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ABSTRACT
This study introduces an efficient and highly accurate quintic B-spline method for solving Lane-Emden type equations which
represent many scientific phenomena in astrophysics and mathematical physics. The main advantage of the obtained quintic spline
is that it approximates not only a solution of the equation, but also the derivatives of solution with high accuracy. The method is
applied on several test problems and the numerical results are compared with some results in the literature. Moreover, the results of
numerical experiment show the efficiency of the method computationally.

Keywords: Quintic B-spline, Multi-point finite-difference scheme, Singular boundary value problem, Solving
nonlinear systems.

1. INTRODUCTION
Several problems in theoretical physics and astro-

physics can be modeled by Lane-Emden type equations

u′′ +
α

x
u′ + f(u) = 0, α > 0, x > 0, (1)

where f(u) is nonlinear function. Equation (1) is singu-
lar at x = 0 and we consider equation (1) subject to the
following boundary conditions

u′(0) = 0, a1u(1) + b1u
′(1) = c1, (2)

where a1, b1 and c1 are real constants. The singular
boundary value problem (1) and (2) describes a variety
of phenomena in physics and astrophysics and chemistry
such as the problem of stellar structure, the thermal
behavior of a spherical cloud of gas, isothermal gas
spheres. The equation (1) also appears in other context,
for example, radiative cooling, in the modelling of
clusters of galaxies, see [1], [2], [3], [4], [5], [6], [7],
[8], [9] and references therein.

In general, equation (1) must be solved numerically.
Currently, most techniques in use for equation (1) are
based either series solution or perturbation techniques.
But in these cases, to increase the accuracy we needed
to compute more number of term which is otherwise
difficult. Various other non-perturbation approximate

analytical methods like Adomian decomposition method
(ADM), variational iteration method (VIM), homotopy
analysis method (HAM) applied to get the solution of
equation (1). For equation (1) involving nonlinear term
likes exp(u) and sin(u), these methods also have some
difficult [4], [5] and are valid for a restricted region.

Note that several authors used finite difference meth-
ods (FDM), B-spline, and Hermite spline methods [2],
[3], [6], [7], [9] for solving equation (1). When α = 2
and f(u) = um the equation (1) is called the Lane-
Emden equations of the first kind and becomes as

u′′ +
2

x
u′ + um = 0, m ≥ 0, x > 0, (3)

that used to model the thermal behaviour of a spherical
cloud of gas. The physical interesting range of index m
is 0 ≤ m ≤ 5. Only for m = 0, 1 and 5, the solution of
equation (3) can be given in closed form as

u = 1− x2

6
, u =

sinx

x
, u =

(
1 +

x2

3

)− 1
2

, (4)

respectively. In other cases, there is not any analytic
solution. The first zero of u(x) gives the radius of the
star, so u(x) must be computed up to this zero. (The
formal solution may have additional zeros at larger value
of x but x > R is not relevant for stellar models).
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Some authors were found the zero R for different m.
We present it in Table 1. For solution of (3) often used
besides of (2) condition

u(0) = 1. (5)

The condition (2), (5) used as initial conditions for equa-
tion (3). In some cases may be useful an approximate
formula

u(x) = 1− x2

3!
+

m

5!
x4 − m(8m− 5)

3 · 7!
x6

+
m(122m2 − 183m+ 70)

9 · 9!
x8

− a10
10!

x8 + . . .

(6)

in the small vicinity of singular point x = 0. Besides
initial value problem, it is often posted boundary values
for equation (3) on the interval [0, L]. In particular, L
may be chosen as R in Table 1, i.e., boundary conditions
for equation (3) are

u(0) = 1, u(L) = 0. (7)

When α = 2 and f(u) = eu the equation (1) is
called the Lane-Emden equations of the second kind and
becomes as

u′′ +
2

x
u′ + eu = 0. (8)

Equation (8) arises in the study of density distribution
in an isothermal gas sphere.

In [12] we proposed the higher accurate multi-point
finite-difference scheme for solving two-point boundary
value problems and used for numerical solution of the
Bratu’s problem. It turns out to be also applicable for
Lane-Emden type problem (1), (2). The aim of this paper
is to apply the proposed method in [12] to problem
(1), (2). The paper is composed of four sections. In
Sec. 2, we obtain the nonlinear systems of equations
for the nonlinear systems of equations for Lane-Emden
equation. Furthermore, background on multi-point finite-
difference scheme is provided. In Sec. 3, we obtain
the quintic spline approximating the solution of Lane-
Emden equation. Numerical simulations confirming the
result of theoretical are provided in Sec 4. We conclude
in Sec 5.

