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Abstract. For any graph G = (V,E), the vertex set V and the edge
set E, and let w be the edge weight of graph G, with |V (G)| = p and
|E(G)| = q. A labeling of a graph G is a bijection f from V (G) to the set
{1, 2, .., p}. The bijection f is called an edge antimagic labeling of graph
if for any two vertex u and v where w(uv) = f(u)+f(v), uv ∈ E(G), are
distinct. Any local edge antimagic labeling induces a proper edge color-
ing of G where the edge uv is assigned the color w(uv). The local edge
antimagic coloring of graph is said to be a local (a, d)-edge antimagic col-
oring of G if the set of their edge colors form an arithmetic sequence with
initial value a and different d. The local (a, d)-edge antimagic chromatic
number Xle(a,d)(G) is the minimum number of colors needed to color
G such that a graph G admits the local (a, d)-edge antimagic coloring.
Furthermore, we will obtain the lower and upper bound of Xle(a,d)(G).
The results of this research are the exact value of the local (a, d)-edge
antimagic chromatic number of ladder graph, cycle graph, octopus graph,
tadpole graph, tringular book graph, and helm graph.

Keywords: local (a, d)-antimagic coloring · local edge antimagic
coloring · specific graph

1 Introduction

Graph G(V,E) is a graph where V (G) is the non-empty set of vertices and E(G)
is the set of edges that connects a pair of vertices, the definition of graph can
be see in [7]. In this paper, graph G represents a simple, connected, and finite
graph with no loops or multiple edges. Let |V (G)| = m is the number of vertices
of G and |E(G)| = n is the number of edges of G.

Graph labeling is a mapping that assigns natural numbers to some set of
graph elements of graph G. Labeling is called vertex labeling if the labeling
domain is a vertex and labeling is called edge labeling if the labeling domain is
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an edge. Furthermore, if the domain is V (G) ∪ E(G), the labeling is called total
labeling. Labeling is called antimagic if all the side weights have different values.
Antimagic labeling defined as G(V,E) is a mapping f : V → {1, 2, 3, ..., |V (G)|}
is a bijection function if for all u, v ∈ V (G) and the edge weight is w(uv) =
f(u) + f(v) [8].

Local antimagic of a graph was first introduced in 2017 by Arumugam
et al. A bijection f : E → {1, 2, ...,m} is called a local antimagic labeling
if for all uv ∈ E we have w(u) �= w(v) where w(u) =

∑
e∈E(u) f(e) [5].

The local antimagic labeling have been studied by [5,6,9]. In the same year,
Agustin et al. developed a study of local edge antimagic. A bijection function
f : V (G) → {1, 2, 3, ..., |V (G)|}, is called local edge antimagic labeling if any
two incident edges at the same vertices e1 and e2, w(e1) �= w(e2), where for
e = uv ∈ G,w(e) = f(u) + f(v). So, local edge antimagic labeling is called local
edge antimagic coloring if any edge is assigned the color w(e). The local edge
antimagic chromatic number, denoted by χlea(G) is the minimum number of
colors that are taken over by all staining induced by the local edge antimagic
labeling of graph G. The concept of local edge antimagic coloring of graphs can
be seen in [1,2,4].

Local edge antimagic coloring has developed into Local (a, d)-antimagic
coloring. The concept of local (a, d)-antimagic coloring is the same as local
edge antimagic coloring. A bijection f : V (G) → {1, 2, 3, ..., |V (G)|} is called
an edge antimagic labeling of graph if the element of the edge weight set
w(uv) = f(u)+f(v), where uv ∈ E(G), are distinct. The edge antimagic labeling
induces a local edge antimagic coloring of G if each edge of G is colored with
a weight of w(e). The antimagic coloring of a graph is said to be a local (a, d)-
antimagic coloring of G if the set of edge colors forms an arithmetic sequence
with initial values of a and different d. Furthermore, the local (a, d)-antimagic
chromatic number χle(a,d)(G) is the minimum number of colors needed to color
G such that a graph G admits the local (a, d)-antimagic coloring [3]. The local
(a, d)-antimagic coloring have been studied by [3,10].

