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Abstract. The local metric set is a subset of vertex set in graph that introduced
by Okamoto et al. It is referred to a subset where is for every two adjacent vertices
in graph has different representation with the subset. Previously, Slater intro-
duced the location set and reference set as another term of resolving set and min-
imum resolving set, respectively. In this paper, we are developing a new concept
refer to locating set and reference set by Slater and local metric set by Okamoto,
then combaining it with a central vertices of a simple and connected graph called
as central local metric set and central local reference set. We are developed the
new concept by observation and literature study of related concept. We used
some class of graph, such as complete graph (K,), complete bipartite graph
(Kynm), and sun graph (S,) to apply main definition of central local metric set
and find their central local reference set. Then, the result will be formulated in a
theorema that apply for general case. The result of this paper show that the central
local reference set of K;, and K, ,, are equal with their vertex set. Meanwhile, the
central local reference set of sun graph is equal with vertex set of its cycle. This
is given a implication that since both of radius and diameter of K;, and K, ,,, are
equal so their central local metric dimension equal with their total vertex, mean-
while on sun graph both of radius and diameter different.
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1 Introduction

The local metric set is a subset of vertex set in graph that introduced by Okamoto et al
at 2010. It is referred to a subset where is for every two adjacent vertices in graph has
different representation with the subset. Okamoto et al also introduced a local metric
dimension and its property as seen as in [1]. There are so many various graphs has been
investigated their local metric dimension, as in [2—7]. The improvement of local metric
dimensions concept has been developed by combining with other concepts, such as
fractional local metric dimension [8], local adjacency metric dimension [9-11], local
strong metric dimension [12], and dominant local metric dimension [13]. Meanwhile,
in 1975 and 1988, Slater introduced the location set and reference set as another term
of resolving set and minimum resolving set, respectively, and it was became a first time
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the idea of resolving set introduced [14]. In this paper, we also develop a new concept
refer to locating set and reference set by Slater and local resolving set by Okamoto, then
combaining it with a central set of a simple and connected graph called as central local
metric set and central local reference set.

Let H is a graph, then V(H) is a vertex set and E(H) is an edge set. A vertex x
adjacent with y in H is symbolized by x ~ y or simply xy € E(H), and the distance of
vertex u to the vertex v is symbolized by d(u, v) [15]. The eccentricity of x, symbol-
ized by e(x), is the largest distance of x to all vertices in V(H) — {x} where is the
largest eccentricity in H is called diameter of H and the smallest eccentricity is called
radius of H. The symbol for the diameter and radius are diam(H) and rad (H), respec-
tively. A vertex x is a central vertex if e(x) = rad(H) [16].

Put U € V(H) is an ordered set and U = {uy,u,, ..., U}, where k < n, then a rep-
resentation of x to the subset U is r(x|U) = (d(x,uy),d(x, uy), ..., d(x,u;) ), Vx €
V(H). Further, if r(x|U) # r(y|U), for every two adjacent vertices in H, then U is
called a local metric set of H and the minimal of metric set is called as local reference
set. The cardinality of local reference set of graph H is called as local metric dimension
of H, denoted by Imd(H).

Here we defined a new concept of local metric set that contain all vertices of a graphs
with eccentricity equal to radius. For illustrated this new concept in real life, suppose
H is a graph that represent a district area with the vertices of H are representing a sub-
district area and the edges are representing the relationship of two adjacent sub-district.
The central vertices of graph H can describe the sub-districts with closest distance to
others sub-district in the district. Thus, the concept of a central vertex in graph can be
used as a reference for the placement of vital objects in a district that can be easily
reached by the local community. For example, the vital object is a telecommunication
signal transmitting tower. The placement of telecommunication signal transmitting
tower at the central sub-district will help the local community to access telecommuni-
cation signal evenly. Besides that, to avoid a conflict of communication, the frequency
of each transmitting tower must be different and the unique combination of telecom-
munication signal transmitting tower frequencies can be represented as a central local
metric set.

