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Abstract. Suppose G is a bounded, connected, and undirected graph.
Let V(G) and E(G) be the vertex set and edge set, respectively. The
subset D of V(G) is a subset of the graph G that dominates it effi-
ciently if every vertex in G is either in D or adjacent to a vertex in
D. The subset M of V(G) is the complete set of G if every vertex in
G is differentiated differently based on its representation to each vertex
in the ordered set M. Suppose M = {b1,b2,bs,...,bx} is a subset of
V(G). The representation of a vertex n € G on an ordered set M is
r(n|M) = {(d(n,b1),d(n,b2),d(n,b3)...,d(n,bx)}. A set M is called a
set of solutions of G if r(u|M) # r(n|M) ¥V u,n € G. The subset Z of
V(G) is called the set of efficient dominating solutions of a graph G if is
an efficient dominating set and r(u|M) # r(n|M) V u,n € G. Let vre(G)
denote the minimum cardinality of an efficient domination number. We
call it efficient dominance number resolution on graphs. The research
methods used in this research are the axiomatic deductive method and
the pattern detection method. The axiomatic deductive method is a
research method that applies the principles of deductive proof (from
general to specific) that apply to mathematical logic by using axioms,
lemmas, and existing theorems to solve a problem on the topic under
study. In this research, some theorems or definitions will be obtained
from the results of further analysis of some previously existing theorems
or definitions. Next is the pattern detection method, which is a research
method to find efficient set completion patterns in the graph under study
and the problem to be solved. In this article, the efficiency solution of
the 7v,.G domination number of several will be obtained comb product
graph is BF, > Py, T'So > Py, and Ly > Py.
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1 Introduction

We use connected, undirected, and finite graphs denoted by G in this paper. W.
Chartrand and Lesniak [4] explaining that a graph is a finite set of vertices and
edges, defined as G(V, E), where F is a non-empty set. Vertices and V is the set
of edges. Each edge connects one node with another node, and each node can
have many edges connecting it with other nodes. A graph G = (V(G), E(G))
consists of 2 finite sets, namely the first V(G) is the set of points or vertices
denoted by V', then the second E(G) is the set of sides or edges denoted with F
(Daniel Farida and Taneo Prida N.L.) [5]. In graph theory there are many kinds
of studies, one of which is the set of differentiating dominance and graph metric
dimensions.

FU Yumin [9] explains that suppose G is a directed graph with vertex set
V(G) and edge set E(G). We say that is a finite graph if V(G) and E(G) are
both finite. The notation e(a,b) will be used to represent an edge directed from
vertex a to vertex b and we say that a dominates b and b is dominated by a.
Also, we refer to an as the start vertex of edge e and b as the end vertex of edge
e. The subset D of V is the dominating set for G if every vertex that is not in
D is the starting vertex of a leading edge node in D. The minimal dominant set
is the dominant set from the undirected graph various riddle questions arise.

Bange et al. [1] explains that in a graph G with vertex set V and edge set
E, the neighborhood of vertex n is the set of vertices neighboring n, N(n) =
x €V :nz e E. N[n]Un is the closed neighborhood of n. A vertex set D or a
subset of V' is a dominating set for G if every vertex of G is either a part of D or
neighboring a component of D. That is, D dominates if n € V implies N[N|ND >
¢. Bange et al. [2] also explained that Dominating set D is an efficient dominating
set if for each n € V we have [N[n] N D| = 1, or equivalently, if the distance
between any two vertices in D is at least three. Such a set might represent a
collection of transmitting stations, no two of which produce interference.

The problem of metric dimensions was first introduced by Harary and Melter
[7], but it was also investigated by Slater [14]. Let G = (V,E) be a sim-
ple connected graph u,n € V, the distance between two vertices u and n
denoted as d(u,n) is defined as the length of the shortest path connecting
them. Let M = {b1,02,b3,b4,...bk} ordered vertex set of subsets V, and
n € V, the representation of n with respect to W denoted as r(n|M) is
k —tuples(d(n|bl),d(n|b2),d(n|b3)...d(n|bk)). M is called a resolving set if each
vertex in G has a different representation of M. The resolving set with minimum
cardinality is referred to as the minimum resolving set, while the cardinality of
this resolving set is referred to as the metric dimension of graph G, denoted as
Dim(G) [16].

