theory is one of the most recent breakthroughs in mathematics. In graph
theory, an object is referred to as a vertex and a connection between things as
an edge. A graph G comprises a set E of 2-element subsets of V' called edges
and a set V of finite nonempty objects called vertices. A pair of two sets, V'
and E, make up graph G. Because of this, some people type G = (V, E) [4].
The degree of vertex v in a graph G is the number of vertices adjacent to v and
denoted by d(v) [12]. Graph theory has various topics, such as rainbow antimagic
coloring. Rainbow antimagic coloring is the combination of rainbow connection
and antimagic labeling.

The concept of rainbow connection was first introduced by Chartrand et
al. [3]. There are adjacent edges that may have the same color in the rainbow
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connection notion, where the color employs the integers {1,2,....,k}. A path P
can form a rainbow path if no adjacent edges in graph G have the same colors.
Graph G is rainbow connected if a rainbow path connects any two of its vertices.
The edge coloring that makes the graph G rainbow connected can be defined as
a rainbow connection. Rainbow coloring research aims to determine the smallest
number of colors, often known as the rainbow connection number, or rc(Q)
[2]. The exact values of rainbow connection number for several special graph
operations, such as cartesian product, the composition of two special graphs,
tensor product, and amalgamation of special graphs, were discovered by Dafik
et al. in [5]. In [15], Parmar et al. found the rainbow connection number of H
graphs. In [6], Dafik et al. found the exact value of rainbow and strong rainbow
connection numbers of comb product graphs.

Apart from rainbow connections, antimagic labeling is another exciting topic
in graphs. This topic is described as labeling (given a number) the vertices of a
graph so that no two distinct edges have the same weight. The weight of an edge
is the sum of the labels of two vertices that incident it [9]. In [17], Simanjuntak
et al. discussed two new (a,d)— antimagic labeling. In [19], Wang and Zhang
discussed the antimagic labeling of regular graphs.

This study investigates the idea of rainbow antimagic coloring. If every
vertex of graph G is labeled with antimagic labels and then edge weights of
antimagic labels are used to construct a rainbow path, the rainbow path is
said to have rainbow antimagic coloring [18]. This study aims to find rac(G),
the antimagic rainbow connection number, which is the smallest possible num-
ber of colors obtained from antimagic rainbow coloring. The rainbow antimagic
connection number of graphs is determined by Dafik et al., who also specify
the lower and upper bounds of the rac(G) of graphs [18]. Previous researchers
have discovered the rainbow antimagic coloring of some graphs. Kusumawar-
dani et al. [11] found the rainbow antimagic connection number of flower graphs
and gear graph. Sulistiyono et al. [18] found the rainbow antimagic connec-
tion number of path graph, ladder graph, triangular ladder graph, and dia-
mond graph. Al-Jabbar et al. [1] found the rainbow antimagic connection num-
ber of triangular book, book graph, and generated book graph. Dafik et al.
[7] found the rainbow connection number of complete graph, cycle graph, fan
graph, wheel graph, friendship graph, and tree graph. Septory et al. [16] found
the rainbow antimagic connection number of jahangir graph, complete bipar-
tite graph,lemon graph, double star graph, and firecracker graph. Budi et al.
[2] found the rainbow antimagic connection number of dragonfly graph, lollipop
graph, stacked book graph, dutch windmill graph, and flowerpot graph. Nisvi-
asari et al. [14]. Joedo et al. [10] found the rainbow antimagic connection number
of tadpole graph. Joedo et al. [10] found the rainbow antimagic connection num-
ber of Amal(P,,v,m), Amal(Sy,v,m), Amal(Bry, q,v,m), Amal(Ps,,v, m),
Amal(F,,,v,m), Amal(Tb,,v,m).

In this paper, we discussed the rac(G) where G is the vertex amalgamation of
some graphs, namely, fan graph (F),), dragon graph (Dg,,), bow graph (B, p),
and wheel graph (W,,,). For the rac(G) of vertex amalgamation product of fan
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Fig. 1. (a) Vertex Amalgamation of Dragon, Amal(Dgs,v,2), (b) Rainbow coloring of
Amal(Be,a,v,2) graph

graph, we improve previous research by [10] until we reach the lower bound.
The previous research on the vertex amalgamation product of fan graph can be
seen in Theorem 3. Vertex amalgamation was introduced by Lee [13]. Let G be
a graph and vy € V(G) be a fixed vertex of G. For t > 2, vertex amalgamation
denoted by Amal(G, vy, t) is the graph constructed by amalgamating ¢ copies of
G with the fixed vertex vg [13]. The illustration of the vertex amalgamation of
the graph can be seen in Fig. 1(a).

All Lemma, Propositions, and Theorems that we used to prove the theorem
in this paper are as follows.

Lemma 1. [18] Let G be any connected graph. Let r¢(G) and A(G) be the
rainbow connection number of G and the maximum degree of G, respectively.
Then, rac(G) > max{rc(G), A(G)}.

Proposition 1. [14] If G is a nontrivial connected graph of size m, then
diam(G) < rc(G) < sre(G) < m.

Proposition 2. Let G be a nontrivial connected graph of size m. Then
(a) rc(G)=1 if and only if G is complete, src(G)=1 if only if G is complete;

(b) re(G)=2 if and only if src(G)=2;
(¢) rc(G)=m if and only if G is a tree, src(G)=m if and only if G is a tree.

