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Abstract. Retaining walls with broken sloped backfill (RWBSB) are popular in
North America in transportation projects. AASHTO (AASHTO LRFD Bridge
Design Specifications, Customary U.S. Units. American Associa-tion of State
Highway and Transportation Officials, 2020) suggests a limit equilibrium analysis
to calculate lateral earth pressure on RWBSB. In this paper, we used upper bound
(UB) and lower bound (LB) finite element limit analysis (FELA) under plane
strain conditions to calculate active and passive earth pressures on RWBSB. The
accuracy of the adopted numerical method is first verified against some simple
cases of active and passive earth pressures in the literature. Using this validated
numerical approach, a parametric study is further performed to calculate active and
passive earth pressures on RWBSB. The influence of various parameters including
backfill friction angle, soil-wall friction angle, slope inclination angle, and height
of the broken slope on the active and passive earth pressures are systematically
investigated and discussed.

Keywords: Finite Element Limit Analysis · Broken Sloped Backfill · Active
Earth Pressure · Passive Earth Pressure

1 Introduction

Evaluation of active and passive lateral earth pressure on retaining walls under various
conditions is recognized as one of the major stability problems in geotechnical engi-
neering. The classical solutions of Coulomb [4] and Rankine [14] are still known as
two valid benchmarks in this field. However, several analytical (e.g., [3, 12]), numerical
(e.g., [7, 13]), and experimental studies (e.g., [6]) can be found in the literature that
addressed lateral earth pressures on retaining walls. Retaining walls with broken sloped
backfill (RWBSB) are popular in North America in transportation projects. AASHTO
[1] suggests a limit equilibrium analysis to calculate lateral earth pressure on RWBSB.
Terzaghi et al. [18] addressed active lateral earth pressure on the RWBSB for five dif-
ferent types of the soils ranging from coarse-grained soils with no fines to very soft
clays, and organic silts with the backfill slope ranging from 1v:1.5h to 1v:6h using limit
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equilibrium analysis. However, they did not clarify the soil and soil-wall friction angle
corresponding to each soil type.

In the present paper, we incorporated upper bound and lower bound finite element
limit analysis (FELA) to evaluate both active and passive lateral earth pressure on the
RWBSB. The influence of various parameters including soil and soil-wall friction angle,
and broken slope backfill angle and height on the lateral earth pressure are presented
and discussed.

2 Identification of the Problem and Numerical Simulation

2.1 Problem Statement

The geometry of the plane strain problem of interest is shown in Fig. 1. The definition
of the problem includes a retaining wall with broken sloped backfill (RWBSB). The
retaining wall with a height of H is simply modeled by a vertical rigid weightless plate
subjected to a load illustrating an active and a passive earth thrust on the wall. A uniform
horizontal pressure of q (which is defined as a load multiplier) is applied to the wall
with the direction to the left and right for the active and passive case, respectively.
The backfill properties, with a unit weight of γ and a slope height of h, are governed
by the Mohr-Coulomb failure criterion obeying the associated flow rule. The backfill
material is assumed to be granular with no cohesion and various internal friction angles
of 30, 35, 40, and 45 degrees. The soil-wall friction angle δ is simulated by applying
a reduction factor, r, with an interval magnitudes from 0 (i.e., perfectly smooth wall)
to 1 (i.e., perfectly rough wall) to the interface between soil and wall in Optum G2
software [8]. The slope angle β of the backfill above the wall (demonstrated by slope
inclination of equal to 1.5h:1v, 2h:1v, 3h:1v, and 6h:1v) is applied to the model. OPTUM
G2 software is a limit analysis-based software that combines finite element method with
lower bound and upper bound limit analysis to solve variety of foundation engineering
and retaining walls problems. Optum G2 uses a second-order cone programming for
numerical optimization.

In the present work, the active and passive earth pressure coefficients of retain-
ing walls with broken sloped backfill under plane strain conditions were determined
assuming a triangular pressure distribution on the wall as follows:

ka and/or kp = q
1
2γHcosδ

(1)

where ka and kp denote the active and passive earth pressure coefficient, respectively.
The software evaluates the value of q and ka and kp are then calculated from Eq. (1).

There must be no intersection of the shear failure zone of the active and passive case
to the right and the bottom boundaries. Thus, the problem domain sizes are selected to
be large enough by having the horizontal length of bottom boundary and the distance
from the wall bottom to the bottom boundary as to be equal to seven times of wall
height (7H) and twice of wall height (2H), respectively. The bottom of the model is fixed
in both vertical and horizontal directions, while the vertical boundaries are constrained
horizontally.However, the surface boundary of the backfill is free. The verticalmovement
of the wall is restricted, whereas the wall horizontal movement is free.
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Fig. 1. Geometry of the model, boundary conditions, and loading under active earth pressure