2. THE NONLINEAR SYSTEMS OF
EQUATIONS FOR LANE-EMDEN
EQUATION

The sixth order multi-point finite-difference scheme
[12] for two point BVP

u′′ = f(x, u), (9)

reads as
(ui−2 + ui+2) + b(ui−1 + ui+1) + cui

+ h2[d(f(xi−2, ui−2) + f(xi+2, ui+2))

+ θ(f(xi−1, ui−1) + f(xi+1, ui+1))

+ ηf(xi, ui)] = 0, i = 2(1)N − 2,

(xi = ih, i = 0(1)N, h =
1

N
),

(10)

where

b = 16 + 240d, c = −34− 480d,

θ = −8

3
(1 + 9d), η = −44

3
− 194d.

In order to use the finite difference scheme (10) we
need to transform equation (1) to form (9) that does
not contain first order derivative. In fact, using the
transformation of the dependent variable

u =
z√
xα

, (11)

in (1) we obtain

z′′ +
α(2− α)

4x2
z +

√
xαf

(
z√
xα

)
= 0. (12)

The boundary conditions (2) converted to

z(0) = 0,
(
a1 −

α

2
b1

)
z(1) + b1z

′(1) = c1. (13)

By using L’Hopital’s rule in (12) at the singular point
x = 0, we obtain

z′(0) = z′′(0) = 0, when α ̸= 2, (14)

that may be used in sequel. For (12) is applicable the
scheme (10) and it has a form(

1− h2dβ

4x2
i−2

)
zi−2 +

(
1− h2dβ

4x2
i+2

)
zi+2

+
(
b− θh2β

4x2
i−1

)
zi−1 +

(
b− θh2β

4x2
i+1

)
zi+1

+
(
c− ηh2β

4x2
i

)
zi − h2d

(√
xα
i−2f

( zi−2√
xα
i−2

)
+
√

xα
i+2f

( zi+2√
xα
i+2

))

− h2θ

(√
xα
i−1f

( zi−1√
xα
i−1

)
+
√

xα
i+1f

( zi+1√
xα
i+1

))
− h2η

√
xα
i f
( zi√

xα
i

)
= 0,

i = 2(1)N − 2, β = α(2− α).

(15)

When α = 2 the equation (15) has a simple form

zi−2 + zi+2 + b(zi−1 + zi+1) + czi

− h2

(
d
(
xi−2f

( zi−2

xi−2

)
+ xi+2f

( zi+2

xi+2

))
+ θ
(
xi−1f

( zi−1

xi−1

)
+ xi+1f

( zi+1

xi+1

))
+ ηxif

( zi
xi

))
= 0, i = 2(1)N − 2.

(16)
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Table 1.

m 0 1 2 3 4 5

R
√
6 π 4.35287460 6.89684862 14.9715463 ∞

Besides of (13) additional boundary equations [12] look
like:

3∑
k=0

akzk − h2
5∑

k=0

bk

( β

4x2
k

zk

+
√
xα
kf
( zk√

xα
k

))
= 0, (17a)

3∑
k=0

ãkzN−k − h2
5∑

k=0

b̃k

( β

4x2
N−k

zk

+
√
xα
N−kf

( zN−k√
xα
N−k

))
= 0, (17b)

where a0 = −4, a1 = 7, a2 = −2, a3 = −3, b0 = 71
240 ,

b1 = 43
12 , b2 = 7

8 , b3 = 1
3 , b4 = − 5

48 , b5 = 1
60 .

Analogously, the coefficients ãk, b̃k are determined
in the same way as (17a). The equations (15), (13)
and (17a) , (17b) provide a nonlinear system (N + 1)
equations with (N + 1) unknowns z0, z1, . . . , zN . This
system can be solved for the unknown vector z =
(z0, z1, . . . , zN )T by using any non-linear solver, like
Newton’s method.

It should be noted that when b1 ̸= 0, z′(1) in
(13) can be approximated by linear combination of zi,
i = N,N − 1, . . . , with accuracy O(h6). If b1 ̸= 0 and(
a1 − α

2 b1
)
̸= 0 in (13), we need two additional equa-

tions. Using the Taylor expansion in the neighborhood
of x = x1, we get the following equation

z1 − 2z2 + z3 + h2
(
− 1

15
z′′1 − 131

144
z′′2 +

1

18
z′′3

− 1

8
z′′4 +

1

18
z′′5 − 7

720
z′′6

)
= 0.

Likewise, for x = xN−1 one more can be provided in
the same fashion.

