®

Check for
updates

Lie symmetry analysis and exact solutions of the
(2+1)-dimensional generalized KdV equation
Yu-Shan Bai', Ya-Na Liu'

L College of Science, Inner Mongolia University of Technology, Hohhot 010051, People’s Republic of China
*Correspondence author. Email: mbaiyushan@imut.edu.cn

ABSTRACT

In this paper, the symmetry group method is used to study a new (2 + 1)—dimensional generalized KdV equation. The Lie point
symmetries of (2 + 1)—dimensional generalized KdV equation are obtained. Symmetry reductions and several interesting explicit
solutions to the (2 + 1) —dimensional generalized KdV equation are given by the Riccati equation expansion method.
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1. INTRODUCTION

The nonlinear partial differential equations (PDEs)
arise in different areas of applied mathematics, physics,
and engineering, including plasma physics [1], biology
[2], fluid mechanics [3], thermodynamics [4], [5], non-
linear optics [6], quantum mechanics [7], condensed
matter physics [8], plasma wave [9], etc. Therefore,
seeking the exact solutions of the nonlinear PDEs play
an important role in the nonlinear field. So far, many ef-
fective methods have been developed, such as the Hirota
bilinear method [10], simplest equation method [11],
auxiliary equation method [12], inverse scattering theory
[13], homotopy perturbation transform method [14],
Darboux transformation [15], Lie symmetry method
[16], [17], [18], [19], and so on. Among the above-
mentioned methods, the Lie symmetry method is a very
effective method for solving linear and nonlinear PDEs,
which enables to derive of the solutions of differen-
tial equations in a completely algorithmic way with-
out appealing to special lucky guesses. Lie symmetry
method can also be used to determine invariant solutions
to initial and boundary value problems and to derive
conserved quantities. In recent years, some interesting
results for higher-order nonlinear equations have been
obtained by combining the symmetry reduction method
with other methods, such as the auxiliary function
method and the simplest equation method.

In this paper, we consider the (2 + 1)—dimensional
generalized KdV equation in the form of

6aumu1$ + AQUgrxa + 3b(uzut)r + bumrxt + ClUgy (1)
+ duyy + eug = 0,

where a,b,c,d and e are arbitrary constants. In [20],
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the new class of soliton solutions to gKdV (1) were
constructed by using the new extended generalized
Kudryashov and improved tan(¢/2)-expansion meth-
ods. In [21], N-soliton solutions of the equation (1) were
investigated by the Hirota method. As far as we know,
Lie symmetry analysis of equation (1) have not been
studied.

This paper is organized as follows: In Sect. 2, Lie
symmetries of equation (1) are given. In Sect. 3, Riccati
equation method is introduced. In Sect. 4, we will
constructe the exact solutions of the reduced equations
by Riccati equation expansion method. In Sect. 5, we
give some summaries and discussions.

2. LIE SYMMETRY ANALYSIS

In this section, we will construct Lie symmetries of
the (24 1)—dimensional generalized Korteweg-de Vries
equation.

Let us consider the Lie group of point transforma-
tions in z,y,t,u given by

" =a + (2, y,t,u) + O(e2),
y* =y +er(z,y,t,u) + O(),
t* =t + en(z,y,t,u) + O(?),
u* =u+ edla,y, t,u) + O(2),
where € < 1 is a group parameter, and &, 7,7, ¢ are

the infinitesimals. The corresponding Lie algebra is
generated by the vector field

0 0 0
14 :€(£7y7tau)% + T(x,y,t,u)@ + n('r?yatu)a
0

+ ¢(Iv Y, t? U)%
(2)
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The above transformation group is admitted by equation
(1) if and only if

prV(A)|azo =0, 3)
where A = 6au,Uyy + AUgrre + 30(Uztiy) s + OUgrar +
Clgy + duyy + eug; and pr(4) is the fourth prolongation

of the vector field (2).
From Lie’s theory, we have

0
4) 174 t_ Tx Yy
=" 5+ 95 +-¢ G T 8uyy
8 0 0
xt TTTT rrrt
¢ auwt aux:vww ¢ auﬂvmt
where
¢" =Dy (¢ — Euy — TUuy — Nug) + EUgy