2 Method

In this research, we did observation and literature study of graph concept [16], locating
or resolving set and reference set [14], local metric dimension [1], eccentricity and cen-
tral vertex [16], and other related concept to formulate a new concept of a central local
metric set and central local reference set. The formal definition of a central local metric
set is given in main results. A complete graph, symbolized by K,,, is a graph with every
two different vertices are adjacent or simply x~y, for x # y and Vx,y € V(K,,) [16].
A complete bipartite graph is a graph where is its vertex set can be divided into two sets
U and V, so that u~v if and only if u in U and v in V [16]. Further, if [U| = n and
|V| = m, then a complete bipartite graph is symbolized by K,, ,,, where is the order and
size are n + m and size nm, respectively. Sun graph, denoted by S,,, is obtained from
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a cycle C,, by adding one pendant in each vertex of C,,, so that |V (S,)| = 2n [17]. The
flowchart in Fig.1 described our workflow to find a central local reference set on a
graph with specific case, for example on graph K, forn =1,2,3, ... etc.

( Start )

Find e(v), Vv € V(H)

v

Central set (S)

v

o)

\ 4

Find r(v|U), YveV(H) 4—< LetU=1U" >

No

Put U’, with
ScU' CV(H)

Yes

U is a central local reference set and
Imdg(H) = |U|

Fig. 1. The flowchart of a central local reference set tracking on a graph H

Then, the result will be formulated in a theorem that apply for general case. In ad-
dition, some lemmas are necessary to support the proof of theorems in main results.
The following lemma are also used in proving the theorems.

Lemma 1. [15] Let H is a connected graph. If U € V(H), then r(u;|U) # r(ujlu),
Vui,uj (S V(U), i ?‘:]



518 Y. Listiana et al.
3 Result and Discussion

3.1 Central Local Metric Dimension

A central local metric dimension is a new concept that developed by combining local
metric set and central vertex. Formal definition of central set, central local metric set,
central local reference set, and central local metric dimension are given by definition 1,
2, 3 and 4, respectively.

Definition 1. Let S € V(H), S is a central set of H if all element of S are central
vertices in H or S = {s|e(s) = rad(H),s € V(H)}.

Definition 2. Let U € V(H) and S is a central set of H, U is called a central local
metric set of H if U is a local metric setand S € U.

Definition 3. The minimal central local metric set of H is called a central local ref-
erence set of H.

Definition 4. A central local metric dimension of H, symbolized by Imd(H), is
cardinality of central local reference set of H.

Let H is a graph shown in Fig.2. The eccentricity of all vertices on H is listed on
Table 1. Let, S is a central set of H, then we get S = {c, h}. Let U = {c, f, h}, the rep-
resentation of all vertices of H respect to U are:

r(alU) = (2,4,2) r(d|U) = (1,3,2) r(glU) = (2,1,2)
r(b|U) = (1,3,2) r(elU) = (1,1,1) r(h|U) = (1,2,0)
r(c|U) = (0,2,1) r(flU) = (2,0,2) r(ilU) = (2,1,3).

Fig. 2. A graph H

Table 1. The eccentricity of all vertices of H

v e(v) v e(v)
a 4 e 3
b 3 f 4
c 2 g 4
d 3 h 2

i 3
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We get there are only two vertices has equal representation, these are r(b|U) =
r(d|U) but bd € E(H). So, it can be conclude that for every u,v € V(H), uv € E(H)
applies r(u|U) # r(v|U). Thus U is a central local metric set of H.

Central Local Metric Dimension of K,

Here, the formal definition of central local metric set is apply to construct a central
local reference set of complete graph. The symbolization of each vertex and edge of K,
is illustrated by Fig. 3, where is the vertex is symbolized by x;, for 1 < i < n. Lemma
3 is given to support the proof of the next theorem.

Fig. 3. llustration of K,

Lemma 2. Let S is a central set of complete graph K,,, then S = V(K,,).

