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Abstract. Given V be a set of vertices on a graph G. A set D C V, is dominating
set of G = (V, E) if all the vertex that is not in the set D are neighbors to at least one
vertex of D. The smallest number of elements in D is known as the domination
number. A set D C V(G) is called a transversal neighborhood-dominating set if D
is the dominating set of G and intersects with every minimum neighborhood set.
The transversal neighborhood domination number of G is the smallest number
of elements in each transversal neighborhood-dominating set.. In this paper, we
discuss transversal neighborhood domination number on a parachute graph and
a semi-parachute graph. The transversal neighborhood domination number on
parachute graph is (n 4 3)/3 for every n =3 k, (n 4+ 5)/3 foreveryn =3k + 1,
and (n + 4)/3 for every n = 3 k + 2. The neighborhood transversal domination
number on the semi-parachute graph is (n + 1)/2 foreveryn =2k + 1 and (n +
2)/2 for every n =2 k.
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1 Introduction

One of the topics of graph theory is the dominating set on graphs. A graph G is described
as a pair of sets (V, E), where V represent the set of vertices on G and E is the set of
edges on G. The dominating set of a graph G = (V, E) isaset D C V which the vertices
that are not in D are directly connected to at least one vertex on V. The smallest number
of elements of all the dominating sets of graph G is called the domination number of G,
denoted by y (G) [1]. There are several developments of dominating sets such as total
domination [2], inversee domination [3], total inversee domination [4—6], transversal
domination [7], transversal neighborhood-dominating set [8], etc.

In graph theory, a neighborhood of v € V(G) is closely related to the con-
cepts of vertices adjacent to v. The open neighborhood of v is denoted by N(v) =
{u € V; (u,v) € E}, while the closed neighborhood of a set is denoted by N[v] =
N () U {v}. Moreover we define a subgraph (N (v)) that is induced by N[v]. A set
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S C V is called a neighborhood set on G = (V, E) if the set S forms G = |, (N (v)).
A neighborhood set with a minimum number of elements is called a minimum neigh-
borhood set [2]. Das [9], in 2022, investigated various structural similarities between G
and N (G) [3]. See [10-12] for more results related to neighborhood set.

If combined, the concept of the dominating set and the neighborhood set will yield
a new concept, one of which is the transversal neighborhood-dominating set concept.
A dominating set D is referred to as the transversal neighborhood-dominating set if it
intersects with each minimum neighborhood set. A commanding set D is referred to as the
transversal neighborhood-dominating set if it connects with each smallest neighborhood
set. The transversal neighborhood domination number of G, denoted as y;;(G), is the
smallest number of elements of the transversal neighborhood-dominating set.

Related to transversal, some applications that possible have been introduced by
Fellow [15] are fault-tolerant of data storage and complexity-related decision prob-
lems. Furthermore, Atakul [16] also discussed the possibility applications on commu-
nication networks, in particular, related to the vulnerability of the network to certain
operational disruptions.

Research on the transversal neighborhood domination number has been carried out on
several graphs, including complete bipartite (multipartite) graph and some basic graphs
i.e. path graph, complete graph, cycle graph, wheel graph [8], and triangular snake graph
[4]. In addition, there are various types and forms of other graphs. One example of such
a graph is parachute graph, denoted by PC,, and the semi-parachute graph, denoted by
SP>,—1. A parachute graph PC, has the basic form of a fan graph and contains paths
from v; to u,, v, to uy, and u; to u;41 (see Fig. 4). Is contrast the semi-parachute graph
SP3,—1 has the basic form of a fan graph and contains a path from v; to v;; (see Fig. 5).
Therefore, in this study, we discuss the transversal neighborhood domination number
on parachute and semi-parachute graphs.

