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ABSTRACT

We study a class of time fractional diffusion-wave equations with variable coefficients using Lie symmetry analysis. We obtain not
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only infinitesimal symmetries but also a complete group classification and a classification of group invariant solutions of this class
of equations. Group invariant solutions are given explicitly corresponding to every element in an optimal system of Lie algebras
generated by infinitesimal symmetries of equations in the class. We express the solutions in terms of Mittag-Leffler functions,

generalized Wright functions, and Fox H-functions. These solutions contain previously known solutions as particular cases.
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1. INTRODUCTION

In 1987, Bluman and Kumei [1] gave a complete
group classification and some invariant solutions to
variable coefficient wave equation uy = cz(x)um and
its corresponding system u; = c*(x)v,, vi = ug. In
[2], some group invariant solutions to a time fractional
generalization of the corresponding system of the wave
equation were given. As a continuation of [2], in this
work we consider a class of time fractional diffusion-
wave equations with variable coefficients of the follow-
ing form:

leY 82

—u(z,t) = A(2) = u(z,t),

Br 922 z>0,t>0, a>0,

(1)
where c(x) is a sufficiently differentiable, nonzero func-
tion. The equation (1) can be considered as a time frac-
tional generalization of diffusion-wave equations with
variable coefficients. Here, fractional differentiation is
defined by the following Riemann-Liouville manner:

%:ﬁ, fora =n €N,
“ 19" [t __u(z7)
@u(x,t) =\ T ot Jo (t—f)afnﬂdﬂ
for o € (n—1,n), with n € N.

)
In recent years, the study of time fractional diffusion-
wave equations gains increasing attention as they model
anomalous diffusion processes. There are a variety of
inhomogeneous media ranging from plasma to living
cell where diffusion exhibits anomalous properties. So,
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studying invariance properties and presenting explicit
invariant solutions of (1) is of great practical importance.
The particular case of the equation (1) with constant
diffusion coefficient
e} 2
aa?u(x,t) = C’%u(m‘, t) 3)
has been studied extensively. In [3], [4], when 0 < o <
2, the solutions of (3) with appropriate initial conditions
were expressed in terms of Fox H-functions using Mellin
integral transformations. Also, in the sequential works of
F. Mainardi et al. [5], [6], [7], the fundamental solutions
of Cauchy and boundary value problems of (3) in means
of Riemann-Liouville and Caputo fractional derivatives
were obtained using Laplace transformations. In [8] the
invariance of the equation (3) under scaling transforma-
tions was studied and the scale-invariant solutions were
found in terms of generalized Wright functions when
a>1.
Solutions of (1) with ¢(z) = =™ were given for
a = 11n [9] and for 0 < a < 1 in [10] using Laplace
transformations. To the best of our knowledge (see the
references), the classification of infinitesimal symmetries
and invariant solutions of (1) have not been studied
when the diffusion coefficient is non-constant. Thus,
the main purpose of this study is to obtain a complete
group classification depending on the function ¢(z) and
to give explicitly invariant solutions that correspond
to each infinitesimal symmetry in an optimal system
of infinitesimal symmetries pf (1) in terms of special
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functions: Mittag-Leffler functions, generalized Wright
functions, and Fox H-functions. The solutions obtained
in this work coincide with the previously known solu-
tions for particular choice of ¢(x) or for particular values
of a. From the definition (2), we know that the equation
(1) interpolates between the diffusion equations and the
wave equations as « varies from 1 to 2. In Section 5,
this interpolating behaviour can be seen from the plots
of the solution obtained.

The structure of this work is as follows. In Section
2, we present a simple introduction to the Lie sym-
metry analysis of fractional partial differential equa-
tions (FPDEs) and provide formulas that are useful
in studying (1). In Section 3, we carry out a com-
plete group classification with respect to the function
c(x). In Section 4, we investigate the structure of the
corresponding Lie algebras of infinitesimal symmetries
and determine optimal systems. Then, we reduce (1)
to fractional ordinary differential equations (FODESs) in
accordance with these optimal systems. In Section 5,
we explicitly present solutions to (1) using the results
of preceding work [11] by the authors. Additionally, we
include a brief introduction to the special functions and
relevant formulas in order to make the current study self-
contained. Finally, we show that for & = 1 and o = 2 the
well known solutions can be derived from the solutions
that we give in this work.

2. LIE SYMMETRY ANALYSIS FOR
FRACTIONAL PARTIAL DIFFERENTIAL
EQUATIONS

To study the equation given in (1) via Lie symmetry
analysis, we present basic definitions and formulas that
are needed to carry out the Lie symmetry analysis of
FPDEs. The general form of time fractional PDEs with
two independent variables = and ¢ is as follows:

(63

%u(x, t) = F(x,t,u, Uy, U, - - -), )

where the subscripts denote partial derivatives and « is a
positive real number. In the Lie symmetry analysis, the
infinitesimal generator and the corresponding prolonged
infinitesimal generator of (4) are given by

9 & 0
X = ¢2 4,9 0,9 4
oz T o Ry
) 9 P
% - xae @2
TR e TR e, T

respectively, where &, 7 and p are infinitesimals and
@ pu(™ (n = 1,2,...) are extended infinitesimals.
Explicitly, (™ is given by

N(l) = Dy(p) — uzDy(§) — weDa(7),

M(z) = Dw(,u(l)) — Uy Dy (§) — ugt Dy (7),

where D, is the total derivative operator defined as

D, = 9 +u 9 +u 9 +
T 9 T Ou T Dy
The ath order extended infinitesimal ;(®) has the fol-

lowing form [12], [13]:

O O%u 0%y
() _ Y H _ u
e (e = aDi(7) 5o —up g
- « an,uu . « el o
’ 7;1 [(n) ot (n + 1> Dy (T)} D" (u)
[e%s} o . .
- (n> Dy (&) Dy ™" (ue) + pu,
n=1
where
[e%s} n m k—1
6] n E\ 1
=235 (1)) ()
n=2m=2 k=2 r=0 n m r) k!
th—a . om e an—m+ku

“Tmri—a) W g (™) gt

Here we denote the generalized binomial coefficient (‘;)
and the total derivative operator D;, respectively by

o\ (=) tal(n—a)
(n> = Ta—atm+n
0 0 0

E‘f’ut%—FUmaium‘F'”

It should be noted that ;23 = 0 when the infinitesimal p
is linear in w.
We have the following initial condition

T(z,t,u)|t=0 =0 5)

D, =

because of the fixed lower limit in the integral of (2).
The infinitesimal invariance criterion in the Lie sym-
metry analysis for the equation (4) is

X(uto‘ - F(t,x,u,uwum,'“)ﬂ@) =0. (6)

Now we are prepared for the investigation of the in-
finitesimal symmetries of the class of equations given
in (1).