Proof:

Let V(K,) = {x1,%3, %3, ., X}, E(Ky) ={xx;|1 <i<n,1<j<ni#j} and
S is a central set.

Since the every two different vertices on K,, is adjacent, thus d(xl-,x]-) =1 for
Vx;,x; € V(K,),and i # j. Then the eccentricity of every vertex on K, is e(x;) =
e(x,) = e(x3) = - = e(x,) = 1. Since the eccentricity of all vertices are equal, then
rad(K,) = diam(K,), so the central set of K,, is S = V(K,,). m

Theorem 1. Let K, is a complete graph, then Imd,(K,) = n.

Proof:

Define graph K, with V(K,) = {x{,x5,%3,...,x,} and E(K,) = {xilel <i<
n1<j<ni#j}

Let S = V(K,,), then respect to Lemma 2, S is a central set of K,, with |S| = n. Since
S = V(K,), then based on Lemma 1 for every v;,v; € S where i # j apply r(v;|S) #
r(vle). So that, for every x;,x; € V(K,) where x;x; € E(K,) apply r(x;|S) #
r(leS), forl1<i<n,1<j<n,i=#]j. Thus,S is local metric set of K,,. Since S is
also a central set on K,,, then S is a central local reference set and Imd (K,)) = n. m
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The example of a central local reference set on K, is shown on Fig 4 with § =
{x1, x5, %3,x,} and Imd(K,) = 4.

rx,|8) = (0,1,1,1) r(x,|S)= (1,0,1,1)
: X,
Xy X5
r(x,|8)= (1,1,1,0) r(x,|S)= (1,1,0,1)

Fig. 4. a central local reference set on K,

Central Local Metric Dimension of K, ,,,

Here, the formal definition of central local metric set is apply to construct a central
local reference set of complete bipartite graph. The symbolization of each vertex and
edge of K, ,,, is illustrated by Fig 5, where is both part of the vertex set is symbolized
by x; and y;, for 1 < i <nand 1< j < m, respectively. Lemma 4 is given to support
the proof of the next theorem.

&1

s

Ym

Fig. 5. Ilustration of K, ,,,

Lemma 3. Let S is a central set of complete bipartite graph K, ,,, for n,m = 2, then
S =V(Kpm)-

Proof:

Let V(Kpm) = {1, %0, 0, 03U 1, V20 o0, Y ds E(Kppm) = {xiyjll <is<nl<
j=< m} forn,m = 2, and S is a central set.
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Since the graph is K, ,,,, so the farthest of u to the others all vertices in K, ,, is 2,
Vx;,y; € V(Kpm). Thus, the eccentricity of every vertices in K, ,,, is e(x;) = e(x,) =
- =e(x,) =ely,) =e(y,) =+ =e(y,) = 2. Since the eccentricity of all vertices
are equal, then rad (Kn_m) = diam(l(n_m), so the central set of K, ,,, is S = V (K}, ).
=

Theorem 2. Let K, ,,, is a complete bipartite graph for n,m > 2, then Imd (Kn_m) =
n+m.

Proof:

Define graph K, ,, with V(Ky, 1) = {x1, %3, w0, .3 U {¥1, V2, o, Y} and E(Kpy 1) =
{xyjli<sisni<j<m} fornmz=2.

Let S = V(K,, ), respect to the lemma 3, S is a central set of K, ,,, and |S| = n +
m. Since S = V(K ,,), respect to the lemma 1, Vv, v; € S, i # j, apply r(v;|S) #
r(vle ) Then, for every x;,y; € V(K,,) where x;y; € E(K,,,) give a result
r(x;|S) # r(yj|5), 1<i<n1<j<m Thus,S is local metric set of K, ,,. Since S
is also a central set of K, ,,, then S is a central local reference set and lmd; (Kn,m) =
n+mm

The example of a central local reference set on K, 3 is shown on Fig 6 with § =
{x1,%2,¥1,¥2,¥3} and lmds(K2_3) =5.