Theorem 1. [8] Let Amal(Fp,v,t) be a vertex amalgamation product of fan
graph, then re(Amal(Fy,v,t)) = 3.

Theorem 2. [8] Let Amal(W,,v,t) is a vertex amalgamation of wheel graph,
then
3, forp>5

re(Amal(Wy,,v,t))= t>2orp=4andt>3.
2, forp=4andt=2

Theorem 8. [10] Let Amal(F),,v,t) be a vertex amalgamation product of fan
graph with p > 3,t > 2, therefore rac(Amal(F,,v,t)) = pt + 1.
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2 Result and Discussion

In this paper, we discuss some new results of the rainbow antimagic coloring of
vertex amalgamation of some graphs.

Theorem 4. Let Amal(Fj,v,t) be a vertex amalgamation product of fan graph
with p > 3,t > 2, furthermore rac(Amal(F,,v,t)) = pt.

Proof. Let Amal(F,,v,t) be a vertex amalgamation product of a fan graph
with vertex set V(Amal(Fp,v,t)) = {v} U{z;;,1 < i <t 1 < j < p} and
E(Amal(Fp,v,t)) = {va; j,1 <i<t,1<j<ptU{w;;z;;41,1<i<t,1<5<
p—1}. So, we get |V (Amal(Fy,v,t))| = pt+1 and |E(Amal(Fy,v,t))| = (2p—1)t.
Then, we proved the correctness of the lower bound and the upper bound, namely
rac(Amal(Fp,v,t)) > pt and rac(Amal(F),v,t)) < pt.

First of all, we proof the lower bound of rac(Amal(Fp,v,t)) is
rac(Amal(F,,v,t)) > pt. Based on Lemma 1, we know that rac(G) >

mazx{A(G),rc(G)}, so that:
rac(Amal(F,,v,t)) > max{A(Amal(F)y, v,t)),re
(Amal(Fy, v, 1))}
= max{pt,3} = pt
So, we get rac(Amal(F,,v,t)) > pt with p > 3.t > 2.

After that, we proof the upper bound of rac(Amal(F,,v,t)) is
rac(Amal(F,,v,t)) < pt. To find the upper bound of rac(Amal(F)y,v,t)), we
devide it into two cases, namely ¢t = 0(mod2) and t = 1(mod2).

Case 1. For t = 0(mod 2),p > 3,t > 2.

We define the vertex function of the Amal(F,,v,t) graph with [ :
V(Amal(Fy,v,t)) — {1,2,....|V(Amal(F,,v,t))|} for x; ; € V(Amal(F,,v,t))
are as follows

1) @+1, if p=1(mod 2)
V)=
By, if p = 0(mod 2)
G2t if1<i<tj=1(mod2)
Uzij)={ @D L1 if p = 1(mod 2),j = 0(mod 2)
CEt 4441, it p=0(mod 2),j = 0(mod 2)
We get the edge weights from a predetermined vertex function, which will be
used to color the edges. The edge weights of the graph Amal(F,,v,t) are as
follows

@)t 441, if p=1(mod 2),1 < j < p,
j = 1(mod 2)
w(vz )= L +pt+i+2, if p=1(mod 2),j = 0(mod 2)

7=0

=1t 44, if p=0(mod 2),j =1
oy (p—Dt+i+2, ifp=0(mod?2),j=0
@Dty it 42i41, ifp=1(mod2),1
®E2Dt L 9i 41, if p=0(mod 2),1

w(Z;,5T; j41)= ’
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The next step is to see that the edge weights induce rainbow antimagic
coloring on the graph Amal(Fj,,v,t). Let Ay 1 be the set of the edge weights
of graph Amal(F),v,t) for t = 0(mod 2),p > 3,t > 2. Then, Ay = {w +
2, @ +3, ..., w +pt+t+2} —{(p+1)t+2}, thus the number of distinct
colors of A; ; is pt. To determine the upper bound, we should find the cardinality
of the set A ; In this step, we use an arithmetic sequence to know the cardinality

of the set {&ENE o @ADL 3 W=Dt 4y 4y 4 9},

Us=a+(s—1)d
@Dyt 42= @D Loy (s 1)1
pt=s—1
s=pt+1

Then, we determine the cardinality of the set A; ; :

‘A171| = |{(p~;1)t _’_2’ (p‘gl)t _’_37.“7 (pgl)t +pt+t+
2H = Hp+ 1)t + 2}

‘A171| :pt+1— 1

|A1 1] =pt

It shows the edge weight induces a rainbow antimagic coloring of pt colors.
So, we get the upper bound of rac(Amal(F,,v,t)) is rac(Amal(F,,v,t)) < pt
for t = 0(mod 2),p > 3,t > 2.

Case 2. For t = 1(mod 2),p > 3,t > 2.