3. APPROXIMATION OF SOLUTION OF
LANE-EMDEN EQUATIONS BY QUINTIC
SPLINE

The consistency relation for Mi = S′′(xi) of quintic
spline interpolating smooth function z(x) is [7]

Mi−2 + 26Mi−1 + 66Mi + 26Mi+1 +Mi+2 =

20

h2
[zi−2 + 2zi−1 − 6zi + 2zi+1 + zi+2] ,

i = 2(1)N − 2, zi = z(xi).

(18)

For Mi, we have

Mi = z′′i +
h4

720
z
(6)
i +O(h6), i = 0(1)N. (19)

For smooth function z(x) hold the following relations

z′′i−2 + 26z′′i−1 + 66z′′i + 26z′′i+1 + z′′i+2 = 120z′′i

+ 30h2z
(4)
i +

7

2
h4z

(6)
i +O(h6),

(20)

z
(6)
i−2 + 26z

(6)
i−1 + 66z

(6)
i + 26z

(6)
i+1 + z

(6)
i+2 =

120z
(6)
i +O(h2),

(21)

z
(4)
i =

1

12h2
(−z′′i−2 + 16z′′i−1 − 30z′′i

+ 16z′′i+1 − z′′i+2) +O(h4),
(22)

z
(6)
i =

1

h4
(z′′i−2 − 4z′′i−1 + 6z′′i

− 4z′′i+1 + z′′i+2) +O(h2).
(23)

Substituting (19) into (18) and using the relations (20),
(21), (22) and (23) we get

zi−2 + 2zi − 6zi−1 + 2zi+1 + zi+2 =

h2

120

(
7z′′i−2 + 152z′′i−1 + 402z′′i

+ 152z′′i+1 + 7z′′i+2

)
+O(h8).

(24)

Substituting (12) into (24) and ignoring O(h8) term we
obtain (

1 +
7h2β

120 · 4x2
i−2

)
zi−2

+
(
1 +

7h2β

120 · 4x2
i+2

)
zi+2

+
(
2 +

152h2β

120 · 4x2
i−1

)
zi−1

+
(
2 +

152h2β

120 · 4x2
i+1

)
zi+1

+
(
− 6 +

402h2β

120 · 4x2
i

)
zi

+
7h2

120

(√
xα
i−2f

( zi−2√
xα
i−2

)
+
√

xα
i+2f

( zi+2√
xα
i+2

))
+

152h2

120

(√
xα
i−1f

( zi−1√
xα
i−1

)
+
√
xα
i+1f

( zi+1√
xα
i+1

))
+

402h2

120

√
xα
i f
( zi√

xα
i

)
= 0,

i = 2(1)N − 2.

(25)

When d = − 7

120
, b = 2, c = −6, θ = −152

120
,

η = −402

120
the equation (15) coincides with (25). This

means that the quintic spline interpolation satisfies the
nonlinear system (15) i.e., in order to find quintic spline
interpolating the solution of equation (12) it suffices
to solve nonlinear systems of equations (15) subject to
appropriate boundary equations.
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Assume that the solution of system (13), (15) is
found by any of iterative method i.e., zi for i =
0, 1, . . . , N are known. Then it is easy to find quintic
spline interpolation S(x)

S(x) =

N+2∑
j=−2

CjBj(x), (26)

such that
Si = zi, i = 0, 1, . . . , N (27)

S′′
i = Ai, i = 1, 2 . . . , N − 2, N − 1, (28)

where

Ai = −α(2− α)

4x2
i

zi −
√
xα
i f
( zi√

xα
i

)
,

i = 1, 2 . . . , N.

(29)

Moreover, it is possible to find quintic spline approxi-
mation to z without solving the linear system (27) and
(28). Indeed, using the following formula [12]

Cj = zj +
h2

30

(
z′′j−1 −

19

2
z′′j + z′′j+1

)
+O(h6), (30)

we obtain

Cj = zj +
h2

30

(
Aj−1 −

19

2
Aj +Aj+1

)
,

j = 1, 2 . . . , N − 1.

(31)

According to (14) and (29) we have A0 = 0. The
remainder coefficients of (26) are determined from (27)
and (28). Since zi are found by system (13) and (15)
with accuracy O(h6) then for (26) hold the following
relations [12], [13]

z
(r)
i − S

(r)
i = O(h6−r), i = 0, 1 . . . , N, r = 0, 1, 2.