2.2 Adaptive Finite Element Limit Analysis (AFELA)

An innovative tool of adaptive finite element limit analysis (AFELA) is employed here
to determine the active and passive earth pressure coefficients for retaining walls with
sloped backfills. Many researchers employed this technique to find the bracketed true
collapse load for a wide variety of geotechnical problems [5, 9–11, 15–17] This method
can model the problems with complex failure geometries, loadings, and boundary con-
ditions. The finite element discretization is utilized in AFELA for the problem medium
assuming as a rigid-perfectly plastic material. In this study, solutions obtained by the
two-dimensional lower bound (henceforth referred to as LB) and upper bound (hence-
forth referred to as UB) theorems of limit analysis is used to bracket the collapse load
for retaining walls with sloped backfills. Numerical simulations were carried out by
Optum G2 software. AFELA applies an automatic adaptive mesh refinement which is
controlled by shear dissipation and effectively reduces the error. In numerical simula-
tions, the initial number of elements was set to 5000 and increased to 15,000 after five
stages of the automatic adaptive mesh refinement. It is worthy to mention that such a
large number of elements has been applied after conducting a sensitivity analysis to limit
relative worst-case errors ( (UB−LB)

(UB+LB)
2

× 100) within approximately 2.5%.

3 Validation

Figure 2 presents failure surface for a 5 m retaining wall with level ground, φ = 40 deg.,
δ/φ = 2/3 and γ = 19 kN/m3 under active (Fig. 2a) and passive (Fig. 2b) conditions
predicted by upper bound AFELA. It is observed that the linear failure mechanism
under the active case and logarithmic-spiral failure mechanism under passive case is
consistent with the predicated failure mechanism by Coulomb and Caquot and Kerisel
[2] for active and passive case respectively. Figure 3 also compares ka and kp from lower
bound and upper bound AFELA for the same retaining wall when δ/φ varies from zero
to one, against limit equilibrium-based Coulomb (for active case) and logarithmic-spiral
(for passive case) approaches. It is observed that a good consistency exists amongst the
results.
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Fig. 2. Failure mechanism from upper bound AFELA under (a) active and (b) passive pressure

Fig. 3. Lateral earth pressure coefficient from AFELA versus (a) active case-Coulomb, and (b)
passive case-logarithmic-spiral

We evaluated active earth pressure coefficient for RWBSB using limit equilibrium
approach as well. Figure 4, for example, compares ka from limit equilibrium against
limit analysis when φ = 30 deg., and δ/φ = 1/3 (Fig. 4a), and δ/φ = 2/3 (Fig. 4b). The
values of ka for limit analysis were obtained by taking an average of the ka from lower
bound and ka from upper bound a good consistency exists between the results.

Fig. 4. Active lateral earth pressure coefficient from limit analysis versus limit equilibrium (a)
δ/φ = 1/3, and (b) δ/φ = 2/3
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4 Active and Passive Earth Pressure Charts

We developed charts for both active (Fig. 5) and passive (Fig. 6) conditions for RWBSB
under γ = 19 kN/m3, H= 5 m, φ = 30, 35, 40, 45 deg, δ/φ = 0, 1/3,1/2, 2/3, 1, backfill
slope= 1.5h:1v, 2h:1v, 3h:1v, 6h:1v, and h/H= 0.2, 0.4, 0.6, 0.8, 1. As it is expected, ka
decreases with φ, while kp increases with φ. It is observed that both ka and kp increase,
when backfill slope is increased. On the other hand, ka decreases with δ until δ/φ = 1/2,
after which ka increases with δ. However, kp always increases with increase in δ. Both
ka and kp increase with backfill height ratio h/H until a certain value after which ka or
kp remain constant. In other words, if ka and kp are independent of h/H, then the failure
surface passes through the sloping ground, otherwise it passes through the level ground.

As an example, for a retaining wall with H = 5 m, h = 1 m (h/H = 0.4), δ/φ = 2/3,
backfill slope = 1.5h:1v, and soil properties of φ = 40 deg., and γ = 122 kN/m3, from
Fig. 5, ka = 0.31, and hence: active force on the wall = 0.5 × 0.31 × 122 × 52 = 473
kN/m. On the other hand, for the same wall kp = 21.47 (Fig. 6), and hence passive force
on the wall = 0.5 × 21.47 × 122 × 52 = 32,742 kN/m.

5 Conclusions

The lower bound and upper bound AFELA considering associated flow rule were used
to provide charts for active earth pressure coefficient (ka) and passive earth pressure
coefficient (kp) for rigid vertical retaining walls with broken sloped backfill (RWBSB).
The influence of backfill friction angle (φ), soil-wall friction angle (δ), slope inclination
angle (β), and height of the broken slope (h) on ka and kp were evaluated. It was shown
that the results were consistent with literature for some special cases of lateral earth
pressure on retaining walls under active and passive conditions. Based on the analyses
performed in the present study, the following general remarks can be drawn:

• When φ is increased ka decreases and kp increases.
• When β is increased ka decreases and kp increases.
• When δ is increased kp increases. On the other hand, ka decreases with δ until δ/φ =

1/2, after which ka increases with δ.
• If the failure surface behind thewall passes through the sloping ground, then ka and kp

are independent of h, otherwise if the failure surface passes through the level ground,
ka and kp increases with h.

The developed approach may also be adopted to evaluate the lateral earth pressure on the
retaining walls with complex backfill topography, cohesive backfill, and seismic lateral
loads.
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Fig. 5. Design charts for active lateral earth pressure coefficient of RWBSB
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Fig. 6. Design charts for passive lateral earth pressure coefficient of RWBSB
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