We define the vertex function of the Amal(F,,v,t) graph with !
V(Amal(Fp,v,t)) — {1,2,...,|V(Amal(Fp,v,t))|} for z;; € V(Amal(F,,v,t))
are as follows

@t g1 ifp=1 2
o {5 H e =t

B, if p = 0(mod 2)
Gty if p>3,j = 1L(mod 2)
M‘FZ_L if p=0(mod 2),j # 2,

j=0(mod 2),3<i<t
if 1 <i<2/j=0(mod 2),
2<j<p

BLyt+1—1, if p=0(mod 2),3 <i<t,

Wwij)= j=2

W—FQ—L it p=1(mod 2),j = 0(mod
2),j#£2,3<i<t
if p = 1(mod 2),5 = 0(mod
2),2<j<p

EADE L1~ i p=1(mod 2),j =2,
3<i<n.
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We get the edge weights from a predetermined vertex function, which will be
used to color the edges. The edge weights of the graph Amal(F,,v,t) are as
follows

W+i_17 if p=0(mod 2),j =1
(mod 2),1 <i <t,
1<j<p

(p+2)t —1i, if p=0(mod 2),j =2

Eppt4t+1—i, ifp=0(mod2),j+#2,

w(vws ;)= j = 0(mod 2)

(p+J) +t4+i—1, if p=1(mod 2),j =1
(mod 2)

(p+3)t—i+1, if p=1(mod 2),j =2

%+(p+2)t+1—i, if p=1(mod 2),j # 2,
Jj = 0(mod 2)

(pHiH2)t 4 o if p = 1(mod 2),1 <
<2,j=lorj=3

@+t+1, if p=1(mod 2),3 <1
<t,j=lorj=3

%ﬂﬁ.l iprl(mOdQ),lSi
<t,3<j<p

WAL, T4,j4+1)= j— . .
(@i5@i41) 7(1)4_2% Lp | 2, if p=0(mod 2),1 <1

<2j=lorj=3

CHZDE 41, if p=0(mod 2),3 <i
<tj=lorj=3

(2j2¢)t+2’ if p=0(mod 2),1 <1
<t,3<j<p

The next step is to see that the edge weights induce rainbow antimagic
coloring on the graph Amal(F,,v,t). Let Ay be the set of the edge weights
of graph Amal(F,,v,t) for t = 1(mod 2),p > 3,t > 2. Then, A; 2 = {@ +
g, Bt g @D ) 4 9)e) — {(p + 1)t + 2t — 2}, thus the number
of dlstlnct colors of A1 2 is pt. To determine the upper bound, we should find
the cardinality of A; ». In this step, we use an arithmetic sequence to know the

o 1 1 —1
cardinality of the set {W +t, W +t+1,.., % + (p + 2)t}.
Us=a+(s—1)d
(P;l)t +(p+2)t= (p+1) +t4(s—1)1

pt:.sfl
s=pt+1

Then, we determine the cardinality of the set A o:
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Table 1. The rainbow path from = to y on Amal(Fp,v,t) graph.

case |x |y rainbow path

I Jmiglv [ 2ij,v

2 Tij | Tkl | Tiyg, U, Th,l

(O

(a) (b)

Fig. 2. The RAC of (a) Amal(F5,v,4), (b) Amal(Dgz,v,2).

| Ay o] = [{®E0E 4y @EDE Ly
® Dy (p+ 2)t}| — [{(p + 1)t + 2t — 2}
=pt+1—-1=npt

It shows the edge weight induces a rainbow antimagic coloring of pt colors.
So, we get the upper bound of rac(Amal(F,,v,t)) is rac(Amal(Fp,,v,t)) < pt
for t = 1(mod 2),p > 3,t > 2.

If there are as many colors as pt, a rainbow path can be constructed based
on Cases 1 and 2. Table 1 shows the rainbow path. So, for p > 3,t > 2., we get
rac(Amal(F,,v,t)) < pn.

From the discussion above, we have pt < rac(Amal(Fp,v,t)) < pt. So,
for p > 3,t > 2, the proof of the formula rac(Amal(F,,v,t)) = pt has been
completed. a

Figure2 (a) illustrated rac(Amal(F)y,v,t)), with the vertex labels on the
graph being black numbers and the edge weight on the graph being red numbers.

Theorem 5. Let Amal(Dgp,v,t) be a vertex amalgamation product of dragon
graph with p > 2,¢ > 2, then rac(Amal(Dg,,v,t)) = (2p + 6)t.

Proof. Let Amal(Dgp,v,t) be a vertex amalgamation product of dragon graph
with vertex set V(Amal(Dgp,v,t)) = {v} U{z;;,1 <i<t,1 <j<p+2}U
{yij;1 <i<t,1 <j<p+2}U{a;,1 <i<tpuU{b;,1 <i <t} and edge
set E(Amal(Dgp,v,t)) = {va;,1 < i < t} U{vb;,1 < i < ¢} U {ox;;,1 <
i <t,1 <j<pH+2pUfoyy,l <di <1 <5< p+2FU{z Tl <
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i <t,1 <5 <p+1yU{yisvige,l <i <1< j < p+1} So, we get
[V (Amal(Dgyp, v,t))| = (2p+ 7)t and |E(Amal(Dg,,v,t))| = 2pt + 6t + 2p + 2.

First of all, we proof the lower bound of rac(Amal(Dg,,v,t)) is
rac(Amal(Dgp,v,t)) > (2p + 6)t. We know that the Amal(Dg,,v,t) graph

contain the star graph S; with size 2¢t. Based on Preposition 2, we have
re(Amal(Dgp,v,t)) = 2t. Then, we have rac(G) > maz{rc(G), A(G)}, so that:
rac(Amal(Dgp,v,t)) > max{rc(Amal(Dgyp,v,t)),
A(Amal(Dgp,v,t))}
= max{2t, (2p + 6)t}
=(2p+6)t
So, we get rac(Amal(Dgp,v,t)) > (2p + 6)t with p > 2,¢ > 2.