3. LIE SYMMETRY ANALYSIS OF THE
DIFFUSION-WAVE EQUATION GIVEN IN

1)

In this section, we study (1) using the formulas
obtained in the previous section. We show that there
are six cases regarding the symmetry groups of (1),
as determined by the form of the function c(z), five
in which c(z) possesses the special forms (specified
below), and one in which it does not. In the former
five cases, the symmetry groups of (1) possess additional
symmetries which do not exist in the latter case. For each
of the six cases we obtain the infinitesimal symmetries.

The invariance criterion (6) for the equation given in
(1) is R

X (uge — (2)tgs)|1) =0,



Case 2. In the case c(x) =

Case 3. In the case ¢(z) =

which is in explicit form

(M("‘) = 2¢(x)c (2)€uze — cQ(x)M(Q)) ‘(1) =0. (D

From (7), we obtain the following (overdetermined) sys-
tem of determining equations by setting the coefficients
of the linearly independent partial derivatives D™ ",
D& MUy, Uy, U2, Us,y Ugt, UgpUgy and Ugtiz, equal to
Zero:

«a 8nnu’u _ «a n+1l__
(n) otn <n + 1> D=0,
DME) =0, n=1,2,...,
2c2(x)¢, — ac?(2)1y — 2¢(x)d (x)€ = 0,

0

n=12...

2M"cu - g'rr = 7

% 6 0%

A TT =0,
o~ Yo + (@) e + 1

Te =Ty =0,

Analyzing the above overdetermined system with the
initial condition (5), we are able to deduce the following
infinitesimal symmetries of (1):

Case 0. This is the generic situation, which applies to all

forms of c¢(x) except the following five cases. In
this case, the infinitesimal symmetries are

0 0
Xi=u—, X,= t)—
1 uauv g g(xv )aua
where g(z,t) is a solution of the equation (1).

For the following five cases of function c¢(z), we get
additional symmetries along with X; and X, given
above.

Case 1. In the case c(x) = ¢ (here ¢ € R), the additional

symmetries are

0 0 2 0

N X —

o o T atar

(k17 + ko)? (here kq, ke € R
and k; # 0), the additional symmetries are

X4:—(x+k2) 0 +2t8

X, =

oz ot’
0 0
X5 = (k1z + k‘g)Q% + k‘%xu%

(k1$+k2)k3 (here kq, ko, ks €
R, k1 # 0 and k3 # 0, 2), the additional symmetry

is
B ko\ O 2(1—k3), 0
X6 = (QIj + ) or + « t&

Case 4. In the case c(x) = kie*2® (here ki, ko € R and
k1ko # 0), the additional symmetry is
1 9 1 0

Xp= —m et
7 Oy 0r o Ot
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Case 5. In the case

((k‘lx + k‘z)Q + kjg)

X € k / de
X -
p 4 (k117+k2)2 +k3

(here k1, ks, ks, ks € R and kq # 0, (/fg,k4) #
(0,0)), the additional symmetry is

X = ((/{31.774-/{2) -i-k?,)a2 — %t% -‘rk‘2 u%
Since we derived a complete group classification
of (1), we are ready to determine the one-dimensional
optimal systems of Lie algebras of corresponding in-
finitesimal symmetries and the classification of group
invariant solutions of (1). In subsequent calculations,
we ignore the trivial infinitesimal symmetry X, and in
Case 0, the Lie algebra is generated by only X;. Since
there are no invariant solutions corresponding to X7, we
consider Cases 1 through 5.

4. THE CLASSIFICATIONS OF
INVARIANT SOLUTIONS

In this section, we determine the group invariant
solutions of (1) corresponding to infinitesimal symme-
tries obtained in the previous section. More explicitly,
we express the invariant solutions as solutions of so-
called reduced fractional ordinary differential equations.
The invariant solutions of (1) corresponding to any
infinitesimal symmetry can be obtained through contin-
uous symmetry transformations, which are applied to
the invariant solutions corresponding to the infinitesimal
symmetries of any optimal system of one-dimensional
subalgebras of infinitesimal symmetries [14], [15]. For
this reason, we need only to describe the invariant
solutions corresponding to the infinitesimal symmetries
of an optimal system of one-dimensional subalgebras of
infinitesimal symmetries. The optimal systems of low-
dimensional Lie algebras are determined in [16]. We
describe the structure of Lie algebras generated by the
infinitesimal symmetries and choose the optimal systems
by using the results of [16].

In the following subsections, we present the optimal
systems and corresponding reduced equations for five
cases specified above. Notice that the point transforma-
tion

clx) =

ZT=azr+b, t=

ht, u = gu+ Z git® ™",
a,b,h,g,9; ¢ R and a,h >0 ®)

is an equivalent transformation for (1). In other words,
the equation (1) can be transformed to an equivalent one

(63

o* 5 0?
@U(%ﬂ =cC (x)@u(x,f),

2 T —b
where ¢2(z,1) = Z—QCQ (:c > .

a

We apply the transformation (8) in order to simplify
the coefficient ¢(x) in (1). This means, without loss of
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generality, we assume that ¢(x) = 23 instead of c¢(z) =
(k1z+ko)k2, k1 # 0 and ¢(x) = e~ 7 instead of ¢(z) =
k1e*2® ki1ko # 0, respectively.