Observation 1.1 [1]. For any graph G, χlea(G) ≥ Δ(G), where Δ(G) is maxi-
mum degrees of G

Observation 1.2 [1]. For any graph G, χlea(G) ≥ χ(G), where χ(G) is a chro-
matic number of vertex coloring of G.

Observation 1.3 [3]. For any graph G, χle(a,d)(G) ≥ χlea(G) ≥ χ(G)

Observation 1.4 [11]. For any graph G, χle(a, d)(G) ≥ χlea(G) ≥ Δ(G)

2 Main Result

In this paper, we will study about local (a, d)-antimagic coloring of a some
specific classes of graphs and determine the chromatic number of local (a, d)-
antimagic coloring of some specific classes of graphs include ladder graph Ln,
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Fig. 1. Local (2n, 1)-antimagic coloring of L17

cycle graph Cn, octopus graph On, helm graph Hn, tringular book graph Tbn,
and tadpole graph Tm,n. We also analyse the lower bound and upper bound of
the local (a, d)-antimagic coloring of the graphs.

Theorem 2.1. Let Ln be ladder graph with n ≥ 2, χle(2n,1)(Ln) = 3.

Proof. The graph Ln has the vertex set V (Ln) = {xi : 1 ≤ i ≤ n} ∪ {yi :
1 ≤ i ≤ n} and edge set E(Ln) = {xix(i+1), yiy(i+1) : 1 ≤ i ≤ n − 1} ∪ {xiyi :
1 ≤ i ≤ n}. The vertices cardinality is |V (Ln)| = 2n and the edges cardinality
is |E(Ln)| = 3n − 2. The local (a, d)-antimagic coloring chromatic number of
Ln is χle(2n,1)(Ln) = 3. First, we will prove that χle(a,d)(Ln) ≥ 3. Based on
observation 1.4 we have χle(a,d)(Ln) ≥ χlea(Ln), in Agustin et al. [4] χlea(Ln) =
3. It concludes that χle(a,d)(Ln) ≥ 3.

To show χle(a,d)(Ln) ≤ 3, by define a bijection f : V (Ln) →
{1, 2, 3, ..., |V (Ln)|} by

f(xi) =
{

i, i = odd; 1 ≤ i ≤ n,
2n − i + 1, i = even; 1 ≤ i ≤ n,

f(yi) =
{

2n − i + 1, i = odd; 1 ≤ i ≤ n,
i, i = even; 1 ≤ i ≤ n,

From the labeling function, we can see that f is a local (a, d)-antimagic
coloring of Ln and the weights of edge are as follows:

w(e) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2n, xix(i+1); i = odd; 1 ≤ i ≤ n − 1,
yiy(i+1); i = even; 1 ≤ i ≤ n − 1,

2n + 2, xix(i+1); i = even; 1 ≤ i ≤ n − 1,
yiy(i+1); i = odd; 1 ≤ i ≤ n − 1,

2n + 1, xiyi; 1 ≤ i ≤ n,

Based on the weights, we have set of edge weights obtained is W = {2n, 2n+
1, 2n+2} with the smallest edge is a = 2n and d = 1, we have χle(2n,1)(Ln) ≤ 3.
It conclude that local (a, d)-antimagic coloring chromatic number of Ln with
n ≥ 2 is χle(2n,1)(Ln) = 3.
It concludes the proof.

Figure 1 shows an illustration of local (a, d)-antimagic coloring of a ladder
graph.