+ TUgy + Nzt
@' =Dy (¢ — Eug — Tuy — nug) + Uy
+ TUy + Ny,

¢ =Dyp(d — Euy — TU

+ TUgzy + NMUzat,

¢yy :Dyy(¢ —&uy — TUy —
+ TUyyy + Nyyt,

¢™" =Dyt — Euy — Tuy
+ TUgyt + NUgptt,

=Dirar (P — Eus — Tuy

+ TUgzrzy + Mzt
¢ =Dt (¢ — Euy — T

+ Turacmty + numzztt~

- Wt) + Ugas

- 77Ut) + gummt

¢zzxa: - nut) + gumxzzz

- nut) + gu:r:czzt

Expanding (3), we obtain

60tz " + 3btgid” + by’ + Gar, ™"
+ 3bu ¢ + ™ + do¥? + 3buyd*t 4+ ed™  (5)
+ a¢xwza: + b¢z$xt — O

Substituting (4) into (5), we obtain the following
determining equations

N = 0, Ny = 0, Nz = 0, gu =0, étt =0,
bé + a&y,

=0, m= %v Ext =0, &uz =0,
bé-t + 40/5:::

Tu:07 Ty:Ta Tt:07 TZL’ZOa

2k,
(bu:_fzv qbyy:Oa (b:v:_@v
1
Pr = %4 b2( b2k, + abe&; — 2abel, + 4a’efy,).

Then solving the determining equations, we find that
& = ait + axx + as,
7= Ara1y + 2a2y + as,
n = 2A1a1t + ast + aa,
¢ = —agu — Asasx + agy + Aszart + Agast + ar,

6)

where ai,a9,as,a4,as,ag, a7 are arbitrary constants
ae—bc 4ae—2bc
and A, = 2a’A2 3b’A3 Sab > Aa = e

Hence, the infinitesimal symmetry of the equation
(1) form the seven-dimensional Lie algebra L7 spanned
by the following linearly independent operators

Vi= 68 +A1y§) +2A1t§ +A‘5t88L
Vo = w% +2y§y +t% + (Ayt — Az — u)%,
v =:€§;,
V= ag,
=g
Ve = ya%7
oo
@)
Using commutator operator [V, V;] = ViV, =V, V4,

we get the commutator table for (1)

3. AN OVERVIEW OF RICCATI
EQUATION EXPANSION METHOD

The Riccati equation expansion method is an efficient
mathematical analytical tool for solving the nonlinear
PDEs and has been successfully applied to many com-
plex nonlinear models.

We consider the following nonlinear PDEs of the
form

N(F,Fx,Fr,Fxx,...)=0. ®)

Using the wave transformation F(X,T) = Fy(),
one can reduce the equation (8) into the following
ordinary differential equation

N(Fy,F,F/,..)=0, 9

where § = X — w7 is the wave transformation with the
arbitrary constants w.
To simplify (9), we assume the trial solution to be
of the following form
Fi(0) =Y mif'(6), (10)
i=0
where m; are arbitrary constants that will be confirmed
later and f satisfies the Riccati equation

=2+ (1)

where A is arbitrary constant. The well-known solutions
of the Riccati Equation (11) is

—v/=Xtanh(v/=)\0), X\ <0,
—v/=Xcoth(v/ =), A <0,

f= -, A =0, (12)
Vtan(vVA0), A >0,
—V ot (vV/A0), A>0.

Then applying the homogeneous balancing principal
to equation (9), we can determine the value of n.



Table 1. Commutator table for (1)
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Vi, Vi Vi Va Vs Va Vs Ve Vz
i 0 0 0 V3 =241 Vi - AsVr —AVs AV 0
Vs 0 0 —Vs + A V7 —Vi— A4V7 —2V5 3Ve \%4
V3 0 Vs — A V7 0 0 0 0 0
Vi Vs +2A1Va + AsVe Vi + AsV7 0 0 0 0 0
Vs A1 Vs 2Vs 0 0 0 Vz 0
Ve —A1 Vs —3Vs 0 0 —Vz 0
%4 0 -V 0 0 0 0

Substituting (10) and (11) into (9), and equating the
coefficients of the powers of f to zero, we can get the
system of algebraic equations for m; and w. Thus, the
transformation turns the solving differential equations
into algebraic manipulations.