4.1. Reduced equations of (1) with c(x) = c,
ceR

We assume, without loss of generality, that c(x) =
1. In this case, the equation given in (1) possesses the
following infinitesimal symmetries

0 0 0 2.0
leu%, XQ—%, X3 a +*a
Except the Lie commutator of Xs, X3, which is
[X2, X3] = Xo, all the other Lie commutators are zero.
Thus, the Lie algebra generated by X;, Xo and X3 is
identical to the Lie algebra A; @ A, given in [16]. The
one-dimensional optimal system of this Lie algebra is

that obtained in [16],

2.0

0 0
sX1+Xs5=2— + —t— + su—

i = 9z Taler g fE R
U, — X1+X2:a%+ua%,

Us = Xl—ng—%+u%,

b= el

Us = Xl:u(‘%f

So, all we need to do is to present the invariant solutions
corresponding to each infinitesimal symmetry in the
above optimal system.

The characteristic equation of U; reads as

dzx adt du

T 2t su
which gives the similarity variable z = x~at. Thus, the
similarity transformation (ansatz) or the group invariant

solution is

u=zp(2). ©)
Substituting (9) into (1) with ¢(x) = 1, we obtain the
reduced equation

A%y 2 (2
T = s(s—l)gp—i—a <a —2s+ 1> 29, +

Z Pzz-
(10)
The invariant solutions u = e®(t) and u = e~ *(t)

are found corresponding to U, and Us, respectively. For

both cases, we get the reduced equation
d%p
= . 11
gio ¢ 1n
The invariant solution corresponding to U, is found
as u(xz,t) = ¢(t). Thus, the reduced equation is
A%
dte
The infinitesimal symmetry Uy appears in each op-

timal systems of the following subsections and it does
not yield any invariant solutions.

12)

4.2. Reduced equations of (1) with
c(x) = (kix + k2)? (here ki, ks € Rand
k1 # 0)

We assume, without loss of generality, that ¢(x) =
22. Then, the infinitesimal symmetries become

B o 2.0 , 0
X1 = U%, X4 = 7$%+Et&, X5 =X 7x+l"u7

Except the Lie commutator of X4, X5, which is

[X5, X4] = X5, all the other Lie commutators are zero.
As in the previous case, the optimal system is
0
Us = Xlzua,
0 2 0
Us = sX;j—Xu= —t— R
6 5 1T T 8t+5u8u’ sEK
U, = X1+X5= :vg—k(w—kl) 0
7T = 1 5 — O 8ua
9] 9]
Us = X1 —Xs=—-2"——(z—1Du—
8 ! ° i (@ )ué'u’
0 0
U = Xs=2°>— —.
? 5= % By +xu8u

The invariant solution u = z°¢(z), where z = x4 t,
is found corresponding to Ug. The reduced equation is

d® 2 (2 4
lhd =s(s—Dp+—(=+25s—1) 20, + —2%0...
dz> a \« a?
) (13)
The invariant solutions u = ze v p(t) and u =

zex p(t) are found corresponding to Ur and Us, re-
spectively. For both cases, the reduced equation is same,
given as J
R
= . 14
gro ¢ 14
The invariant solution corresponding to Uy is found
as u(x,t) = xp(t). Thus, the reduced equation is
Ao
dte
4.3. Reduced equations of (1) with
C(QZ) = (k:lm + kz)kB (here kl, k2, k3 € ]R,
kl # 0 and k3 # {0, 2})
We may assume, without loss of generality, that

c¢(z) = ™ (here m € R and m # 0,2). Thus, the
Lie symmetries become

5)

Xl_ug and Xg = 20 AL=m), 0
u

oz o ot
The commutator of the Lie symmetries is zero, i.e.,
[X1,Xs] = 0, and thus, the one-dimensional optimal
system consists of
0
U = X = —
5 1= 50
0 2(1—-m), 0 0

U = sXj+X¢=o— 775—

10 41+ Ao x8x+ o 8t+8u8u
with s € R. The characteristic equation for U;( reads as

dx adt _du

z 20—m)t  au’



which gives the similarity variable z = x 224 and the

invariant solution

u=ap(z). (16)

Substituting (16) into (1) with ¢(z) = 2™, we obtain
the following reduced FODE

d*p 2(m—1) (2(m—1)
@:5(5—1%0—5— o ( " +2s—1
4(m —1)?
x4 W )
e

4.4. Reduced equations of (1) with
c(x) = k1e*2® (here k1, ky € Rand
kikz # 0)

We assume, without loss of generality, that c(x) =
e~ 5. Thus, the Lie symmetries become
LI
ou ox
The commutator of the symmetries is zero, i.e.,
[X1,X7] = 0, as in the previous case, the optimal
system is

X1:U

0
X = u’
1u3u

SX1 —+ X7

Us =

0 t o 0
ox T oot Mo
We obtain the invariant solution u = e**¢(z) with the
similarity variable z = e~ =Tt corresponding to Uj;.
Consequently, the reduced FODE is

U1 = s € R.

dip :5250+l (12.9) 2, +
dz® o\ o
4.5. Reduced equations of (1) with c(x) =

(ke + ka)? + ks) exp ([ gty )
(here kla kz, kg, k4 € R, and kl # 0,
(k3s ka) # (0,0))

In the case

1
522%2. (18)

c() = [(k1z + ks)? + k3] exp (/ Mgh)

the infinitesimal symmetries are

X, = u—:u and
0 2k 0
Xo= (Ut k)l k) — = Pl + Maug.

We obtain the following three subcases of function ¢(z)
through the equivalent transformation (8).
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Case A

If ¢(x) = (22 + 1)e2marctan® (here m € R), then
the infinitesimal symmetries become

X = u2 0 @tﬁ + Jﬁué

ou’ ox ot ou
The Lie algebra generated by the inﬁnltes1mal symme-
tries in this case is Abelian. Thus, the optimal system

is

Xg = ($2+1)

0]
U5 = Xl—U%,
U12 = 2SX1+X8
0 4m 0 0
= (2? +1)a———ta (x+25)u%

with s € R. The invariant solution corresponding to Ui

is
u= /].+(E2 23arctanwg0(z)’

4m

where z = e =
do‘ga
dz«

arctanzy and the reduced equation is

16 16m?
= (452 —|—1)<p—|——m (% + 3) z<pz+7222<pzz.