2 Material and Methods

The graphs discussed in this study are graphs PC,, and graphs SP»,_1 with n > 3 and
n € N. The transversal neighborhood domination number of PC,, can be determined by
determining all the neighborhood sets S of the graph PC,, with minimum cardinality and
determining the dominating set D starting for n = 3. If the set D intersects with each
set S, then it is a transversal neighborhood-dominating set. If the set does not intersect
with every S, then look for another set D that intersects with every S. Using the same
method, we look for the transversal neighborhood domination number for several other
and until we get the pattern of the transversal neighborhood for each n € N with n > 3.
From the pattern obtained, the exact value for the transversal neighborhood domination
number of PC, is obtained. The last step is to test the specified theorem. Using the same
method, we determine the transversal neighborhood domination number of SPo,_1.

Let a graph G with V(G) being a non-empty set of vertices and E(G) being a set of
edges connecting a pair of vertices. A vertex u, v € V(G) is said to be adjacent if the
two vertices are connected by an edge e in the graph or e = (u, v) € E(G)[6]. A graph
P = (V(P),E(P))isasubgraphof G = (V(G), E(G)) if and only if V (P) € V(G) and
E(P) € E(G). The induced subgraph of G = (V(G), E(G)) is P/ = (V(P1), E(P7)) if
for each u, v € V(P/) holds (u, v) € E(P/) if and only if (u, v) € E(G) [7].
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Fig. 1. Graph G with 4 vertices and 4 edges

The following is an example of a subgraph, and not a subgraph graph G in Fig. 1
and Fig. 2.

Definition 1 [11] . The set S € V in the graph G = (V(G), E(G)) known as the
neighborhood set if G = |, (N (v)), with (N (v)) is induced subgraph G by N[v]
Based on Fig. 1, the closed neighborhood set of each vertex on the graph G are
Nvil = Novp) Ui} = {vi, vz, va), N[val = N(v2) U2} = {v2, v3, va}, N[v3] =
N(3) U{va} = {v1. va, v3}, and N[v4] = N (v4) U{va} = (v, v2, va}
Observe that the induced subgraphs for each neighborhood of v; € V(G) have the
following sets of vertices and edges.

V(N (1)) = {v1,v3,va} and E((N (v1))) = {ey, e3}
VN (2))) = {v2,v3,v4} and E((N (12))) = {e2, e4}
V(N (v3))) = {v1,v2, v3} and E((N (v3))) = {e2, e3}
VN (va))) = {vi,v2, va} and E((N (v4))) = {e1, e4}

Subgraph is represented as follows.

Since there is no induced subgraph for each vertex in the graph G that forms graph
G, then another subset of graph G is taken with cardinality greater than or equal to two.
For example, take S7 = {v1, v»}. Based on Fig. 3, it can be seen that S/ is a neighborhood
set of G, because (N (v1)) [ J(N(v2)) = G. As a result, the neighborhood set of G has

(A U1
e e
e 3 e, 3
)
(A U3 (N V3
(a) (b)

Fig. 2. (a) Not a subgraph, and (b) a subgraph of graph G
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Fig. 3. (i) Subgraph (N (vy)), (ii) Subgraph (N (v7)), (iii) Subgraph (N (v3)), and (iv) Subgraph
(N (v4))

the smallest cardinality, which is 2. Another neighborhood set in G with cardinality 2 is
S = {vz, va}.

Based on Fig. 1, suppose we take D1 = {v{, v3}. We get V — D1 = {v, v4} where
v, is adjacent to v3, and vy is adjacent to v1. Since each vertex in V — D is adjacent to
at least one vertex of D1, then D; is a dominating set of graph G.

Definition 2 [8].The dominating set D C V(G) of G = (V(G), E(G)) is known as the
transversal neighborhood-dominating set if it intersects with each neighborhood set with
least cardinality. The least cardinality of the set of transversal neighborhood-dominating
set, denoted by y,,:(G) known as the transversal neighborhood domination number.
Based on Fig. 1, the smallest neighborhood set of G is S/ = {v{,v2} and S// =
{v3, v4}. We also know that D1 = {v1, v3} € V(G) is a dominanting set in G. Then,

D1 NSr={vy, vz} N {vi, v} = {v1}

Dy S ={vy,vs} N {v3, va} = {v3}

By Definition 2, D is a transversal neighborhood-dominating set in G.