Theorem 2.2. Let Cn be cycle graph with n ≥ 3, χle(n,1)(Cn) = 3.
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Proof. The graph Cn has the vertex set V (Cn) = {xi : 1 ≤ i ≤ n} and edge
set E(Cn) = {xix(i+1) : 1 ≤ i ≤ n − 1} ∪ {xnx1}. The vertices cardinality is
|V (Cn)| = n and the edges cardinality is |E(Cn)| = n. The local (a, d)-antimagic
coloring chromatic number of Cn is χle(n,1)(Cn) = 3. First, we will prove that
χle(a,d)(Cn) ≥ 3. Based on observation 1.4 we have χle(a,d)(Cn) ≥ χlea(Cn), in
Agustin et al. [4] χlea(Cn) = 3. It concludes that χle(a,d)(Cn) ≥ 3.

To show χle(a,d)(Cn) ≤ 3, by define a bijection f : V (Cn) →
{1, 2, 3, ..., |V (Cn)|}. In this mapping there are two different cases that occurred
in local (a, d)-antimagic coloring of cycle graph with n ≥ 3, there are cycle graph
when n is even and n is odd. These cases are as follows:
Case 1. For n is even.
To show χle(a,d)(Cn) ≤ 3, by define a bijection f : V (Cn) → {1, 2, 3, ..., |V (Cn)|}
for n is even by

f(xi) =

⎧
⎪⎪⎨

⎪⎪⎩

i, i = odd; 1 ≤ i ≤ n
2 ,

i = even; n
2 < i ≤ n,

n − i + 1, i = even; 1 ≤ i ≤ n
2 ,

i = odd; n
2 < i ≤ n,

From the labeling function, we can see that f is a local (a, d)-antimagic
coloring of Cn when n is even and the weights of edge are as follows:

f(xixi+1) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

n, i = odd; 1 ≤ i < n
2 ,

i = even; n
2 < i ≤ n − 1,

n + 2, i = even; 1 ≤ i < n
2 ,

i = odd; n
2 < i ≤ n − 1,

n + 1, i = n
2

x1xn

Based on the weights, we have set of edge weights obtained is W = {n, n +
1, n + 2} with the smallest edge is a = n and d = 1, we have χle(n,1)(Cn) ≤ 3. It
conclude that local (a, d)-antimagic coloring chromatic number of Cn with n ≥ 3
when n is even χle(n,1)(Cn) = 3.
Case 2. For n is odd.
To show χle(a,d)(Cn) ≤ 3, by define a bijection f : V (Cn) → {1, 2, 3, ..., |V (Cn)|}
for n is odd by

f(xi) =
{

i, i = odd; 1 ≤ i ≤ n,
n − i + 1, i = even; 1 ≤ i ≤ n,

From the labeling function, we can see that f is a local (a, d)-antimagic
coloring of Cn when n is even and the weights of edge are as follows:

f(xixi+1) =

⎧
⎨

⎩

n, i = odd; 1 ≤ i ≤ n − 1,
n + 2, i = even; 1 ≤ i ≤ n − 1,
n + 1, x1xn
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Fig. 2. Local (n, 1)-antimagic coloring of C17 and C24

Based on the weights, we have set of edge weights obtained is W = {n, n +
1, n + 2} with the smallest edge is a = n and d = 1, we have χle(n,1)(Cn) ≤ 3. It
conclude that local (a, d)-antimagic coloring chromatic number of Cn with n ≥ 3
when n is odd χle(n,1)(Cn) = 3.
It concludes the proof.

From the two cases that have been proven, we have same local (a, d)-
antimagic coloring chromatic number of Cn with n ≥ 3 is χle(n,1)(Cn) = 3.
Figure 2 shows an illustration of local (a, d)-antimagic coloring of a cycle graph.

Theorem 2.3. Let On be octopus graph with n ≥ 2, χle(3,1)(On) = 2n.