Birgham et al. [3] combines the concept of dominance sets and metric dimen-
sions expressed as resolving domination sets. The domination number of resolv-
ing set is the minimum cardinality and is represented by 7,.G. The dominating
set of a graph G is a subset Y of V(G) with a representation of its distance to
every vertex in Y that defines every edge of G but not just the dominating set
of G. Some types of resolving for dominating numbers are resolving for strong
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dominating numbers, resolving perfect dominating numbers, and resolving effi-
cient dominating numbers, see [9,11,13].

Faisal et, al. [8] explained that in graph theory, there are known operations
between two or more graphs, for example corona, cartesian, combined, normal,
add, and comb operations. There are S Dhanalakshmi and N Parvathi [15] a
definition of comb product namely comb is a graph obtained by joining a single
pendant edge to each vertex of a path.

Recently, Kusumawardani, et al. [12] created a new understanding by com-
bining the theory of complete sets and the theory of efficient dominating numbers
which is expressed as efficient dominating number completion. Z is called an effi-
cient dominating set of some graph G if it only satisfies the characteristics of
the efficient set and dominating set, but also satisfies the characteristics of the
complete set or r(z|Z) = r(y|Z)z, yG. Yr.G shows the dominating efficiency the
domination amount of the solution which is the minimum cardinality efficient
set of graph G solutions, see [10].

All graphs studied in this paper are comb products. We use two graphs G
and Gy which are finite, connected, and undirected graphs. G; > G2 denotes a
new graph obtained by obtaining a copy of graph GG; and as many duplicates
as possible of as many vertices in graph G; and inserting the ith copy of graph
G to the ith vertex of graph G; expressed as the comb product of graph G
and graph G [6]. In this article, the efficiency solution of the 7,..G domination
number of several will be obtained comb product graph is BF, > Py, T'S, > Py,
and Lyv> By.

2 Research Method

This research is categorized into exploratory research, namely research that aims
to explore things that researchers want to know and research results can be used
as a basis for further research. In solving the problem, this study uses pattern
detection and axiomatic deductive methods. The pattern detection method is
to look for patterns to construct an efficient differentiating domination set of
solutions to obtain a metric dimension value with an efficient differentiating
domination set of solutions in such a way as to obtain a minimum cardinality
value with different point coordinates. While the axiomatic deductive method
is a research method that uses the principles of deductive proof that apply in
mathematical logic by using existing axioms or theorems to solve a problem.
The research design for metric dimensions with sets of efficient differentiating
domination solutions on special graphs. The description of this research design
is as follows: Determine the graph to be used for metric dimension analysis
with domination solution sets, then determine the cardinality of the vertices
and edges of the graph used, then proceed determines the distinguishing set M,
after that calculates the vertex representation of M to get a different result for
each point then calculates the minimum cardinality of the distinguishing set to
determine the metric dimension value with the connected distinguishing set after
that determines the functions dim(G) and 7,.(G) and ends with determine the
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theorem of the research results on a special graph and prove it by calculating
the formulation of the point coordinates. [17]

3 Result and Discussion

We found an efficient solution to solve the domination of line comb products.
Among them namely BF, > P,, T'S, > Py, and L, > P,. We use the theorem as
follows.

Theorem 1. For every positive integer a > 5 and b > 2,

Q ] =
o BFy 5 Py) = a(:gw, ?fb:(),?(mod 3)
al5]+1, ifb=1 (mod 3)

Proof. BF, > P, is the comb product graph of a butterfly graph and a
path graph which is a copy of BF, graph where vertices z;,y; and A
are nodes attached to BF, graph. The set of vertices is V(BF, > P,) =
{A, Aj, TiyYir TijaYijs 1 <1< a,1 <5< b—l}. And the edge set is F(BF,>P;) =
{AA JU{ Az, Ay 1 < < atU{zizii, yivip1; 1 <0< a— 1 0{@m, yiyins 1 <
i <a}U{AjA 11, i, iy 1 <0< a, 1 <j <b— 2}

The cardinality of its vertex and edge are respectively |V (BF, > P,)| = 2ab+b
and |E(BF, > Py)| = 2ab + 2a — 3. We select subset D as follows

{Aj7xij7yij;A71Sigaagjgb_l;

j =1 (mod 3)}or b=0,2 (mod 3)}

{2,951 <i<a,1 <j<b—1;5=2 (mod 3)}
for b=1 (mod 3)}

{A‘j;%7%;jz3 (mod 3)}

J
for b=1 (mod 3)}

We Have |D|= a[2], for b=0,2(mod 3) and |D| = a[4]+1,for b = 1(mod 3).
The steps that D complete the set of efficient domination with the minimum
cardinality we show as follows.