3 Result and Dicussion

The transversal neighborhood-domination number in the parachute graph PC,, and the
semi-parachute graph SP»,_1 will be discussed in this part.

Definiton 3 [13]. A parachute graph PC, with n > 3 is a graph with a
set of vertices V(PC,) = {vj,uj,a;1 <i<n} and a set of edgesE(PC,) =
{(uy, vi), (1, v), (a, vp)li € [1, nl} U {(vi, vig1), (i, wir1)1i € [1,n — 1]}

Theorem 4. Given a parachute graph PC,, with n > 3, then.
3 forn = 0(mod3)

Yu(PCp) = { M2, forn = 1(mod3)
n#, Sforn = 2(mod3)
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a

Fig. 4. Parachute graph PCj,

Proof: Given a parachute graph PC, with n > 3 for each n € N with.
V(PCp) = {vi,ui,a;1 <i <nj
E(PCy) = {(ty, v1), (i, vn), (@, vi); 1 < i < nyU{(vi,vig1), (i uip1); 1 <i<n—1}

V(N (a))) = {a,vi; 1 <i <n} and E((N(a))) =
{lavi vy 1 <i<ml<j<n—1}

VUN(D)) ={a,vi,v2, up} and ECN (1)) = {(a, v1), (v1, v2), (v, un)}

VN n))) ={a, vp, vp—1, u1} and E(N (V) = {(vy, @), (Vpy, Va—1)5 (Vs u1)}

V(N (u1))) = {vn, uz, w1} and E((N (u1))) = {(u1, vp), (u1, u2)}

VN (un))) = {v1, ttn, up—1} and E(N (un))) = {(uy, v1), (uy, Up—1)}

If 2 <i < n— 1 obtained.

VN i) = {a, vi, vi—1, viy1} and E(N(:))) = {(a, vi), (v, vi-1), (vi, vi41)}

V(N ) = {ui, ui—1, uir1} and EQN (vi))) = { (i, ui—y1), (i, wit1)}-

Let y(PC,) = # for n = 0(mod3), y(PCp,) = # for n = 1(mod3), and
y(PC,) = " for n = 2(mod3).

1. For n > 3 and n odd numbers

LetS < V ongraph PC, where S = {a, uzi—1li € [1, %]} then (N (a))U(N (u1))U
(N(u3)) U---U(N(uzi—1)) = PC,. Thus S is a neighborhood set of the graph PC,,.
Let §; € V with §; = {a, upi—1li € [1, 2]} then (N(a)) U (N(u1)) U (N(u3)) U

--U(N (u =] )) # PC, then §; is not a neighborhood set of the graph PC,. Hence

S = {a, ui—1|i € [1, %]} with |S| = # is n — set (neighborhood set with smallest
cardinality) of graph PCj. Let other S with |S| = 242 and S # {a, upi—1li € [1, =]}
then PC,, # UvES<N(V)> for n > 5. While for n = 3, there are S7 = {v|, v3, up} and
811 = {vo, uy, uz} which is another n — set of PC,,.

For n > 5 and n odd numbers, let the neighborhood set of graph PC, is S =
la, usi—1li € [1, 2]}

For n = 0@od3), let D = {a,uz_1li€[l,5]}, then D NS =
{a, uzi_1li € [1, %]} N {a, wi_1li € [1, %]} = {a, ugi—1li € [1, %]}

For n = l(mod3), let D = {a,uy—1,uzi—1li € [1,25 ]}, then D NS =

{a, Up—1,Usj—1]i € [1, ”3;1]} N {a, upi—1li € [1, %]} = {a, u%,-_lli € [1, %]}



344 F. Fran et al.

For n = 2(mod3), let D = {a,uy—1, uzi—1li € [1, "3;2]}, then DN S =
la, un—y, uzi1li € [1, 552]} N {a, wzicri € [1, "H ]} = {a, ugi—1li € [1, 2£2]}

Thus y (PCp) = Yu(PC,) for n > 5 and odd numbers.