19)

Case B
(1_z)m,+1

If c(m) = W (here m € R and m ;é :l:l),
then the infinitesimal symmetries become

7] 0 4m 0 0
X1 =u— X9 = —1)—— —t— —.
L Yu 0= (* )&v ot o
The Lie algebra generated by X;, X is also Abelian.

Thus, the optimal system is

0
U5 = Xl—U%,
U13 = 2SX1 +X2
0 4m_ 0 0
= (2? —1)%——t§+(x+25)u%

with s € R. Following the characteristic method, we

2m

obtain the similarity variable z = (i;;) “ t and the

invariant solution

u:m(l—x)‘“’@(z).

1+z
Thus, the reduced equation is

d%p 16m /m 16m?

~ = (45 —1)p+— (— + s) zgpz—&—Tz%ozz.
dz « « 20)
Case C
If ¢(z) = x2ew, then infinitesimal symmetries be-
come
0 5 0 2 0 0
X1 =u— X —_ 7t7 =
P 0=t e T,
and [X1, X10] = 0. Thus, the 0pt1ma1 system is
0
Us = X;=
5 1 — ua 9
Uy = —-sXi1+ Xy
5 0 2 0 0
= — 7t— — S)u— R.
xa + 8t+( s)uau, s €
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The invariant solution corresponding to Uy4 is
u = zer p(z)

with similarity variable z = eart. The reduced equation
is

d%y

dz®

We have described the invariant solutions as so-
lutions to the reduced equations corresponding to the
infinitesimal symmetries of the optimal systems for
different types of functions ¢(x). The invariant solutions
corresponding to any other infinitesimal symmetries
can be obtained by symmetry transformations on the
invariant solutions that we obtained in this section. To
complete the work, we need to give solutions of reduced
equations, which lead us to the explicit expressions of
the invariant solutions.

5. EXPLICIT EXPRESSIONS OF
INVARIANT SOLUTIONS

In this section, we derive solutions to the reduced
equations (10)-(15) and (17)-(21). Then using these
solutions, we give invariant solutions of (1) explicitly.
Notice that all of the reduced equations we obtained in
the previous section have the following general form:

4 /1 4
=s*p+— < + S> 29, + 722@2z. (21)
a \o o

(;zf =ap+
where a, b and c are constants. Thus, the problem of
finding invariant solutions of (1) is reduced into the
problem of finding solutions of the equation given in
(22).

b
~2'+ =2, (22)
(0%

5.1. Solutions of the reduced equation (22)

We derive solutions of (22) in terms of generalized
Wright functions and Fox H-functions. Therefore, we
give definitions of these two special functions in the
following manner.

Definition 5.1. The Fox H-function is defined by means
of the Mellin-Barnes type contour integral

m,l (Auaz _ ml s
g |- oo o

p,q
with
m l
H ].—‘(B] — Bjs) H F(]. — Az + ais)
ml j=1 i=1
prq( ) p q
IT T(Ai—ass) II T(1—B;+b;s)
i=l+1 Jj=m+1

for z € C\ {0}, where m,l,p,q € Ny, (m,1) # (0,0),
ai,,Bj € R,, Ai,Bj ceR@GE=1,....p;5=1,...,q).
Here L is a suitable contour from v — 100 to v + 100,
where 7y is a real number.

The integral in (23) converges if the following con-
ditions are satisfied [17]

l p m q
Zzai—zarf-Zﬁj— Z Bj >0
i=1 =11 j=1 j=mt1

and |arg z| %, For large z the Fox H-function
vanishes as [18]
m 101 2541
Hp’éo[z] ~O0 (exp (—I/ZVGV) z 2 ) , (24)

:»::

p q P
where e = [[ ()™ [[(B;)%,6 =3 B;—> A+
i=1 =L j=1 i=1
andu_ZBj Zaz>0

Definition 5.2. The generalized Wright function is de-
fined as

o o] oo ] =50 2 a
Pl LS e, + 80
=1
’ (25)
for z€ C,p,qg e Ng={0,1,2,...}, A;,B; € C and
a;,B; e R\{0} (i =1,....p;j=1,...,9).
IfA:ZBJ Zal>—1orA:—1,

j=

then the series 1n (25) 1s absolutely convergent for
q

z € Cor |z|] < H |ov; |~ H |3;]%, respectively

[19]. Moreover, the Mlttag Lefﬂer Wright and Gauss

hypergeometric functions can be expressed in terms of
the generalized Wright functions, respectively, as

Eaple) = s b ] e
U(z;0,8) = o0 [z (Bja) } 27)
n (%) - [ 247 )

In [11], we studied the solutions of (22) in detail. Thus,
we deduce the following two lemmas from the results
of [11].

Lemma 5.1. The equation given in (22) has the
following solutions:

I)Ifa=0,b=0and c =0 in (22) then

n
= Z 2k for z e R.

k=1
2)Ifb=0and c =0 in (22) then

n
z) = E ez *E
k=1

a1t+a—k(az®) for z € R.

3)Ifb>0,c=0and 0 < o <1 in (22) then

@@—qﬁf{‘i%}ﬁme&.



4)Ifb#0, c =0 in (22) then

(g i 0]
1+a—ka)

n

p(z) = chza7k2llll {bzo‘

k=1

forzeRwhena>1,orf0r\z|<ﬁwhenazl.
55IfD =24 -2 4 b 4o >0 ¢ 0and

ac c? c

0<a<?2in(22) then

z e 1
m@—qﬂﬁ[ (1,0)

1), (K2, 1) ] for z e R,.