First, we will prove that D satisfies the properties from the set of effi-
cient domination. For any Aj;, x;;,vi; € D,d(A;,zi;,y:;) > 3, so that means
IN(A;, A, 25, xi,y55,ys € V(BF, > P) — D)N D| = 1 and each vertex
Aj A i, 25,955,y € V(BF, > Py) — D is dominated by exactly one vertex
in D. So we say a subset of D is an efficiently dominating set (Figs. 1 and 2).

Second, we need to prove that our chosen subset D satisfies the characteristics
of the resolving set. Here is a way to find out the distance representing every
vertex connected to elements in D that are dissimilar to each other, we can see
the distance function of two vertices in the graph BF, > P,.
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d(AA;rD) = JRD
d(AjAjrD) = |jrD — J
] +1
d(Azijrp), d(AyijrD) = ‘?RD. )
J+trD +JRD
d(z;AjrD),d(yiAjrRD) =jrp +1
d(zijAjrp), d(Yij AjrD) =i+j+jrp
JRD,
if ¢ =1
d(zixijrp), d(Yi¥ijrD) = TP
lirp — t| + jrD,
ifipp #£ i
lirD — Jl
ifigp =1
d(zijxiirD), A(YijYijRD =9 . P
( Jr] ) JJ] ) ‘ZRD_Z|+]+jRD,
if ipp # i
d(ziyijrD), d(Yi%ijrD) =i+ jrp +1
d(zijyijrD), d(YijTi;RD) =j+jrp+2

We know that every representation of the elements in D must be different
from each other considering the subset of D that we have and that we have
selected. So, D shows the characteristics of the resolving set.

Third, we need to prove that D is an efficient dominating set with minimum
cardinality. If [Do| < a[2] , so we have |Do| = a[%] —1 for b= 0,2 (mod 3)
and |Do| < a[2] + 1, so we have |Dy| = a[2] for b =1 (mod 3). Below are
possible circumstances that will occur

1) For b= 0(mod 3)

o If{z;1} ¢ Dy — 3 x;,x;1,2;2 which is not controlled by Dy. Because
of that, Dy can’t be called the efficiently dominating set.

o If {xi,j ] = 1(mod 3), 5 S] S b*?} ¢ D() — 3 L, j4+1,T4,5, g 5—1 which
is not controlled by Dy. Because of that, Dy can’t be called the efficiently
dominating set.

2) For b = 1(mod 3)

o If vertex x1 ¢ Dy — 3 x1,x; which is not controlled by Dy. Because of
that, Dy can’t be called the efficiently dominating set.

o If vertex 141 ¢ Do — 3 1 p—1,%1,p—2 which is not controlled by Dy.
Because of that, Dy can’t be called the efficiently dominating set.

o If any vertex {z;; :2 <1 <a;2<i<b—2;j=2(mod3)} ¢ Dy —
3 j41,%: 4, ;-1 which is not controlled by Dy. Because of that, Dy
can’t be called the efficiently dominating set.
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Fig. 1. The resolving efficient dominating numbers of BF5 > Ps

o If any vertex {z1; : 3 < j < b—1;5 = O(mod 3)} ¢ Dy —
3 21 j41,%1,5,71,j—1 which is not controlled by Dy. Because of that, Dy
can’t be called the efficiently dominating set.

3) For b = 2(mod 3)

o If vertex ;1 ¢ Do — 3 x;,2;1,%;2 which is not controlled by Dy.
Because of that, Dy can’t be called the efficiently dominating set.

o If vertex x;p—1 ¢ Do — 3 x;p—1,%;p—2 which is not controlled by Dy.
Because of that, Dy can’t be called the efficiently dominating set.

o If any vertex {z;;;1 < j < b—1;j = 1(mod 3)} ¢ Dy —
3 i j41,%; 4, ;-1 which is not controlled by Dy. Because of that, Dy
can’t be called the efficiently dominating set.