After that, we proof the upper bound of rac(Amal(Dgp,v,t)) is rac <
(2p + 6)t. We define the vertex function of the Amal(Dgp,,v,t) graph
with [ : V(Amal(Dgp,v,t)) — {1,2,..,|V(Amal(Dgp,v,t))|} for z;; €
V(Amal(Dgp,v,t)) as follows

6t+p—1, if p=0(mod 2)
(j—Dt+2i—1, if j =1(mod 2),1 <j <
p+2,p=>2
(G+dt+p+2i—2, if j=0(mod?2),1 <5<
p+2,p = 0(mod 2)
(j+4)t+p+2i—3, if j=0(mod?2),1<j<
p+2,p = 1(mod 2)
(j — 1)t + 2i, if j = 1(mod 2),1 < j
p+2,p>2
G+dt+p+2i—1, if j=0(mod 2),1 <5<
p+2,p=0(mod 2)
(G+4t+p+2i—2, if j=0(mod2),1<j<
p+2,p=1(mod 2)
" i):{Qp(t—1)+2i—|—3, if p = 0(mod 2)
(2p + 4)t + 2, if p=1(mod 2)
l(bi):{2(ptp+i+2), if p=0(mod 2),1 <i<t
2pt+2t+i)+1, ifp=1(mod2),1 <i<t

()= {Gt +p—2, if p=1(mod2)

IN

l(yi,j):

We get the edge weights from a predetermined vertex function, which will be
used to color the edges. The edge weights of the graph Amal(Dg,,v,t) are as
follows
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w(ve; ;)=

w(vb;)=

w(vy; ;)=

w(T; 5T j41)=

(j+5)t+p+2i—3,

(j+10)t+2(p+i)—5,

(j+5)t+p+2i—2

(j+10)t+2(p+1i) — 3,

(2p+10)t +p+2i — 2,
(2p+6)t—p+2i+2,
(2p + 10)t + p+2i — 1,
(2p+6)t—p+2i+3,

(G+5)t+p+2i—2,

(G+5d)t+p+2i—1,

(27 +4)t + 4i +p — 4,

(j+10)t +2p + 2i — 4,

(j+10)t 4+ 2p+ 2i — 2,

(27 +4)t +4i+p—3,

if p = 1(mod 2),
Jj = 1(mod 2),
1<j<p+2
if p = 1(mod 2),
Jj = 0(mod 2),
1<j<p+2
if p = 0(mod 2),
j = 1(mod 2),
1<j<p+2
if p = 0(mod 2),
j = 0(mod 2),
l<j<p+2
if p = 1(mod 2),
1< <t
if p = 0(mod 2),
1<i<t
if p = 1(mod 2),
1<: <t
if p = 0(mod 2),
1< <t
if p=1(mod 2),
j = 1(mod 2),
1<j<p+2
if p = 1(mod 2),
j = 0(mod 2),
1<j<p+2
if p = 0(mod 2),
j = 1(mod 2),
1<j<p+2
if p=0(mod 2),
j =0(mod 2),
1<j<p+2
if p = 1(mod 2),
p=2
if p = 0(mod 2),
p=2

81
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Table 2. The rainbow path from z to y on Amal(Dgp,v,t) graph.

case |z |y rainbow path | case | x |y |rainbow path
1 Zi5 |V Ti,5,U 8 Yi,g | Qi | Yi,5,V, a4

2 Lij | Tk, | Li,j,V, Tk, 9 Yi,j bi yi,j,v,bi

3 @i Y ®igjv,y; 100 ai v aiv

4 Tijlai | Tij,v, a4 11 |a; | a; ai,v,a;

5 Ti,j bz xi,]‘,U,bi 12 23 bz ai,v,bi

6 Yig |V Yi 5,0 13 bl v bi,’l)

7 Yig | Yk, | Yi,5, UV, Yk, 14 b; b]‘ bi,’U,b]‘

(2j+4)t+4i+p—2, if p=1(mod 2),
p=2

2j+4t+4i+p—1, if p=0(mod 2),
p=>2

w(yi,jyi,j+1):

The next step is to see that the edge weights induce rainbow antimagic
coloring on the graph Amal(Dg,,v,t). Let Ay be the set of the edge weights of
graph Amal(Dg,,v,t). Then, Ay = {p+6t—1,p+6t,...,(2p+ 10)t +p + 2t —
1} — {2p + 12t — 4}, thus the number of distinct colors of the edge weights is
(2p + 6)t. To determine the upper bound, we should find the cardinality of set
As. In this step, we use an arithmetic sequence to know the cardinality of the
set {p+6t—1,p+6t ...,2p+10)t +p+ 2t — 1}.

Us=a+(s—1)d
2p+10)t +p+2t—1=p+6t—1+(s—1)1
2ot +6t=s5—-1

s=2p+6)t+1

Then, we determine the cardinality of the edge weight set As:

|Ag| = {p+ 6t — 1,p+ 6t, ..., (2p + 10}t + p + 2t—
M= [{2p+12t—4} = (2p+6)t+1—1
|A2| = (2p +6)t

It shows the edge weight induced a rainbow antimagic coloring of (2p + 6)t
colors. If there are (2p + 6)¢ colors, a rainbow path can be built based on the
edge weight function that has been discovered. Table 2 shows the rainbow path.
So, for p > 2,t > 2, we get rac(Amal(Dgp,v,t)) < (2p + 6)t.