(k1
6)If D=2 —2b 4 b

ac

n
z) = g cpz®F
k=1

e (1_§+K171)7(1_§+K271)7(1a1)
x3W [CZ ‘ 1+a—ka

48 >0, ¢ # 0in (22) then

Sor z € R when a > 2, or for |z| < ﬁ when o = 2.
c
Where n is a natural number satisfying 0 < n —1 <
agn,fﬁ’g:%(f—fi\/D)andck(k—l n)
are constants.
—20 4 b da _ 1 g

Lemma 5.2. Let D = a2 Tt = - I
¢ # 0 in (22). The equation given in (22) has the
following solutions:

I)Ifc>0and 0 < a <2 then

p(2) = 1z (F7EFY)
EH R

227%

NG

<~

for z ¢ Ry.

2) If a > 2 then

n

o(z) = chzo‘fkg
k=1
3 _ 2k+l | b
x Uy g (57 ojL +272)7(1a1)
4 1+a—-ka
for z € R when o > 2, or for |z| < —2— when o = 2.

/el
Here n is a natural number satisfying 0 <n—1< a <

n and ¢, (k=1,...,n) are constants.

Knowing the solutions of (22), we give explicit
invariant solutions of (1) for different types of function
¢(x) and show that these solutions coincide with the
known solutions for particular cases of « = 1 and o = 2.

5.2. Solutions of (1) with c(x) = 1

We give invariant solutions of (1) with ¢(z) =1 as
follows:

1) Since D = < in (10), using Lemma 5.2 we have
the following solutlons to (10)

sa a so
p(z) = 2\11(— 2;——,1—1——)
(2) =12 z > 5
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for 0 < o < 2 and

n

p(z) = chza7k2W1 {ZO‘

k=1

(=202 0]

14+a-ka)

for o > 2. We obtain through (9) the following invariant
solutions of (1) with ¢(z) =1 correspond to Uy

u(z,t) = itz U ( Tt —5 1+ %) (29)
for 0 < a < 2 and
t) = ch:csfu%to‘*k
k=1
t* (27— 73,2),(1,1)
X 21111 |:1'2 (1 +a— k,a) (30)

for a > 2. E. Buckwar and Yu. Luchko [8] studied the
diffusion-wave equation (1) with ¢(z) = 1 and found
solutions via scaling transformations. The solution (29)
and (30) coincide with those solutions obtained in [8].

Moreover, if we set « = 1, ¢; = % and s = —1 in
(29), then it becomes

1 & (—at )k

t -
uzt) = 3 tkz:%)k!l“(%—g)
2k
()

Substituting I' (3 — k) = (_4();# into the above
solution, we arrive to the fundamental solution of the

diffusion equation
u(r,t) = ——=e .
(@) 2y/mt

If wesetaa =1, ¢ = % and s = 0 in (29), then it
becomes

1 (—at—2)*

u(x,t — _—.

u(,t) = 2Zk!r(1—§)

Analogously to the previous computation, the above

solution equals to
1 T
—(l—ef|—=)],
2 (1))

u(z,t) =
2k+1

\f kZO (2k+1) TR
If we set a = 2 in (30), then it becomes

where erf(z) =

_ s—1 —2,0| (1-5,2),(1,1)

u(z,t) = c1a® a0y |::L‘ t 2,2) ]
s —242 (_372)7 )
+ cox®o Wy {x t (172() 1) } .
Applying the formulas

2 (AvZ)v(lvl) _ F(Afl)

ZQ\Ijl |:Z (2’2) :| = 2
x [(1=2)""* = (1+2)"1], 3D
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oWy [2’2

(4,2),(1,1) ] _ 4
(1,2) 2
X

[(1—2)""+1+2)""] 32
to the above solution, it becomes

u(z,t) = ¢1(x — t)° + éa(xz + 1)°,

where & = and &, = — D(=s)ea—ca)

2
2) Using the second assertion of Lemma 5.1, we get
the following solutions to (11)

IL(—=s)(c1tec2)
2

n
e(t) = > ert® *Eaipai(t?).
k=1

So invariant solutions of (1) with ¢(x) = 1 correspond-
ing to Us and Us are, respectively,

u(z,t) = eIchta*kEmHa_k(ta), (33)
k=1

u(@,t) = e ot FBaiiak(t?). (34)
k=1

If we set « = 1 in (33) and (34), we get the following
solutions, respectively,

+t T+t

u(x,t) = c1e”" and u(x,t) = cre”

When o = 2 in (33) and (34), by (4.2.2) of [20], we have
the following traveling wave solutions, respectively,

Lt Ce w17 C2 oy

u(z,t) = 5 5 and
u(z,t) = are ;Cz emrtt 94— ;C2 e vt

3) Using the first assertion of Lemma 5.1, we have
the following solutions of (1) with ¢(x) = 1 correspond-
ing to Uy,

u(z,t) = @(t) = chto‘_k. 35)
k=1
If we take & = 1 and o = 2 in (35), then we get the

following solutions, respectively,

u(x,t) = ¢1 and u(x,t) = c1t + ca.

5.3. Solutions of (1) with c(x) = x>

Similarly, the invariant solutions of (1) with ¢(z) =

z? are obtained as follows:
1) Since D = % in the equation (13), using

Lemma 5.2 we get solutions of (13)
0(z) = 127079 @ (—z*%; —%, 1+ %(1 - s))

for 0 < o < 2 and

— a—k a
80(2) - ;Ckz 2\:[/1 |:Z (1 +oa— k,Oé)

(1-2+5,2),(1,1) ]

for a > 2. Then invariant solutions of (1) with ¢(z) =

22 corresponding to Ug are

w(x,t) = etz =) (—x_lt_%; —%, 1+ %(1 - s))
(36)
for 0 < a < 2 and
u(z,t) = chxé'ﬂ a ok
k=1
of (T=224+52),(1,1)
X 2\111 |:.CC t (1 +a— k:,a) (37)

for « > 2. When aa =1, if we take s =2 and s = 1 in
(36), we get the following solutions, respectively,

x 1
Clﬁ exp (_4x2t> and
[ 1
u(x,t) = cix|l—er .
@0 = asli-ef (5]