The subset Dy does not satisfy the efficient dominating set, it contradicts the
efficient dominating completion set. Therefore, |[D| = a[%] must be the min-
imum cardinality of the resolved efficient domination set of BF, > P, when
b = 0,2(mod 3) and |D| = a[%} + 1 must be the minimum cardinality of the
resolved efficient domination set of BF, > P, when b = 1(mod 3). It completed

the proof. O

Theorem 2. For every positive integer a > 3 and b > 2,

al2], if b = 2(mod3)
al 2] +1, if b= 1(mod3)

Wl Wl

’Yre(TSa > Pb) = {

Proof. TS, > P, is the comb product graph of a triangular snake graph and a
path graph which is a copy of T'S, graph where vertices x; is node attached to
TS, graph. The set of vertices is V(T'Sq>Py) = {z;, 24551 <i<a,1 <j < b—1}.
And the edge set is E(T'Sq > Py) = {zz; + [§];1 < i < [ §]}U{aams + [§);1 <
i < S Uz [§] i <a—1}U{mpgl <i<ajj =1} U{mxgq;1 <
i<a;1<j<b-—2}
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Fig. 2. The resolving efficient dominating numbers of BF5 > Pr

The cardinality of its vertex and edge are respectively |V (T'S, > P,)| = ab and
|E(T'Sa > Py)| = 3[5] + ab — a. We select subset D as follows

{251 <i<a,1<j<b—1;j=1(mod 3)},
for b = 2(mod 3)

{5,251 <i<a,1<j<b—1;j=0(mod 3)}
and j = 2(mod 3), for b = 1(mod 3)

D =

We Have |D| = a[%],for b =2 (mod 3) and |D| = a|%] 4+ 1,for b= 1 (mod 3).
The steps that D complete the set of efficient domination with the minimum
cardinality we show as follows.

First, we will prove that D satisfies the properties from the set of efficient
domination. For any x;; € D,d(x;;) > 3, so that means |N(z;j,z; € V(T'S, >
P,) — D)N D| =1 and each vertex x;j,z; € V(T'S, > P,) — D is dominated by
exactly one vertex in D. So we say a subset of D is an efficiently dominating set
(Fig. 3).

Second, we need to prove that our chosen subset D satisfies the characteristics
of the resolving set. Here is a way to find out the distance representing every
vertex connected to elements in D that are dissimilar to each other, we can see
the distance function of two vertices in the graph T'S, > P, as follows.

JRD, if ipp =1

jrp +1, ifi—1<ipp <i+1,
for i = positiveinteger,
ifi+1<ipp <it?2,
andi — 2 <ipp <i1-—1,

for i = negative integer

d(z;xzijrD) =
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jrp+2, ifi+3<irp <i+4,
andi —4 <igp <t1—3
for ¢ = negative integer,
ifi+2<igp <i+3,
andi—3§iRD§i—2,
for i = positive integer
d(zixijrp) = { jrp +3, ifi+5<irp <i+6,
andi—6§iRD§if5
for i = negative integer,
ifi+4<ipp <i+35,
andi — 5 <igpp <1 —4,

fori = positive integer,

and apply multiples

lirD — Jl; if irp =1
jrp+j+1, ifi—1<igp <i+1,
fori = positive integer,
ifi+1<igp <i+2
andi —2 <igp <i—1,
for i = negative integer
Jrp +7i+2, ifi+3<igp<i+4
and? —4 <igpp <71—3
for i = negative integer,
d(l‘ijl‘inD): le+2§ZRD§Z+3
andi—SSiRDSi—Z
for i = positive integer
jrp +j+3, ifi+5<ipp <i+6
andi—GSiRDSi—5
for ¢ = negative integer,
ifi+4<igp<i+5
andi — 5 <igp <1i—4,

for i = positive integer,

and apply multiples

We know that every representation of the elements in D must be different
from each other considering the subset of D that we have and that we have
selected. So, D shows the characteristics of the resolving set.