Proof. The graph Ln has the vertex set V (On) = {z} ∪ {xi, yi : 1 ≤ i ≤
n} and edge set E(On) = {xix(i+1) : 1 ≤ i ≤ n − 1} ∪ {xiz, yiz : 1 ≤ i ≤
n}. The vertices cardinality is |V (On)| = 2n + 1 and the edges cardinality is
|E(On)| = 3n − 1. The local (a, d)-antimagic coloring chromatic number of On

is χle(3,1)(On) = 2n. First, we will prove that χle(a,d)(On) ≥ 2n. Based on
observation 1.4 we have χle(a,d)(On) ≥ Δ(On), then we have Δ(On) = 2n. It
concludes that χle(a,d)(On) ≥ 2n.
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Fig. 3. Local (3, 1)-antimagic coloring of O8

To show χle(a,d)(On) ≤ 2n, by define a bijection f : V (On) →
{1, 2, 3, ..., |V (On)|} by

f(xi) =
{

i+3
2 , i = odd,

n − i
2 + 2, i = even,

f(yi) = n + i + 1; i ≤ i ≤ n

f(z) = 1

From the labeling function, we can see that f is a local (a, d)-antimagic
coloring of On and the weights of edge are as follows:

f(w) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

i+5
2 , xiz; i = odd; 1 ≤ i ≤ n

n − i
2 + 3, xiz; i = even; 1 ≤ i ≤ n,

n + i + 2, yiz; 1 ≤ i ≤ n,
n + 3, xix(i+1); i = odd; 1 ≤ i ≤ n − 1,
n + 4, xix(i+1); i = even; 1 ≤ i ≤ n − 1

Based on the weights, we have set of edge weights obtained is W =
{3, 4, 5, ..., 2n + 2} with the smallest edge is a = 3 and d = 1, we have
χle(3,1)(On) ≤ 2n. It conclude that local (a, d)-antimagic coloring chromatic
number of On with n ≥ 2 is χle(3,1)(On) = 2n.
It concludes the proof.

Figure 3 shows an illustration of local (a, d)-antimagic coloring of a octopus
graph.

Theorem 2.4. Let Tm,n be tadpole graph with m ≥ 3 and n ≥ 1,
χle(a,1)(Tm,n) = 3.

Proof. The graph Tm,n has the vertex set V (Tm,n) = {xi : 1 ≤ i ≤ m} ∪
{yj : 1 ≤ j ≤ n} and edge set E(Tm,n) = {xix(i+1) : 1 ≤ i ≤ m − 1} ∪
{x1xm}∪{xmy1}∪{yiy(i+1) : 1 ≤ j ≤ n−1}. The vertices cardinality is |Tm,n| =
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m + n and the edges cardinality is |Tm,n| = m + n. The local (a, d)-antimagic
coloring chromatic number of Tm,n is χle(a,1)(Tm,n) = 3. First, we will prove that
χle(a,1)(Tm,n) ≥ 3. Based on observation 1.4 we have χle(a,d)(Cn) ≥ Δ(Tm,n), in
Agustin et al. [4] χlea(Tm,n) = 3. It concludes that χle(a,d)(Tm,n) ≥ 3.

To show χle(a,d)(Tm,n) ≤ n + 3, by define a bijection f : V (Tm,n) →
{1, 2, 3, ..., |V (Tm,n)|}. In this mapping there are two different cases that occurred
in local (a, d)-antimagic coloring of tadpole graph with n ≥ 3, there are tadpole
graph when n is even and n is odd. These cases are as follows:
Case 1. For n is even.
To show χle(a,d)(Tm,n) ≤ 3, by define a bijection f : V (Tm,n) →
{1, 2, 3, ..., |V (Tm,n)|} for n is even by

f(xi) =

⎧
⎨

⎩

m + (n+i+1
2 ), i = odd; 1 ≤ i ≤ n,

n−i
2 + 1, i = even; 1 ≤ i ≤ n

f(yj) = m + n
2 − j + 1,

m = even, and
j = odd; 1 ≤ j ≤ m

2 ,
j = even; m

2 < j ≤ m.
m = odd, and
j = even; 1 ≤ j ≤ m.

f(yj) = n
2 + j,

m = even, and
j = odd; m

2 < j ≤ m,
j = even; 1 ≤ j ≤ m

2 .
m = odd, and
j = even; 1 ≤ j ≤ m.