By setting o = 2 in (37), it becomes

u(z,t) =

_ s+1 [ 2,2 (8,2),(1,1)
u(z,t) = 12’ Wy _m t 2.2)
s 2,2 (57172)5(171)
+C2-/E 2\111 7t (1’2)

We can rewrite it using (31) and (32) as

71—‘(8 — D (c1 +c2)2®(1 — at)—*

2
- Ls; (1 - ex)a®(1 4 at) )

2) Using the second assertion of Lemma 5.1, we have
the following solutions to (14)

u(z,t) =

p(t) = > ent* FBoai(t?).
k=1

So invariant solutions of (1) with ¢(x) = 22

ing to U7 and Ug are, respectively,

correspond-

u(z,t) = chwe_%to‘_kEa,Ha_k(t“), (38)
k=1

u(z,t) = chxe%ta_kEa,Ha,k(ta). (39)
k=1

By setting o = 1 in (38) and (39), we get the following
solutions, respectively,

_1
crze! ™= and
+3

u(z,t) =
u(z,t) = crwe
When o = 2 in (38) and (39), by virtue of formula

(4.2.2) of [20], we get the following solutions, respec-
tively,

CL+eC 4, 1 Cl—C 4 1
u(z,t) = relTT — re~'"% and
’ 2 2
€1+ C2 1 € —C 441
u(z,t) = ——axelts - = ZgetTs,

2 2



3) Using the first assertion of Lemma 5.1, we have
the following invariant solution of (1) with c(x) = 22
corresponding to Uy

u(z,t) = zp(t) = Z cpat® k.

k=1

(40)

If we set @« = 1 and o = 2 in (40), we get the following
solutions, respectively,

u(z,t) = iz and u(x,t) = crat + cox.

5.4. Solutions of (1) with c(x) = x™ (here
m € Rand m # 0,2)

We give invariant solutions of (1) with ¢(z) = 2™
as follows:
1) If m = 1, then the reduced equation given in (17)
becomes
d%p
T s(s—1)e.

Using the second assertion of Lemma 5.1, we obtain the
following solutions

p(z) = Z k2 " Ep 1o n(s(s —1)z%) for a > 0.
k=1

So, invariant solutions of (1) with ¢(z) = z correspond-
ing to Uyg is obtained through (16) as

u(z,t) = Z ckacsto‘_kEa,Ha,k(s(s —tY). @1
k=1

By setting o = 1 in (41), we get
u(x,t) = crzesVE,

If « =2 and s(s — 1) > 0, then (41) becomes

u(z,t) = 4 + 2 ) gVt
2y/s(s—1) 2

€1 C2 s, ,—+/s(s—1)t
N
( 24/s(s — 1) 2)

by virtue of (4.2.2) of [20]. This is the exact solution
(2.60) of [1].

2) If m # 1, using the fifth and sixth assertions of
Lemma 5.1, we have the following solutions of (17) for
O<a<?2

o(2) = e H2Y [

and for o > 2

o) = D et
k=1

P
A2

(5:1). (55 1) }

k k
2 (Bfaal)a(cffal)v(lal)
X3\IJ1 |:A 4 (1+Ol—k(,){04) 5
WhereA:Q(mfl),leer and C =1+
s—1

m=T) Then, by virtue of (16), invariant solutions of
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(1) with ¢(x) = 2™ corresponding to Uy are for 0 <
o <2

x2(1=m) (1, )

u(e,t) = 1o HYY [At’ (5:1), (5551) J
42)

and for o« > 2

2(1—m)

n k
1) = s+2(m—1)to¢ T«
u(z,t) == 2 Ck "

<B—5n«c—znan}
14+ a—ka) '

X 3W1 {AQ;vAtO‘

(43)

We include graphical illustrations of the solution (42)
withcp =1, s =2m —1and m = %. From the plots
we can see that the solution behaviour changes visibly
when « steps over 1.

R. Metzler et.al. [10] studied the anomalous diffusion
equation (1) with ¢(x) = 2™ and found solutions for
0 < a < 1 using the Laplace transformations. The
solution (42) coincides with the solutions obtained in
[10].

Furthermore, if @ = 1 then by setting s = 2m — 1
and s = 2m — 2 in (42), we obtain through (1.125) of
[17] the following solutions, respectively,

w(z,t) = (2m — 1) 2w T eyt D

x2(1—m)
exp (_ A(m — 1)2t>

u(z,t) = (2|m — 1|)*2+ﬁclxt—1+m

x2(17m)
e <4(m—1)t)

If we set a = 2 in (43), then it becomes

and

u(z,t) = 12’z

30, {A222 (§+j,,1),((§2 )‘3;}71),(1,1)]
S 1 s—1 1 1.1
+ cox®3Wy [Azz2 (A’ )’ (ﬁQ’) )a( 1) },

where A = 2(m — 1) and z = 2™ t. By virtue of the
following formulas

3\111 |:Z (A171),Ei422’)1)7(1’1) :l :F(Al)F(AQ)
% o F) < Ay, 4 ;Z> for 2] < 4, (44)
Y
A1), (Ay. 1), (1.1
3\1,1 [Z ( 1, )’E2,22,) )7( ) ) :| :P(Al)P(AQ)
X o F) AléAQ ;i) for 2] < 4, (45)
2
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Figure 1: Solution plots of (1) with ¢(x) =z

the above solution equals to

1 1
u(z,t) =T (5 —I-wl) T (5 +w2) caz’z
1 1
2

+ T (w1) T (w2) oz’ Fy ( wl’lw2 ;(m

2
(46)

= =1 We recall the

2 2(m—1)"

formulae (37) and (38) in [2]
2 ()T (a+b+3) ab
1 1 2F1 1
F'a+)T(b+3)
B I'(a+b+3)T (5 —a-b)
I'(a—b+3)T(b—a+3)

o F 20,20 1+z
T at+b+i 2

F'(a+b—3)T(a+b+3) (142 1oa—b
e ()