Third, we need to prove that D is an efficient dominating set with minimum

cardinality. If [Dg| < a[%] , so we have |Dy| = a[2] —1 for b=2 (mod 3) and
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|Do| < a[2] +1, so we have [Dg| = a[2] for b=1 (mod 3). Below are possible
circumstances that will occur
1) For b = 2(mod 3)
o If{z;1} ¢ Dy — 3 x;,2;,1,x;2 which is not controlled by Dy. Because
of that, Dy can’t be called the efficiently dominating set.
o If any vertex {z;,; : j = l(mod 3);3 < j < b—2} ¢ Dy —
3 i j41,%: 4, ;-1 which is not controlled by Dy. Because of that, Dy
can’t be called the efficiently dominating set.
2) For b = 1(mod 3)
o If vertex x1 ¢ Dy — 3 z1,x; which is not controlled by Dy. Because of
that, Dy can’t be called the efficiently dominating set.
Vertex z15-1 ¢ Do — 3 x1,—1,%1,5—2 which is not controlled by D.
Because of that, Dy can’t be called the efficiently dominating set.
If any vertex {z;; :3<i<a;2<i<b—2;j=2(mod 3)} ¢ Dy —
3 @4 j4+1, %4, Tij—1 which is not controlled by Dy. Because of that, Dy
can’t be called the efficiently dominating set.
If any vertex {z1; : 3 < j < b—1;j = 0(mod 3)} ¢ Dy —
3 21,41, 1,5, %1,;—1 which is not controlled by Dj. Because of that, Dy
can’t be called the efficiently dominating set.
If any vertex {z;; : 3 < j < b—1;5 = 2(mod 3)} ¢ Dy —
3 21 j41,%1,5,71,j—1 which is not controlled by Dy. Because of that, Dy
can’t be called the efficiently dominating set.

The subset Dy does not satisfy the efficient dominating set, it contradicts the
efficient dominating completion set. Therefore, |D| = a[ 2] must be the minimum
cardinality of the resolved efficient domination set of T'S,> P, when b = 2(mod 3)
and |D| = a[%] + 1 must be the minimum cardinality of the resolved efficient
domination set of T'S, > P, when b = 1(mod 3). It completed the proof. O

Theorem 3. For every positive integer a > 2 and b > 2,

(Lo Py)= {a[%], if a'E O(T_I’LOd 4),and if b = ?(mo_d 3),
alz] +1,if a=0,2(mod 4),and if b = 1,3(mod 3)

Proof. L, > P, is the comb product graph of a ladder graph and a path graph
which is a copy of L, graph where vertices x; and y; are nodes attached to L,
graph. The set of vertices is V (Lo>Py) = {4, ys, Tij, ¥ij; 1 < i < a,1 < j <b—1}.
And the edge set is E(L, > Py) = {xiyi;1 < i < a} U{xxir, yivir1; 1 < i <
a— 1} U{zimin, yivins 1 <0 < af U{@igzijen, yigyijr; 1 <1< a1 < j <b—2}
The cardinality of its vertex and edge are respectively |V (L, > Fy)| = 2ab and
|[E(Ly> Py)| = 2ab + a — 2. We select subset D as follows

{zijyi;l1<i<a,<j<b-—1;5=1 (mod 3)}
for b = 2 (mod 3)

{2ij,9i5:1 <i<a,1<j<b-1j=1 (mod2)}
for b=1,3 (mod 3)

{xi, ys; ngégaj;i =2 (mod 4)}

for b=1,3 (mod 3)
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s

Fig. 3. The resolving efficient dominating numbers of T'S7 > Ps

We Have |D| = a[2],for b = 2 (mod 3) and |D| = a[ 2] +1,for b = 1,3 (mod
3).

The steps that D complete the set of efficient domination with the minimum
cardinality we show as follows.

First, we will prove that D satisfies the properties from the set of effi-
cient domination. For any z;;,y;; € D,d(xj,v;;) > 4, so that means
IN(zij, i, Yij,Yi € V(Lo > Py) — D) N D| =1 and each vertex zi;, z;, ¥ij, ¥i €
V(Lo > Py) — D is dominated by exactly one vertex in D. So we say a subset of
D is an efficiently dominating set (Fig. 4).

Second, we need to prove that our chosen subset D satisfies the characteristics
of the resolving set. Here is a way to find out the distance representing every
vertex connected to elements in D that are dissimilar to each other, we can see
the distance function of two vertices in the graph L, > P, as follows.