Let D C V with |[D| = y(PC3). there is D = {v3, u3} which intersects with S, S/,

and S77. Thus y (PC3) = yu:(PC3).
2. For n > 4 and n even numbers
Let S C V of graph PC, with [S| = 5 + 2. Then there is | J, (N (v)) = PC,, with

Sz{aa’/lh’/lZi;lSng}

. . n
Sm = {a,uzi—l,uzj; I<ism<j=< 5]

n
Sg+1={a Vi, Ui 1,1<l§§}

Supo = {a, Vn, i3 1 <0< = }

We get S, Sm, S S| and S» 142 is the neighborhood set of graph PC,,. Let Sy C V with
ISi1 =3 241, Obtalned PC, 7& Uvesl (N (v)). Hence S is not a neighborhood set of the
graph PC,,. Thus S, S,,, Sr21+1, and S;+2 are n — set of graph PC,,. Let other § € V with
IS|=75+2and S # Sy, # S’z—’+1 7+ S%Jrz then PC, # |, (N (v)) for n > 6 and there
is S ={vi,v3,ui,uztand S = {vo, v4, up, us} forn = 4.

For n > 6 and n even numbers, let the minimum neighborhood set

of graph PCy is Sy = {a,mi—r,upsl<sm<f51<ism<j<iSiyy =
{a,viwicis 1 < i < 5}, andSn o = {a, va, uois 1 < i < 5}
For n = 0(mod 3) let D = {a, u3i—1; 1 <i < %}, then

DNSy=1a,u3i—1;1 <i <= } Iauzl Ll <i<m<j<

IS o

| =t
!

DﬂSul—{a uzi—1; 1 <i < = } {a vi,ugi—1; 1 <i <

S

={a,ug-1;1<i < —

@)}

n

. n
3}ﬂ{a,vn,uzi;1§l§§}

DﬂS%+2 = {a,u3i_1, 1<i<
. n
= {aauéi—4§ l<ix< 6]

For n = 1(mod3) let D = {a, uy—1, uzi—1; 1 <i < ”T} then

-1
DﬂSm={a,un—1,u3f—1;1SisnT}ﬂ{a uzi—1, Uj; 1<l<M<J<*} {a}

n—1 n
DNSyyy = {a, Up—1,uzi—1; 1 <i < T} N [a, vi,ui—1; 1 <i < 5}
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. n—4
={a,up—1,u6i-1; 1 <1 <

n—1

n
DNSyiy = {a, Up—1, U3i—1; 1 < i < }ﬂ [a,vn,uzi; 1<ic< 5}

{ . n—l—S}
= a,u6i74§1§l§T

For n =2(mod3) let D = {a, up_, uzi—1; 1 <i < "5}, then

3
. n—2 3 . n
DOSm=1a.up—1,u3i-1;1 =i = —— ﬂ{a,uzi—l,uzj;l§l§m§j§§}={a}
o on—2 .on
DOS%+2= a,un71,u3i71;1SlST m[a,Vl»LQifl;lSlfi

. n—4
=1a,Uy—1,Usi—1; 1 <i <
4
. n—2 .n
DNSyyy = a,unfl,u3i7]§1§l§T ﬂ{a,vn,uzi;1§l<—}

-2
. n—2
=1a,usi—4;1 <i < ;

Hence y (PC,,) = yu:(PC,) for n > 6 and even numbers.

Based on the description, it can be seen that y,;(PC,) = y(PC,) forn > 3 and
neN. |

Before discussing the domination number of the transversal neighborhood on a semi-
parachute graph, the definition of a semi-parachute graph is given.