From the discussion above, we have (2p+6)t < rac(Amal(Dgy,v,t)) < (2p+
6)t. So, for p > 2,¢ > 2, the proof of the formula rac(Amal(Dg,,v,t)) = (2p+6)t
is complete. O

Figure2 (b) illustrates rac(Amal(Dgyp,v,t)), with the vertex labels on the
graph as black numbers and the edge weight on the graph as red numbers.
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Theorem 6. Let Amal(Bp 4, v,t) be a vertex amalgamation of bow graph with
p>3,q>3,t>2, then re(Amal(By 4, v,t)) = 3.

Proof. Let Amal(B, q,v,t) be a vertex amalgamation product of bow graph
with vertex set V(Amal(Bpq,v,t)) = {v}U{z; ;,1 <i<t,1 <j<ptU{y;,1 <
i <p,1<j<gq}and edge set E(Amal(Bpq,v,t)) = {vz; ;,1 <i<t,1<5<
p}U{inJ,l S ) S t,l S j S q}U{xi,jxm_‘_l,l S ) S t,l S j S P — 1}U
{Wigyi541, 1 i <t,1 < j < q—1}. So, we get [V(Amal(By,q,v,1))| = (p+q)t+1
and |E(Amal(By q,v,t))| = (2p + 2q — 2)t.

The first step to prove this theorem is we find the lower bound of
re(Amal(Bp 4, v,t)). Based on Preposition 1, we have the lower bound of
re(Amal(Bp g4, v,t)) > diam(Amal(Bp 4,v,t)), then rc(Amal(B, 4,v,t)) > 2.
Assume that re(Amal(Bpq,v,t)) = 2. Let ¢ be a rainbow 2-coloring of
Amal(Bp. 4, v,t). We analyze three vertices, namely z; ;, z;11 x, and y; ;. Because
every path with a length of 2-connecting them is unique, the edges of this path
should be colored differently. Let ¢/(z; ;v) = 1 and ¢/(z;41,,v) = 2. Based on
this condition, we have a rainbow path between z; ; and z; 1 ;. After that, we
determine a rainbow path between z; ; and y; ;. Then, ¢/(y;;v) = 2. Based on
this condition, we do not have a rainbow path between x;11 1 and y; ;. We find
the contradiction. So, we have rc(Amal(By, q,v,t)) > 3.

The next step is we find the upper bound of re(Amal(By 4, v,t)) < 3 by
labeling each edges use this formula:

1 if1<i<t,j=1(mod 2),1<j<p
i) = 1y if1<i<t,j=0(mod2),1<j<p
1 if1<i<t,j=1(mod 2),1 <j<q
ewyig) = 4 5 if1<i<t,j=0(mod2),1<j<gq

c(xi7jxj+1):3if1§i§t,1 Sjgp—l
(i jyj+1) =31f1<i<t,1<j<g—1

Based on the explanation above, we have 3 < re(Amal(B, q,v,t)) < 3. So,
re(Amal(Bp q,v,t)) = 3 for p > 3,¢ > 3, and ¢ > 2. It completes the proof. O

The illustration of the rainbow coloring of Amal(B, 4,v,t) graph can be seen
in Fig. 1(b).

Theorem 7. Let Amal(By 4,v,t) be a vertex amalgamation product of bow graph
with p > 3,¢ > 3,t > 2, then rac(Amal(B, 4,v,t)) = (p + ¢)t.

Proof. Let Amal(B, q,v,t) be a vertex amalgamation product of bow graph
with vertex set V(Amal(Bpq,v,t)) = {v} U{z;;,1 < i < ¢,1 < j < p}tU
{yij,1 <i <t,1<j<gq}and E(Amal(Bpq4,v,t)) = {vz;;,1 <i <t1<
j<pyU{vyi; 1 <i<t,1<j<qtU{mmijn,1<i<t1<j<p-1}U
{Yijvij+1,1 < i< 1,1 < j < g—1}. So, we get [V (Amal(By,q,v,1))| = (p+q)t+1
and |E(Amal(Byp 4,v,t))| = (2p + 2¢ — 2)t.

First of all, we proof the lower bound of rac(Amal(B,4,v,t)) was
rac(Amal(Bp,q,v,t)) > (p + ¢)t. Based on Lemma 1 and Theorem 5, we have
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rac(Amal(Byp. 4, v,t)) > maz{rc(Amal(By 4, v,t)),
A(Amal(Byp,q,v,1))}
=maxz{3,(p+ @)t} = (p+ )t

So, we get rac(Amal(Bp,q4,v,t)) > (p+ q)t with p > 3,¢ > 3, > 2.