_ 1z _ 1 9
><2F1(a b?—)FQ,b a+2; +z) 47

where w1 = (m;_lé, w2

) 2

oM (-HT(a+b-1) [ ab
rw—ar<—%>”ﬂ< i)
Platb-3)T(E-a-b)
F@—b+%ﬁWb—a+§)_]

2a —1,2b—1 1+z
A TR
2

T(a+b-3)T(a+b—3) 142\
T2a— T (26— 1) ( 2 )

N T N
><2F1<a b;—Q,b a—|—2; —;z) 48)

§—a—b

Using (47) and (48), we can rewrite the solution (46) as
u(z,t) = Gz Fy(a™ 1) + Goa* Fy(x™ 1),
where

) ) c1+2c
1 = 4 VAT (i)
2

_ F(% — W1 —wg)(Cl — 202) )
F((/Jl —wy + %)F(WQ — w1 + %) ’

1
Co = —4_(w1+w2)\/7_1'1—‘ (wl + wo — 5) (01 — 202),

2w1, 2w 1+(m—1)2
Fi(2) = oF ’ om0z
1(2) 21<w1+w2+%’ 5 )
1
L+ (m—1)z\2 7%
F2(Z):<—(2 ))
_ 1 _ 1 _
><2F1<w1 wz—ti),w_z wl—l—z;l—l-(n; 1)z>,
2 1 w2
ot — s oy — s—1
YT 2(m—1) >To(m—1)

This is the exact solution (2.47) of [1].



T

5.5. Solutions of (1) with c(x) = e” 2

N

Using the fifth and sixth assertions of Lemma 5.1,
we get the following solutions of (18)

(1, ) }

p(z) = 01H12:§ {Za (—s,1),(—s,1)

for 0 < a < 2 and
n
= chz(’_k
k=1

k-

X 3\111 |:Za

s,1),(1-%2—51),(1,1) ]

14+ a—ka)

for @ > 2. Then, invariant solutions of (1) with ¢(z) =
e % corresponding to Uy are for 0 < o < 2

_ sz 172,0 i (17O[)
u(%t) = ae H1’2 |:ta (757 1)7 (75’ 1) :| @
and for o > 2
n €£ k
— o(s—Dzia &
u(z,t) =e t ch(t)
k=1
Ok (k)0
x3Wq |:€z (1-|—a—k‘,0() '

(50)

By setting « = 1, s = —1 in (49), we get the following
solution through (1.125) of [17]

u\xr = C1— €ex - .
) lt p n

By setting o = 2 in (50), we obtain

u(xz,t) = c1e®z

X 30, {zQ (3- )’((2%,2_)81) Y ]
P [z 1), 51,2) oy } 7

where z = e~ 3t. Applying (44) and (45) into the above
solution, it becomes

2
1 1_ .1 2
u(x,t):l"(2—s) cles’”ZQFl( 2 332 5.2 )
2

4
2 22
+T (—s) czesngl( 1)

—8,—5§
1 ’
2
(51)

Substituting (47) and (48) into (51), we derive

U(I,t) =ce’ Iy (67%15) + CoeT Fy (efgt) ,
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where

¢ o= 21T /rr(—2s)?
" c1+ co _F<%+25) (c1 — ¢a)
r (l — 2s) ™ ’

Gy = —=2¥tL/xr ( - — 2s> (c1 — ca),

—28,—28 24z
Fi(z) = 2F1< 19 ] >v
1i9g
24+ 2\27" %,% 242
F2(Z) - ( 4 > 2F < +25 bl 4 .

This is the exact solution (2.71) of [1].

5.6. Solutions of (1) with
c(x) = (x? + 1)e?martan (hore m € R)

In the special case of m = 0, the reduced equation
given in (19) becomes

d%p

dze
Solutions of which are given by the second assertion of
Lemma 5.1

n
z) = E cpz "
k=1

Thus, invariant solutions of (1) with c¢(z) = 22 + 1
corresponding to Uy are

u(z,t) = \/me% arctan ©
k=1
By taking a = 1 in (52), we get
U(Jj, t) =cC \/3327—’—1625 arctanx+(4s’-’+1)t'

If we set @« = 2 in (52), then we get the following
solution by virtue of (4.2.2) of [20]

= (45> + ).

Eojpya—r ((4s® +1)2%).

Eojta—r (48 + 1)t%) . (52)

u(x,t) — (Z,Q 4 1)e2sarctanz
~ 2 ~ _ 2
% (616\/45 T4 e Vs +1t) :
_ c1 c2 _ c1 c2 :
where ¢, = + %, C=— 2\/erz.Thls

2v/4s2+1
is the exact solutlon (2.89) of [1].
If m # 0, then the discriminant of (19) is less than
zero and we cannot apply the lemmas to give a solution.

(1—zx)™+1

5.7. Solutions of (1) with c(x) = (Faym=T

(here m € Rand m # +1)

1. If m # 0, we have the following solutions of (20)

LZ(;Q (1,a)

(1) (G 1)

p(z) = c1HYy
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for 0 < o < 2 and

n
o(z) = Z cpz®k
k=1

k k
2 (3_571)7((]_571)’(151)
X 3Wy {16m z (I ta—ka)
for o > 2, where B =1+ 22;1, C=1+ 22;1. Then,

when 0 < x fl 1, the invariant solutions of (1) with
c(z) = A=2)" 7m0, corresponding to Uy are for

(Ifz)m™—11
I<a<?2
u(z,t) = a1V 1 —a2g(z)°
1 (1,a)
H270 9
e {16m2g(:ﬂ>2mt“ (351, (3551 ]
(53)
and for o > 2
n 1 k
u(z,t) =1 - x2g(x)5+2mt°‘ Ck <m>
kZ:l glx) st
16m?*t* | (B—£.1),(C—%£,1),(1,1
X3\Ijl 7_2 ( @ ) ( a ) ( )
g(l’) m (1+a—k‘,0é>
54

where g(z) = % By setting @ = 1 in (53), we get

u(z,t) =1V 1 —a?g(x)®

1
1720
X2 [ 16m2g(xz)?™t

(1,1)
(1) (Bh 1)