r(y|S)=(1,1,0,1,1)
L

¥(x,|8)= (0,1,1,1,1)

§)=1(1,1,101)
y'u

r(y,

X,

. r(vilS)= (1,1,1,1,0)
S)=(1,01,11)

r(x, Y3

Fig. 6. a central local reference set on K, 3

3.2 Central Local Metric Dimension of S,

Let S,, = C,,®K; is a sun graph, to support discussion for the next lemma and theorem,
the vertices of sun graph are symbolized by u; and v;, 1 < i < n. The vertices of u; is
a vertices on C,, and the vertices of v; is a vertices on K; as illustrated by Fig 7. Sun
graph S,, has order 2n. Lemma 5 is given to describe the central set of S,,.
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Fig. 7. llustration of S,

Lemma 4. Let S is a central set of sun graph S,,, then § = {u;|1 < i < n}.

Proof:

LetV(S) ={wll<i<nlu{y|l<i<n}, EGS,) ={wyu]1<i<n—-1}u
{wv;|1 < i <n}u{u,u,}, and S is a central set of S,.

Sy 1s a cycle graph C,, with adding one pendant on every vertices of C,, so Vu;, v; €
V(S,) the eccentricity of u; and v; are e(y;) =n—1and e(v;) =n, 1 <i <n, re-
spectively. Since n — 1 is the smallest eccentricity, thus rad(S,) =n —1 and y; is a
central vertex of S,,. So, the central set of sun graph S,, is S = {y;|1 < i <n}. m

Theorem 3. Let S, is a sun graph, then Imd,(S,) =n

Bukti:

Define graph S, with V(S) ={y|l<i<nju{y|l<i<n}, E(S,) =
fuui 1 <i<n—-1}u{yy|l <i<n}u{u,ul}

Let S € V(G), S = {u;|1 < i < n}, respect to lemma 4, S is a central set of S,, and
IS| = n. S, is a sun graph where is the vertices u; adjacent with u;,; and u;, u;,4 € S,
so respect to lemma 1, apply r(w;1S) # r(u;4115), Vu, ujp €V(S,), 1<i<n-—1.
The same reason is applied to vertex u, that adjacent with u,;, where u,,u;,€ S, so
r(u,|S) # r(u,lS). Next, vertex u; adjacent with v;, and u; €S but v; € S, so
r(u;|S) # r(v;|S). Thus, S is local metric set of S,,. Since S is a central set of S,,, then
S is a central local reference set and Imd(S,,) = n.

The example of a central local reference set on S; is shown on Fig 8 with § =
{u,,u,,us} and Imd,(S;) = 3.
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r(v,|S)=(1,2,2)

r(u,|S)=(0,1,1)

v,

Vv, .
rvds) = (2,2,1) O——F O—QrvilS)= (212
r(u,)|S)=(1,1,0) ru,|S)= (1,0,1)

Fig. 8. a central local reference set on S3

4 Conclusion

This paper discussed about a new development concept of central local reference set of
some graphs. The minimal cardinality of central local reference set of graph h defined
as central local metric dimension, denoted by Imd;(H). We applied the definition of
central local metric dimension of complete graph K,,, complete bipartite graph K, ,,,
and sun graph S,,. The result is Imd (K,,) = n, Imd (K, ) = n +m,and lmd(S,) =
n, these are indicated that the central local reference set of K, and K, ,,, are equal with
their vertex set. Meanwhile, the central local reference set of sun graph is equal with
vertex set of its cycle. This is giving an implication that since both of radius and diam-
eter of K;, and K,, ,,, are equal so their central local reference set equal with their total
vertex, meanwhile on sun graph both of radius and diameter different.

The concept of central local metric dimension is interesting to explore more. In the
future, we would extend our work to find the characteristic of central local metric di-
mension of graph H and graph G operation H.

Acknowledgments. This acknowledgment is referred to LPDP and PUSLAPDIK Ke-
mendikbud RI for supporting the financial study and research funding of first author.
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