After that, we proof the upper bound of rac(Amal(B,q,v,t)) is
rac(Amal(Byp q,v,t)) < (p + ¢)n. We define the vertex function of the
Amal(Bp 4, v,t) graph with | : V(Amal(By q,v,t)) — {1,2,...,|V(Amal(B, g,

v,t))|} for z; ; € V(Amal(Bp 4, v,t)) as follows

W) =151+ [31(t-1) +q+1,ifp>3,g=23,t>2

Ly (- 1)[E], if1<i<t,
Jj = 1(mod 2),
I<j<p
Uzij)=1q p . i :
[Elt+ 51 —-1)+% if1<i<t,
+qt + 1, Jj = 0(mod 2),
I1<j<p
[Blt+ &L + (i - 1)[E], if1<i<t,
Jj = 1(mod 2),
I1<j=<gq
(51t + 41t + 3, if i =1,
yi )= j = 0(mod 2),
1<j=<gq
[B1e+ 1§10+ 1)+ if2<i<t,
[2](i—2)+ %, j = 0(mod 2),
I1<j=<gq

We get the edge weights from a predetermined vertex function, which will be
used to color the edges. The edge weights of the graph Amal(B, 4,v,t) are as

follows
[B12t +[41(t—1)+ |5 if 1 <i<t,
Ji=1)+4+(t+1)g+2  j=0(mod2),
w(vr; ;)= I<j<p
YR i - ) + (L - D)+ if1<i<t,
g+, j = 1(mod 2),
1<j<p
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[B12t + [4](t +i—2)+ if1<i<t,
]+1+q+1 Jj = 1(mod 2),
I<j=<q
(212t + [4](2t — 1)+ ifi=1,
w(vy; ;)= % +q+1, j = 0(mod 2),
I<j<gq
B2 THIen + 14 H2<ist,
(i—2)+3+q+1, Jj =0(mod 2),
1<5<q

w(fEi’j.Ii?j_;,_l):’Vg](t‘i’Z*l) L J(Z*1)+qt+]+2 1f1<Z<t1<] <p 1
[E12t + [4](t+i—1) ifi=11<j<gq

wlyigpige)={ T
WIRTUT (B2t 4 [4](t+ i)+ if2<i<t,
(]G =2)+j+1, 1<j<gq

The next step is to see that the edge weights induce rainbow antimagic
coloring on the graph Amal(B, q,v,t). Let A3 be the set of the edge weights
of graph Amal(B, 4, v,t). Then, Ag ={&+ (¢ l)q +q+2,% + (¢ 1)q +q+
3,...,pt + w + B+ (t+1)g+2} —{pt+ (¢ —|— 1)g + 2}, thus the number of
distinct colors of the edge weights is (p + ¢)t. To determine the upper bound,
we should find the cardinality of the set of edge weights. In this step, we use an
arithmetic sequence to know the cardinality of the set {%t + @ +q+2, %t +

D9 4 g3, pt+ U500 4 By (14 1)g + 2}

Us=a+(s—1)d
pt+De oty by (o)a g 04
(t+1)g+2 (s—11
p+at=s-1
s={p+qt+1

Then, we determine the cardinality of edge weight set As:

|Ag| = {2+ (50 4 g oty U2ha g gy 3
m+ﬁ )q+pﬂ+(+1m+aﬂf
Iﬁﬁ+(-+Dq+2H

Azl =(p+qt+1-1

|Az] = (p+q)t

It shows the edge weight induces a rainbow antimagic coloring of (p + ¢)t
colors. If there are (p+ q)t colors, a rainbow path can be built based on the edge
weight function that has been discovered. Table 3 shows the rainbow path. So,
for p > 3,¢ > 3,t > 2, we get rac(Amal(B, 4,v,t)) is rac(Amal(B, 4, v,t)) <
(p+aq)t.
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Table 3. The rainbow path from z to y on Amal(Bp,q,v,t) graph.

case |x |y rainbow path

I Jmiglv [ 2iy,v

Lij | Thyl | Tij, Uy Tkl

Tij |Yig | Tig, V) Yig

2
3
4 Y v Yig,v
5

Yij | Ykl | Yig,V, Ykl

AN
S—HS—w
3 o

(A
=&

(@) (b)

Fig. 3. The RAC of (a) Amal(Buas,v,2), (b) Amal(Wu,v,3).

From the discussion above, we have (p+q)t < rac(Amal(By. 4,v,t)) < (p+q)t.
So, for p > 3,¢ > 3,t > 2, the proof of the formula rac(Amal(Bp q,v,t)) =
(p + @)t is complete. 5

Figure3 (a) illustrated rac(Amal(B,. q4,v,t)), with the vertex labels on the
graph as black numbers and the edge weight on the graph as red numbers.

Theorem 8. Let Amal(W,,v,t) be a vertex amalgamation product of wheel
graph with p > 3,t > 2, then rac(Amal(W,,v,t)) = pt.

Proof. Let Amal(W,,v,t) be a vertex amalgamation product of wheel graph
with vertex set V(Amal(Wp,v,t)) = {v} U{z;;,1 < i <t 1 < j < p} and
E(Amal(Wp,v,t)) = {vx; j,1 <i <t,1 <j<ptU{z;;zij1,1 <i<t,1<
J<p—-1}U{zi12ip,1 < i < t}. So, we get |V(Amal(W,,v,t))| = pt + 1 and
|E(Amal(W,, v,t))| = 2pt.

First of all, we proof the lower bound of rac(Amal(Wy,v,t)) is
rac(Amal(Wp,v,t)) > mn. We know that rac(G) > maz{A(G), rc(G)}, so that:

rac(Amal(Wp,v,t)) > maz{A(Amal(Wp, v,t)),
re(Amal(Wy,v,t))}
= maxz{3, pt} = pt

So, we get rac(Amal(W,,v,t)) > pt with p > 3,t > 2.