4m 4m

(55)
If we take s = 2m — £ and s = 2m + % in (55), by

(1.125) of [17], it becomes, respectively,

u(z,t) = 61(4m)i72(1 — x)tﬁfl
y 1 /1+2\*™1
exp| ——— | —— —
P\TTem2 \1=2) 1

w(z,t) = c1(4m)”w 2(1 + a)t"zm !

y 1 1+2\*™1
e ——— | — - ].
Pl o2 \1-2) 1

If we take o = 2 in (54), by (44), (45), (47) and (48),
it becomes

) =en/T=? (5 x)F ((3 "T)mt)

and

1+ 1+
1—%‘ S 1_m m
con/ 1 — 22 F: t
V=2 (i53) »((153) 1)
where
- ﬁF(le)F(ng) c1 + 2¢o
Cl =
! 22(wi+w2) T (w1 +ws + 1)

I‘(%—wl —wg) (c1 — 2¢9)
F(W17WQ+%)F(WQ7W1+%)

)

1
Co = —2’2(“1+“’2)\/77F <w1 + wo — 2) (61—202),

2w1, 2w 1+ 2mz
Fi(:) = 1 21;2),

F
2 1<w1+wQ—|—2

14 2mz 3w
- (2229

W —ws 4+ 2wy —wi+ 1 1+2mz
><2F1< Q—izl—le Z;T )

2
2s+1 d 2s —1
frnd an = .
“I= " “2T Tm

This is the exact solution (2.104) of [1].

2. If m = 0, then the reduced equation (20) becomes
d*p
dz®

Solutions of which are given by the second assertion of
Lemma 5.1

n
p(z) = Z k2 " Ea1ra—k ((4s* — 1)z).
k=1

= (45% — 1)¢p.

Thus, for 0 < = < 1, invariant solutions of (1) with
c(r) =1 — 22 corresponding to U;3 are

u(z, t) = \/ﬁ(lx)st“

1+

1
X Z th*kEa,lJrafk ((4s*> = 1)t™). (56)
k=1

If we take o =1 in (56), we get

u(z,t) =11 — 22 <1 — x) eWs* =1t

1+
If o = 2 and 452 — 1 > 0, then (56) becomes

1—z\° c1 Co

) =/1— 22 L 42
wz,1) v <1+x> [(2\/432—1+ 2)
XeMt_< ¢ C2)e_¢mt]

2v/4s%2 -1 2
by virtue of (4.2.2) of Ref. [20]. This is the exact
solution (2.107) of [1].

5.8. Solutions of (1) with c(x) = x2e=

We can give solutions to (18) by fifth and sixth
assertions of Lemma 5.1

p(2) = e Hg [4\ (;Sl%ﬂ) }

(I—Egps1),(1-k451),(1,1)
(1+a—ka)




for o > 2. Then invariant solutions of (1) with ¢(z) =

22ew corresponding to U4 are for 0 < o < 2

(L)

<;n«;nlﬂ

s 1
u(z,t) = clerHi’g {46%'1

and for o > 2

u(z,t) =

—k
(1)
k=1

<B—swa—wmeny

gO{
X3W1P”t (I+a—ka)

(58)

where B =1+ 3. If we take o = 1, s = 2 in (57), by
(1.125) of Ref. [17], we get

1
u(zx,t) = Z—lel exp (—4€it1>.

When a = 2 in (58), by (44), (45), (47) and (48), the
solution (58) becomes

u(z,t) = ¢rzes Fy (e%t) + Comes Iy (e%t> ,

where
5 = VTL(8)? | 1+ ez T (3—5)(c1 —c2)
! 221 T (% +5) ™ ’
1
Gy = —21725 /7T (2 + 5) (1 —c2),
s, 1+z
Fl(Z)—2F1( %—l—s’ 9 )7

1
z+1\27° 11l 142
2

This is the exact solution (2.116) of [1].

Remark. From the invariant solutions that we obtained,
we can see the following equivalent relationships:

1) If we introduce a new unknown function v = %u

and a new independent variable y = %, then
u(x,t) solves gt—nu = 2?™u,, if and only

if v(y,t) solves J=v = y>@=™y, . In other

words, the equation (1) with c¢(z) = 2™ is
equivalent to the equation (1) with ¢(z) = z2~™.
2) By introducing v = 1+ru and y = 2#7
we can see that wu(z,t) solves gt—au =
_)2(m+1) . .
Mf(:)um if and only if v(y,t) solves
gt” v= yz(mH)U
3) Again by 1ntr0du01ng v = *’U andy = —= fln4

o

u(z,t) solves Z-u = :c4eLum if and only if

v(y,t) solves atav = e Yuy,.
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6. CONCLUSION

We have studied a class of linear diffusion-wave
equations with variable coefficients via Lie symmetry
analysis. The group invariant classifications of the equa-
tions under study have been systemically done and exact
invariant solutions that correspond to each symmetry in
the optimal systems of infinitesimal symmetries have
been derived. We obtain the invariant solutions explicitly
in means of the special functions. The invariant solutions
can be considered as generalizations of the well-known
solutions of corresponding diffusion and wave equations
in means of order of time differentiation. We have also
done analysis revealing some equivalent relationships
between the solutions obtained. Interested readers may
continue doing analysis on the given solutions, such as
plotting graphs of the solutions.

In the Lie symmetry analysis, the fractional differen-
tial operator under consideration is global in means of
the order of the derivative. So, the Lie transformations
of fractional differential equations were obtained fewer
than the corresponding transformations, which were
obtained in G. Bluman, S. Kumei [1]. As a result,
the reduced equations were fewer than those of wave
equations. On the other hand, when it comes to give
solutions to reduced equations, the fractional differential
equations are more complicated than the corresponding
wave equations. For example, the reduced equations of
wave equations have solutions expressed in terms of
hypergeometric functions. In our case, we give solutions
of reduced equations in terms of generalized Wright
functions and Fox H-functions, which can be considered
as generalizations of hypergeometric functions.
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