4. EXACT SOLUTIONS

In this section, we will construct the exact solutions
of the (2 + 1)—dimensional generalized KdV equation
combining Lie symmetry and Riccati equation expansion
method.

41 Vi =tk + Ay +2A1t 5% + Agt

For the generator V7, the characteristic equations are

dx dy dt  du
t N A]_y - 2A1t N Agt

The similarity form of the solution of equation (1)
is

A
’U/(J?,y,t) =2

N
oa, ! HELY),

13)
with similarity variables X = 24,2 — ¢ and Y = ¥,
where A, = %, Az = %;bbc

Substituting (13) into (1), we obtain reduction form
of equation (1)

2a%dFy — 303Y Fxx Fy + 4a%dY Fyy — bY

2 » ) (14)
[(ae+3b FX)FXY + a FXXXY] =0.

42. Vo = xg + 2y +t 4 + (Ast — Azx — )
For the generator V5, the characteristic equations are
di: B @ _dt du

r 2y t  Agt—Asxr—u’

The similarity form of the solution of equation (1)
is

1 1
u(z,y,t) = §A4t — Agzx + ;F(X,Y)7 (15)

T

with similarity variables X = 3

A2 — :2371”;7 A4 _ 4a§;22bc.
Substituting (15) into (1), we obtain reduction form
of equation (1)
—2eX?Fy +6bY F3 —dY Fyy — 2eX?*Y?Fyy
2ae

—eX3Fxx +6bY?FxFxy + TX2FXX

and Y = %, where

o)

ou

+3bY Fxx 4+ 6bY?Fy Fxx — 6aY Fx Fxx
+6bXY FxFxx +4bY Fxxx + 2bY?Fx xxy (16)
+ bXYFXXXX — CLYFXXXX = O

43. V3=2
For the generator V3, the characteristic equations are
dr dy dt du
10 0 0
The similarity form of the solution of equation (1)
is

uw=F(Y,T), (17)

with similarity variables Y =y, T =1t.
Substituting (17) into (1), we obtain reduction form
of equation (1)
dFyy = 0. (18)

Solving (18), we have F(Y,T) = F1(T)Y + F5(T).
Therefore, we get the solution of (1) as

U(l‘,y,t) = Fl(t)y + FQ(t)a

where F(t) and Fy(t) are arbitrary functions.

44. V=2
For the generator Vy, the characteristic equations are
dv. dy dt du

0 0 1 0
The similarity form of the solution of equation (1)
is

u(z,y,t) = F(X,Y), 19)

with similarity variables X =z and Y = y.
Substituting (19) into (1), we obtain reduction form
of the equation (1)

dFyy +cFxx +6aFxFxx +aFxxxx =0. (20)
4.5. Vg = %
For the generator V5, the characteristic equations are
dv. dy dt du

0 1T 0 0
The similarity form of the solution of equation (1)
is

u(z,y,t) = F(X,T), ey

with similarity variables X =z and T = ¢.
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Substituting (21) into (1), we obtain reduction form
of the equation (1)

eFxr +30Fx Fxr + cFxx + 3bFrFxx

(22)
+6aFxFxx +bFxxxr+aFxxxx =0.

For this case, using the Riccati equation expansion
method, we will construct some new exact solution of
equation (1).

Let

F(X,T) = Fy(0), 23)

where § = X —wT is new independent variable and F}
is new dependent variable.

Substituting (23) into (22), we obtain following
ordinary differential equation

"

CF, —ewF, +6aF, F, —6bwF, F, +aF" —bwF* = 0.

(24)
The following three cases will be considered for
equation (24).
Case (1): When ¢ = ew,a = bw, A < 0, the exact
solutions of (24) can be determined as

Fi(0) = mg — my1vV/—Atanh(vV/ =X 6),
F1(19) = moy — ’n’hﬂCOth(ﬁ 9)

Thus we have the corresponding exact solutions of
equation (1)

= my — myvV—Atanh(vV =X\ (z — wt)),

= mp — mivV—Acoth(vV =X\ (z — wt)).
(25)

Case (2): When ¢ = ew,a = bw, A > 0, the exact
solutions of (24) can be determined as

F1(0) = mo 4+ mi vV Atan(V\ ),

Fy(0) = mo — myVAcot(VA 6).