From the labeling function, we can see that f is a local (a, d)-antimagic
coloring of Tm,n when n is even and the weights of edge are as follows:

f(w) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

m + n + 1, xix(i+1); i = odd; 1 ≤ i ≤ n − 1,
y1ym,
yjy(j+1); j = m

2 (m = even),
m + n + 2, xix(i+1); i = even; 1 ≤ i ≤ n − 1,

x1ym,
yjy(j+1); j = odd; 1 ≤ j ≤ m − 1,

m + n, yjy(j+1); j = even; 1 ≤ j ≤ m − 1

Based on the weights, we have set of edge weights obtained is W = {m +
n,m +n + 1,m +n + 2} with the smallest edge is a = m +n and d = 1, we have
χle(m+n,1)(Tm,n) ≤ 3. It conclude that local (a, d)-antimagic coloring chromatic
number of Tm,n with n ≥ 3 when n is even χle(m+n,1)(Tm,n) = 3.
Case 2. For n is odd.
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To show χle(a,d)(Tm,n) ≤ 3, by define a bijection f : V (Tm,n) →
{1, 2, 3, ..., |V (Tm,n)|} for n is odd by

f(xi) =

⎧
⎨

⎩

m + (n+i+1
2 ), i = even; 1 ≤ i ≤ n,

n−i
2 + 1, i = odd; 1 ≤ i ≤ n

f(yj) = m + n+1
2 − j + 1,

m = even and
j = odd; m

2 < j ≤ m,
j = even; 1 ≤ j ≤ m

2 ,
m = odd and
j = even; 1 ≤ j ≤ m,

f(yj) = n+1
2 + j,

m = even and
j = odd; 1 ≤ j ≤ m

2 ,
j = even; m

2 < j ≤ m,
m = odd and
j = odd; 1 ≤ j ≤ m

From the labeling function, we can see that f is a local (a, d)-antimagic
coloring of Tm,n when n is even and the weights of edge are as follows:

f(w) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

m + n + 1, xix(i+1); i = even; 1 ≤ i ≤ n − 1,
x1ym,
yjy(j+1); j = odd; 1 ≤ j ≤ m − 1,

m + n + 2, xix(i+1); i = odd; 1 ≤ i ≤ n − 1,
y1ym,
yjy(j+1); j = m

2 (m = even),
m + n + 3, yjy(j+1); j = even; 1 ≤ j ≤ m − 1

Based on the weights, we have set of edge weights obtained is W = {m +
n + 1,m + n + 2,m + n + 3} with the smallest edge is a = m + n + 1 and d = 1,
we have χle(m+n+1,1)(Tm,n) ≤ 3. It conclude that local (a, d)-antimagic coloring
chromatic number of Tm,n with n ≥ 3 when n is odd χle(m+n+1,1)(Tm,n) = 3.

From the two cases that have been proven, we have same local (a, d)-
antimagic coloring chromatic number of Tm,n with n ≥ 3 but the value of a
is different follow as:

a =
{

m + n, i = even,
m + n + 1, i = odd.

It concludes the proof.
Figure 4 shows an illustration of local (a, d)-antimagic coloring of a tadpole

graph with n is even.
Fig. 5 shows an illustration of local (a, d)-antimagic coloring of a tadpole

graph with n is odd.