After that, we proof the upper bound of rac(Amal(W,,v,t)) is
rac(Amal(Wp,v,t)) < pt. To find the upper bound of rac(Amal(W,,v,t)), we
divide it into four cases.
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Case 1. For p = 0(mod 2),t =2,p > 3.

We define the vertex function of the Amal(Wp,v,t) graph with [
V(Amal(Wp,v,t)) — {1,2,...,|V(Amal(Wp, v,t))|} for z; ; € V(Amal(Wp,v,t))
as follows

llvy=p+1
- ji—1, if j=1(mod 2),1<j<p
T )=
J p+ji+i—1, if j=0(mod2),1<j<p

We get the edge weights from a predetermined vertex function, which will be
used to color the edges. The edge weights of the graph Amal(W),v,t) are as
follows

p+i+i, if1<i<25=1(mod2),
I<j<p
2p+i+j, if1<i<2j=0(mod?2),
l<j=<p
w(@; jxij41) =2 +p+2i—2,if1<i<2,1<j<p-1
w(xiixip) =2p+2i—1,if1<i<2

w(vw; ;)=

The next step is to see that the edge weights induce rainbow antimagic
coloring on the graph Amal(Wp,v,t). Let A4 be the set of the edge weights of
graph Amal(Wp, v,t) for p = 0(mod 2),t = 2,p > 3. Then, Ay1 = {p+2,p+
1,...,pt+p+2} —{2p+2}, thus the number of distinct colors of the edge weights
is pn. To determine the upper bound, we should find the cardinality of the set
Ay 1. In this step, we use an arithmetic sequence to know the cardinality of the
set {p+2,p+1,...,pt +p+2}.

Us=a+(s—1)d
pt+p+2=p+2+(s—1)1
pt=s—1
s=pt+1

Then, we determine the cardinality of the set Ay ; :

|[Asil={p+2,p+1,....pt +p+ 2} — |{2p + 2}
|A471‘ :pt+ 1-1
|Ag 1| = pt

It shows the edge weight induced a rainbow antimagic coloring of pt colors.
So, we get rac(Amal(W,,v,t)) < pt for p = 0(mod 2),t =2,p > 3.
Case 2. For p = 0(mod 2),p > 3,t > 3.

We define the vertex function of the Amal(Wp,v,t) graph with [ :
V(Amal(Wp,v,t)) — {1,2, ..., |V(Amal(Wp, v,t))|} for z; ; € V(Amal(Wp,v,t))
as follows
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l(v):%t7 if p=0(mod 2),p>3,t >3

Gt g if1<i<t—1,j=1(mod 2),
I<j<p
G2t ifi=t,j=1(mod2),1<j<
l(mi,j)z p—3
B+, ifi=tj=p-1
)t 9 g, if1<i<t,j=0(mod2),1<
J=p

We get the edge weights from a predetermined vertex function, which will be
used to color the edges. The edge weights of the graph Amal(W,,v,t) are as
follows

Gl if1<i<t-1,j=1
(mod 2),1<j<p
W’ ifi =1t,7 = 1(mod 2),
w(vz; ;)= 1<j<p-3
pt+1, fi=tj=p—1
Cetilt L9, if1<i<t,j=0(mod 2),
1<j<p
w2t 4 o, if1<i<t—1,
Jj = 1(mod 2),
1<j<p-1
w(w i jen)=q O 42 i i =1, = 1(mod 2),
1<j<p-3
Coit 434 ifi=t,p-2<j<
p—1

w(x;1zp) =pt+2,if 1 <i<t
The next step is to see that the edge weights induce rainbow antimagic
coloring on the graph Amal(W,,v,t). Let A4 2 be the set of the edge weights
of graph Amal(W,,v,t). Then, Ay 2 = {%t +1, %t +2,..., 3% + 1} — {pt}, thus
the number of distinct colors of the edge weights is pt. To determine the upper
bound, we should find the cardinality of the set A4o. In this step, we use an
arithmetic sequence to know the cardinality of the set {%t +1, %t +2,..., % +1}.

Us=a+(s—1)d
3
W 1=2 414+ (s—1)1
pt=s—1
s=pt+1
Then, we determine the cardinality of the set A4 5 :

|Ago| = {8 + 1,8 +2,..., 2L + 1} — |{pt}]
=pt+1—1=npt
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It shows the edge weight induces a rainbow antimagic coloring of pt colors.
So, we get rac(Amal(W),,v,t)) < pt for p = 0(mod 2),p > 3,t > 3.
Case 3. For p = 1(mod 2),p > 3,t = 2.