Definition 5 [14]. A semi-parachute graph SP;,—; is a graph with
V(SP2n—1) = {vi, ui—1, ali € [1, n]} and E(SP2,—1) = {(a, vi)li € [1, n]} U {(v1, va)} U
{vi,upli € [1,n — 11} U {Qu, vig )i € [1,n — 1]}

Theorem 6. Given a semi-parachute graph SP,,—1 with n > 3, then.

ntl = 1(mod?2)
P, =12 forn
Vur (SP2n—1) { —"'52, forn = 0(mod?2)

Proof. Given a semi-parachute graph SP»,—; withn > 3 forVn e N

V(szﬂfl) = {Vi7 Ui—1, a; 1 S l S n}

E(SPy,—1) = (¢, vi); 1 <i < np UL, vi)Y U{(i, ), 1 i <m— 1JU{(ug, vip1); 1 Si<n—1}

V(IN(@) ={a,vi;1 =i <n}, EN(a)) ={(a,vi), v1,vp): 1 =i < n}
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a

Fig. 5. Semi-parachute graph P,

V(N(V])) = {a’ Vlv ul’ V}’l}y E(N(V])) = {(ay Vl)’ (av Vn)s (vlv ul)& (Vlv Vn)}

V(N(Vn)) = {a7 Vn, Un—1, V]}v E(N(Vn)) = {(av Vn)7 (a7 V]), (Vl’h unfl)a (Vna V])}

Forl <i<n-1
VN (u))) = {ui, vi, viy1} and EQN () = {(u;, vi), Wi, viy1)}
For2 <i<n-1
VUNO))) = {a, vi, ui, ui—1} dan E(N () = {(a, vi), (vi, u;), (vi, ui—1)}.
Let S C V with S| = n. Then |, (N (v)) = SP2,_; with

Si={w;1<i<n}
S ={a,us1<i<n-—1j
Sz ={uy,v;2 <i <n}

S4 ={up—1,vi; 1 <i<n-—1}

Is neighborhood set of graph SP,—1.

LetS C V with S| = n—1. We get SPy,—1 # UVESZ(N(V)).ThusSwith|S| =n—1
is not a neighborhood set of graph SP;,_1. Hence Sy, Sz, S3, and S4 is n — set of graph
SPy, 1.

Let y (SP—1) = £ for n = 1(mod2) and y (SP2,—1) = 52 for n = 0(mod2)

1. For n = 1(mod2)

LetD ={a,v;; 1 <i < %2}

DNSy ={avsl <i<"n{vsl<i<ni={m;l=<i<S)

DNS ={a,vy; 1 <i ”—El}ﬂ{a,ui; 1<i<n-—1}={a}.

DNS3={a,vi; 1 <i <" )N {up,vip2<i<n)={mil<i<%)

DNSy={a, vy 1 <i <" N{upvisl <i<n—1}={m;1<i<").

—

SN

INIA IAIA
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Hence y (SP2,—1) = Ynt(SP2n—1) for n = 1(mod2)

2. For n = 0(mod2)

LetD = {a,vy; 1 <i < 5}

DNS ={av; 1 <i<HNn{vsl<i<n}={vl=<i=<b}

DNS ={a,vi; 1 <i<3}N{a,u;1 <i<n—1}={a}.

DNSy={a,vai; 1 <i < B N{ur,vii2 <i<n}={vy; 1 <i <20}

DNSs={avai; 1 <i <N {up—y,vis 1 <i<n—1}= {51 <i < 40},

Hence y (SP2,—1) = Ynt(SP2n—1) for n = 0(mod2)

Based on the description, it can be seen that Y, (SP2,—1) = ¥y (SP2,—1) forn > 3
andn e N. |

IA

4 Conclusion

LetG = (V,E)and D C V. Set D is transversal neighborhood-dominating set in G if set
D included in dominating set with the condition that it must intersect with neighborhood
set that has the samllest cardinality. The transversal domination number of graph PC,
and SPy,,_1:

”+3 , untuk n = 0(mod3)

Y (PCp) = n-é—S untuk n = 1(mod3)

=4 untuk n = 2(mod3)

n+l —
,untuk n = 1(mod2)
v (SPan—1) = { 242 untuk n = 0(mod2)
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