Theorem 2.5. Let Hn be helm graph with n ≥ 3, χle(2n+2,1)(Hn) = n + 3.
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Fig. 4. Local (m + n, 1)-antimagic coloring of T8,6 and T9,6

Fig. 5. Local (m + n + 1, 1)-Antimagic Coloring of T8,7 and T9,7

Proof. The graph Cn has the vertex set V (Hn) = {x} ∪ {xi, yi : 1 ≤ i ≤ n}
and edge set E(Hn) = {xix(i+1) : 1 ≤ i ≤ n − 1} ∪ {xnx1} ∪ {xxi, xiyi : 1 ≤
i ≤ n}. The vertices cardinality is |V (Hn)| = 2n + 1 and the edges cardinality
is |E(Hn)| = 3n. The local (a, d)-antimagic coloring chromatic number of Hn is
χle(2n+2,1)(Hn) = n+3. First, we will prove the lower bound. Helm graph consists
of wheel graph (Wn) with n vertex and n pendant vertex. Based on observation
1.4 we have χle(a,d)(Hn) ≥ χlea(Hn), in Agustin et al. [4] χlea(Wn) = n + 2 and
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every edge of the pendant vertev has one color, so antimagic coloring of helm
graph χlea(Hn) = n + 3. It concludes that χle(a,d)(Cn) ≥ n + 3.

To show χle(a,d)(Hn) ≤ n + 3, by define a bijection f : V (Hn) →
{1, 2, 3, ..., |V (Hn)|}. In this mapping there are two different cases that occurred
in local (a, d)-antimagic coloring of helm graph with n ≥ 3, there are helm graph
when n is even and n is odd. These cases are as follows:
Case 1. For n is even.
To show χle(a,d)(Hn) ≤ 3, by define a bijection f : V (Hn) → {1, 2, 3, ..., |V (Hn)|}
for n is even by

x = n + 1

f(xi) =

⎧
⎪⎪⎨

⎪⎪⎩

i, i = odd; 1 ≤ i ≤ n
2 ,

i = even; n
2 < i ≤ n,

n − i + 1, i = even; 1 ≤ i ≤ n
2 ,

i = odd; n
2 < i ≤ n,

f(yi) =

⎧
⎪⎪⎨

⎪⎪⎩

2n − i + 2, i = odd; 1 ≤ i ≤ n
2 ,

i = even; n
2 < i ≤ n,

n − i + 1, i = even; 1 ≤ i ≤ n
2 ,

i = odd; n
2 < i ≤ n,

From the labeling function, we can see that f is a local (a, d)-antimagic
coloring of Hn when n is even and the weights of edge are as follows:

f(w) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2n + 2, xiyi; 1 ≤ i ≤ n,

3n + 4, yiy(i+1);
i = odd; 1 ≤ i < n

2 ,
i = even; n

2 < i ≤ n − 1,

3n + 2, yiy(i+1);
i = even; 1 ≤ i < n

2 ,
i = odd; n

2 < i ≤ n − 1,
3n + 3, yiy(i+1); i = n

2 ,
y1yn,

3n − i + 3, xyi;
i = odd; 1 ≤ i ≤ n

2 ,
i = even; n

2 < i ≤ n,

2n + i + 2, xyi;
i = even; 1 ≤ i ≤ n

2 ,
i = odd; n

2 < i ≤ n,

Based on the weights, we have set of edge weights obtained is W = {2n +
2, 2n + 3, ..., 3n + 4} with the smallest edge is a = 2n + 2 and d = 1, we have
χle(n,1)(Hn) ≤ n + 3. It conclude that local (a, d)-antimagic coloring chromatic
number of Hn with n ≥ 3 when n is even χle(2n+2,1)(Hn) = n + 3.
Case 2. For n is odd.
To show χle(a,d)(Hn) ≤ 3, by define a bijection f : V (Hn) → {1, 2, 3, ..., |V (Hn)|}
for n is odd by

x = n + 1

f(xi) =
{

i, i = odd; 1 ≤ i ≤ n,
n − i + 1, i = even; 1 ≤ i ≤ n,
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f(yi) =
{

2n − i + 2, i = odd; 1 ≤ i ≤ n,
n + i + 1, i = even; 1 ≤ i ≤ n,

From the labeling function, we can see that f is a local (a, d)-antimagic
coloring of Hn when n is even and the weights of edge are as follows:

f(w) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

2n + 2, xiyi; 1 ≤ i ≤ n,
3n + 4, yiy(i+1); i = even; 1 ≤ i ≤ n − 1,
3n + 2, yiy(i+1); i = odd; 1 ≤ i ≤ n − 1,
3n + 3, y1yn,
3n − i + 3, xyi; i = odd; 1 ≤ i ≤ n,
2n + i + 2, xyi; i = even; 1 ≤ i ≤ n,