We define the vertex function of the Amal(Wp,v,t) graph with [
V(Amal(Wp,v,t)) — {1,2, ..., |[V(Amal(W,, v, t))|} for z; ; € V(Amal(Wp,v,1))
as follows

l(v)=p+1, if p=1(mod 2),t =2

j+i—1, if1<i<2j=1(mod?2),1<j<
p—1
T L SR E
) p, ifi=2j=p
p+ji+i, if1<i<2j=0(mod?2),1<j<
p—1

We get the edge weights from a predetermined vertex function, which will be
used to color the edges. The edge weights of the graph Amal(W,,v,t) are as
follows

p+j+i, if1 <i<2,5=1(mod 2),
1<j<p-1
pt+3, ifi=1,7=p
w(ve; ;)= o .
pt+1, ifi=27=p
pt+j+i+1, ifl1<i<2,j=0(mod?2),
1<j<p-1
P+ 2+ 2, if1<i<2,
1<j<p-2
w(ﬂfz‘,jxi,jﬂ): . e .
pt+j+i+2, ifi=1jj=p—1
pt+ 7 +1, ifi=2,7=p—1

j+p+i+l, ifi=1
jHp+i—1, ifi=2

w(ifi,lifi,p)Z{

The next step is to see that the edge weights induce rainbow antimagic
coloring on the graph Amal(W,,v,t). Let A4 3 be the set of the edge weights
of graph Amal(W,,v,t). Then, Ay3 ={p+2,p+3,....pt+p+2} — {2p + 2},
thus the number of distinct colors of the edge weights is pt. To determine the
upper bound, we should find the cardinality of the set A4 3. In this step, we use an
arithmetic sequence to know the cardinality of the set {p+2,p+3,...,pt+p+2}.

Us=a+(s—1)d
pt+p+2=p+2+(s—1)1
pt=s—1
s=pt+1

Then, we determine the cardinality of the set Ay 3 :
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|[Assl=H{p+2,p+3,....pt +p+2} — [{2p + 2}
=pt+1-—-1=pt

It shows the edge weight induces a rainbow antimagic coloring of pt colors.
So, we get rac(Amal(W,,v,t)) < pt for p = 1(mod 2),p > 3,t = 2.
Case 4. For p = 1(mod 2),p > 3,t > 3.

We define the vertex function of the Amal(Wp,v,t) graph with [ :
V(Amal(Wp, v,t)) — {1,2, ..., |V(Amal(Wp, v, t))|} for z; ; € V(Amal(Wp,v,t))
as follows

I(v) = &1 49

G2t if 1 <i<t,j=1(mod 2),
1<j<p-2
pt— (L —1Dt—i+2, ifl1<i<tj=0(mod?2),
Ui j)= ,
1<j<p-1
(I)_Tl)t—i_l’ ifi:t’j:p
e e if1<i<t—1,j=p

We get the edge weights from a predetermined vertex function, which will be
used to color the edges. The edge weights of the graph Amal(W),v,t) are as
follows

P2t 4 449, if1<i<t,
Jj = 1(mod 2),
1<j<p-2
==Vt L (p 1)t —i+d, if1<i<t,
w(vz; ;)= Jj = 0(mod 2),
1<j<p-1
(p—1)t+3, ifi=tj=p
pt — i+ 4, if1<i<t,
J=p
pt+ 2, if 1 <i<t,j=1(mod
2,1<j<p-2
pt+t+2, if 1 <i<t,j=0(mod
2),1<j<p-3
wlTi T )= g ifi=tj=p—1
pt4+2t+4—2i if1<i<t—1,
J=p—1
i)t 4 o, f1<i<t—1,j=p

w(xi,lxi,p) = 7(;0—;1)7: +1,ifi=1¢

The next step is to see that the edge weights induce rainbow antimagic
coloring on the graph Amal(W,,v,t). Let A4 4 be the set of the edge weights of
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Table 4. The rainbow path from z to y on Amal(W,v,t) graph.

case |x |y rainbow path

I Jmiglv [ 2ij,v

2 Tij | Tkl | Tiyg, U, Th,l

graph Amal(W,,v,t). Then, Ay 4 = {@ +3, @ +4, .., @ +(p+1)t+
3} —{(p — 1)t + 4}, thus the number of distinct colors of the edge weights is pt.
To determine the upper bound, we should find the cardinality of the set A4 4.
In this step, we use an arithmetic sequence to know the cardinality of the set

(et g oty oy 23 (4 1) 4 3).

Us=a+(s—1)d

@2 (pr 1)t +3=2F 434 (s 1)1
pt=s—1
s=pt+1

Then, we determine the cardinality of the set A4 3 :

[Aga = [{&52E 43, 20 Ly @29 (4 1)
3} = [{(p — 1)t + 4}
|A4,4| :pt+1 — 1 :pt

It shows the edge weight induces a rainbow antimagic coloring of pt colors.
So, we get the upper bound of rac(Amal(W,,v,t)) < pt for p = 1(mod 2),p >
3,t > 3.

Based on Case 1, Case 2, Case 3, and Case 4, if there are as many colors as
pt, a rainbow path could be constructed. Table4 shows the rainbow path. So,
for p > 3,t > 2, we get rac(Amal(W,,v,n)) < pt.

From the discussion above, we have pt < rac(Amal(W,,v,t)) < pt. So, for
p > 3,t > 2, the proof of the formula rac(Amal(Wp,v,t)) = pt is complete. O

The illustration of rac(Amal(W,,v,t)) in Fig.3 (b) with the vertex labels
on the graph being black numbers and the edge weight on the graph being red
numbers.

3 Conclusions

We would like to express our gratitude for the tremendous support of year 2023
from PUI-PT Combinatorics and Graph, CGANT, University of Jember, espe-
cially the lecturers and members of the CGANT Research Group.

Open Problem

Determine the lower and upper bound of the rainbow antimagic coloring of edge
amalgamation, cartesian product, and others.
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