Then we have the corresponding exact solutions of
equation (1)

u(z,y,t) = mo +miVtan(VA (z — wt)),

u(z, y,t) = mo — mivVAcot(VA (z — wt)).

Case (3): When ¢ = ew,a = bw, A = 0, the exact
solutions of (24) can be determined as

u(z,y,
u(z,y,

f)
f)

(26)

F1(9) = Mgy — 7

Thus we have the corresponding exact solutions of
equation (1)

u(z,y,t) = mo — (27)

T —wt’

46. V4+bsVs+bgVg =2 + b5% +bey 2
For the generator V; + b5 V5 4 bg V5, the characteristic
equations are

dm_@_dt_du

0 by 1 by

The similarity form of the solution of equation (1)

is
_bs o
u(l’,y,t) =59 +F(X5T)7 (28)
2bs

with similarity variables X = bsx and T = b5t — .

Substituting (28) into (1), we obtain reduction form
of the equation (1)

bed + bsdFpp + b (e + 3bbs Fy) Fxr
+b3cFxx + 3bbs FrFxx + 6absFxFxx  (29)
+ b2 Fxxxr +ab3Fxxxx = 0.

For this case, using the Riccati equation expansion
method, we will construct some new exact solution of
equation (1).

Let

F(X7T) :FZ(Q)ﬂ (30)

where § = X — wT is new independent variable, and
F; is new dependent variable.
Substituting (30) into (29), we obtain following
ordinary differential equation
bod + ( bsdw® + b3 (c — ew) + 6bi(a — bw)Fy )Fy
+b2(a— bw)F2(4) =0.
€29
The following three cases will be considered for
equation (31).
Case (1): When w # 0,d = bg = 0,¢c = ew,a =
bw, A < 0, the exact solutions of (31) can be determined
as

Fg(e) =My —m1vV —/\tanh(\/ —A 9)7
F5(0) = mg — m1vV —Acoth(vV =X 0).
Then we get the corresponding exact solutions of

equation (1)

b b
u(z,y,t) :éy + 2y mg — myV—A

2bs
tanh[\/jA (bsz — w(bst —y))], (32)
by b
u(@,y,1) =iy + 27)651/2 +mo = miv=X

coth[v/=X (bsz — w(bst —y))].

Case (2): When w # 0,d = bg = 0,¢c = ew,a =
bw, A > 0, the exact solutions of (31) can be determined
as

F3(0) = mo + myVAtan(VX 6),
F5(0) = mo — myvVAcot(VA ).

Then we get the corresponding exact solutions of
equation (1)

b b
u(x,y,t) ly+ S 42 +mo +mivVA

T

tan[VA (bsz — w(bst — )], -

b b
u(w,y,t) :éy + iQQ +mp — miVA

cot[VA (bsz — w(bst — y))].



Case (3): When w # 0,d =bg = 0,¢c = ew,a =
bw, A = 0, the exact solutions of (31) can be determined

as
mi

0
Thus we get the corresponding exact solutions of
equation (1)

FQ(Q) = moy —

by bs my
t _ 9 _———,
u(z,y,t) = b5y 2b5y Mo bsx — w(bst — y%

(34)
4.7. The generator V5 + bgVg = % + bey%
For the generator V5 + bg V5, the characteristic equa-

;
tons are dv dy dt  du

0 1 0 by
The similarity form of the solution of equation (1)
is
b
u(w,y,t) = Sy° + F(X,T), (35)

with similarity variables X =z and T' = ¢.
Substituting (35) into (1), we obtain reduction form
of equation (1)

bed + (e + 3bF,) Fxr + (¢ + 3bFr + 6aFx ) Fx x

+bFxxxr +aFxxxx = 0.
(36)

5. CONCLUSION

In this paper, the Lie group analysis is used to carry
out the similarity reductions of the (2+ 1)—dimensional
modified KdV equation. We have obtained the infinites-
imal generators, commutator table of Lie algebra, and
similarity reduction for the modified KdV equation.
The modified KdV equation has been reduced into a
new partial differential equation with less number of
independent variables. Using Riccati equation expansion
method, the new partial differential equation is reduced
into an ordinary differential equation and further some
new exact solution of the modified KdV are constructed.
It is hoped that all the results obtained in this paper can
be used to enrich the applications of the nonlinear PDEs
in mathematical physics.
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