Based on the weights, we have set of edge weights obtained is W = {2n +
2, 2n + 3, ..., 3n + 4} with the smallest edge is a = 2n + 2 and d = 1, we have
χle(2n+2,1)(Hn) ≤ n+3. It conclude that local (a, d)-antimagic coloring chromatic
number of Hn with n ≥ 3 when n is odd χle(2n+2,1)(Hn) = n + 3.
It concludes the proof.

From the two cases that have been proven, we have same local (a, d)-
antimagic coloring chromatic number of Hn with n ≥ 3 is χle(2n+2,1)(Hn) = n+3.
Figure 6 shows an illustration of local (a, d)-antimagic coloring of a helm graph.

Theorem 2.6. Let Tbn be tringular book graph with n ≥ 2, n + 1 ≤
χle(3,1)(Tbn) ≤ n + 2.

Proof. The graph Tbn has the vertex set V (Tbn) = {x}∪{y}∪{xi : 1 ≤ i ≤ n}
and edge set E(Tbn) = {xy} ∪ {xxi, yxi : 1 ≤ i ≤ n}. The vertices cardinality
is |V (Tbn)| = n + 2 and the edges cardinality is |E(Tbn)| = 2n + 1. The local
(a, d)-antimagic coloring chromatic number of Tbn is χle(3,1)(Tbn) = n + 2.
First, we will prove that χle(a,d)(Tbn) ≥ n + 2. Based on observation 1.4 we
have χle(a,d)(Tbn) ≥ Δ(Tbn), then we have Δ(Tbn) = n + 1. It concludes that
χle(a,d)(Tbn) ≥ n + 1.

To show χle(a,d)(Tbn) ≤ n + 2, by define a bijection f : V (Tbn) →
{1, 2, 3, ..., |V (Tbn)|} by

f(xi) =

⎧
⎨

⎩

1, x,
2, y,
i + 2, 1 ≤ i ≤ n,

From the labeling function, we can see that f is a local (a, d)-antimagic
coloring of Tbn and the weights of edge are as follows:

f(w) =

⎧
⎨

⎩

3, xy,
i + 3, xxi; 1 ≤ i ≤ n,
i + 4, yxi; 1 ≤ i ≤ n,
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Fig. 6. Local (2n + 2, 1)-Antimagic Coloring of H10 and H11

Based on the weights, we have set of edge weights obtained is W =
{3, 4, 5, ..., n + 4} with the smallest edge is a = 3 and d = 1, we have
χle(3,1)(Tbn) ≤ n + 2. It conclude that local (a, d)-antimagic coloring chromatic
number of Tbn with n ≥ 2 is n + 1 ≤ χle(3,1)(Tbn) ≤ n + 2.
It concludes the proof.

Figure 7 shows an illustration of local (a, d)-antimagic coloring of a tringular
book graph.
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Fig. 7. Local (n + 2, 1)-antimagic coloring of Tb8

3 Concluding Remarks

In this paper, we study the local (a, d)-antimagic coloring of some specific classes
of graph, namely ladder graph, cycle graph, octopus graph, helm graph, tringular
book graph, and tadpole graph by finding the local (a, d)-antimagic coloring
chromatic numbers that reach lower bound. However, due to there is still little
research related to the topic local (a, d)-antimagic coloring, so we propose open
problem.

Open Problem

Determine the exact value of the local (a, d)-antimagic coloring chromatic num-
ber of all types of graphs regardless of what has been researched.

Acknowledgment. We thank a lot to the PUI-PT Combinatorics and Graph,
CGANT, University of Jember of year 2023, as well as the reviewers who provided
suggestions on this paper.
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