JRD; ifipp =i
d(w;vijrD), d(YiYijrD) = \ irD + jrD — i, ifigp >
lirp —jrp +14|, firp <1

lirD — i, ifirp =i

d(zijzijrp), d(Yij¥ijRD) = { iRD + JRD, ifirp > 1

|iRD—jRD+i+j|, if’iRD <1

Jrp +1, ifipp =i
d(xiyijrp), d(yiTijrp) = { irp +jrp —i+1, ifigp >
‘iRD—jRD_i_1|a ifigp <1

Jjrp +37+1, ifirp =1

d(%ijYijrp), d(YijTijrp) = { irp + jrp —i+j+1, ifigrp >

lirp —jrp —i—j — 1|, ifirp <i
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We know that every representation of the elements in D must be different
from each other considering the subset of D that we have and that we have
selected. So, D shows the characteristics of the resolving set.

Third, we need to prove that D is an efficient dominating set with minimum
cardinality. If [Do| < a[2] , so we have |Dy| = a[2] —1for a =0 (mod 4) b = 2
(mod 3) and |Do| < a[2] + 1, so we have |Dy| = a[2] for a = 0,2 (mod 4)
b= 1,3 (mod 3). Below are possible circumstances that will occur

1) For b = 2(mod 3)
o If{z;1} ¢ Dy — 3 x;,x;1,x;2 which is not controlled by Dy. Because
of that, Dy can’t be called the efficiently dominating set.
o If any vertex {x;; : j = 1l(mod 3);4 < j < b—2} ¢ Dy —
3 i j41, %5, ;-1 which is not controlled by Dy. Because of that, Dy
can’t be called the efficiently dominating set.
2) For b = 1(mod 3)
o If vertex x; ¢ Dy — 3 x1,x; which is not controlled by Dg. Because of
that, Do can’t be called the efficiently dominating set.
o Vertex x13-1 ¢ Do — 3 z1,p-1,21,—2 which is not controlled by Djy.
Because of that, Dy can’t be called the efficiently dominating set.
o If any vertex {z;; :2 <1 <a;2<i<b—2;j=2(mod 3)} ¢ Dy —
3 x4 j4+1, %, Tij—1 which is not controlled by Dg. Because of that, Do
can’t be called the efficiently dominating set.
o If any vertex {z1; : 3 < j < b—-1;5j = 1l(mod 2)} ¢ Dy —
3 %1 j41,%1,5,21,j—1 which is not controlled by Dy. Because of that, Dy
can’t be called the efficiently dominating set.
3) For b = 3(mod 3)
o If vertex ;1 ¢ Do — 3 z;,;1,%;2 which is not controlled by Dy.
Because of that, Dy can’t be called the efficiently dominating set.
o If vertex x;p—1 ¢ Do — 3 x;p—1, i p—2 which is not controlled by Dy.
Because of that, Dy can’t be called the efficiently dominating set.
o If any vertex {z;;;1 < j < b—1;i = 2(mod 4)} ¢ Dy —
3 i j41,%: 4, ;-1 which is not controlled by Dy. Because of that, Dy
can’t be called the efficiently dominating set (Fig. 4).

The subset Dy does not satisfy the efficient dominating set, it contradicts the
efficient dominating completion set. Therefore, |D| = a[ 2] must be the minimum

cardinality of the resolved efficient domination set of L, > P, when b = 2(mod 3)
and |D| = a[%] + 1 must be the minimum cardinality of the resolved efficient
domination set of L, > P, when b = 1(mod 3). It completed the proof. O
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Fig. 4. The resolving efficient dominating numbers of Ls > Ps

4 Conclusion

In this paper, we have analyze the results of proving the efficient differentiating
dominance number values for several special graphs that are operated on comb
with path graphs including BF, > P,, T'S,> P,, and L, > P,. The weakness in this
paper is that the graphs used are limited to comb product graph operations, in
some cases the graphs we use cannot be proven by using graph operations such
as corona, amalgamation, etc., and there is no detailed lower bound proof in
this paper. This topic is a relatively new topic in research on combining metric
dimensions and the study of efficient dominance, so many issues related to this
topic have yet to be discovered and it is evident that there are still. We propose
several issues or problems that must be found, namely:

Open Problem 1

There is any graph for example with G which is a connected and bounded graph,
prove the exact value of efficient domination distinguish elements in G.

Open Problem 2

Show the dominant numbers efficiently from special graphs and other operations,
such as corona, cartesian, union, normal, etc.
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