(32)
According to (11) approximate solution of the original
Lane-Emden (1) is defined by

ũ =
S√
xα

. (33)

From (11) and (33) we obtain

u− ũ =
u− S√

xα
:

u′ − ũ′ = x
α
2 −1(z′ − S′ − α

2x
(z − S));

u′′ − ũ′′ = (
α

2
− 1)x

α
2 −2(z′ − S′ − α

2x
(z − S))

+ x
α
2 −1

(
z′′ − S′′ − α

2

(z′ − S′)x− (z − S)

x2

)
=x

α
2 −1(z′′ − S′′) +

(
(
α

2
− 1)x

α
2 −2

− α

2
x

α
2 −2

)
(z′ − S′) + x

α
2 −3(z − S).

From these relations, by virtue of (32) we have

u− ũ = O(h6), u′ − ũ′ = O(h5),

u′′ − ũ′′ = O(h4), i = 0, 1 . . . , N.
(34)

It means that the function ũ given by (33) actually is
quintic spline approximation for the solution to (1).

4. NUMERICAL RESULTS
To demonstrate the effectiveness of the presented

algorithms (15), (17) and to test its convergence compu-
tationally, several Lane-Emden type equations are con-
sidered. The maximum absolute errors and the computa-
tional order of convergence obtained using our methods
are tabulated in Tables 2, 3. Additionally, the absolute
errors of the approximate the derivative of solution are
listed in Table 4. The maximum absolute error En is
computed by

En = max
0≤i≤n

|u(xi)− ui|,

where u(xi) and ui denote the exact solution and
approximate solution at the i−th grid point, respectively.
The computational order of convergence is checked
applying the following formula [3]

r̂ =

∣∣∣∣ ln(En)− ln(E2n)

ln(2)

∣∣∣∣ .
All calculations have been performed using MATLAB.
A test examples we consider the following real life
problems [1], [2], [3], [7], [8].

Example 1: As a first example, we consider Lane-
Emden type problem describing the equilibrium of the
isothermal gas sphere [7], [8], [2]:

u′′ +
2

x
u′ + u5 = 0, (35)

subject to the following BC:

u′(0) = 0, u(1) =

√
3

4
.

The exact solution is given by u =

√
3

3 + x2
.

This problem has been solved using the method
(25) with different values of N and the results of the
experiment are tabulated in Table 2. An addition, for
this problem our results are compared with results in
[2], [3], [15] which shown the superiorly of presented
technique.

Example 2: Next, we consider the following BVP

u′′ +
α

x
u′ + λeu = 0, 0 < x < 1 (36)

with boundary conditions

u′(0) = 0, u(1) = 0.

Equation (36) with α = 1 and λ = −1 arises in the
study of thermal explosions. The exact solution is given
by u(x) = 2 ln

(
d+1

dx2+1

)
, where d = −5 + 2

√
6. We

calculate an approximate solution of this problem for
α = 1, λ = −1 and different values of N . The results
of the experiment are also displayed in Table 2.

Example 3: The following two point BVP.

u′′ +
2

x
u′(x)− e−u = 0,

u′(0) = 0, 2u(1) + u′(1) = 0
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which describes the thermal distribution profile in the
human head [1].

Example 4: The next SBVP occurs when studying
radial stress on a rotationally symmetric shallow mem-
brane cap [1]

u′′ +
3

x
u′ =

1

8u2
− 1

2
, 0 < x < 1,

with boundary conditions:

u′(0) = 0, u(1) = 1.

Tables 2, 3 show that the rate of convergence obtained
by our method is compatible with the theoretical results.
Furthermore, the numerical results in the tables demon-
strate that the convergence order of the method (15) is
six.

From Table 4, we also show that our method (15)
approximates not only the solution of Lane-Emden type
equations but also approximate the u

(r)
j derivative of

solution with accuracy O(h6−r) for r = 1, 2, 3, 4.
Table 5 shows the comparison of the absolute error

obtained by the quintic spline method (15) and the
methods in [2], [3], [15]. In particular, it gives similar
results to the method in [3] and better results than
the methods given [2] and [15]. Finally, numerical
experiments have shown that the introduced method is
applicable and approximate the solution very well for
Lane-Emden problem.

Table 2. Maximum absolute errors of method
(15)

Example 1 Example 2
N Error Order Error Order

10 8.08e-09 - 2.61e-09 -

20 9.02e-10 3.16 3.27e-11 6.31

40 5.42e-11 4.05 3.42e-13 6.57

80 9.22e-13 5.87 4.62e-15 6.20

Table 3. Maximum absolute errors of method
(15)

Example 3 Example 4
N Error Order Error Order

10 3.13e-07 - 4.21e-09 -

20 3.36e-09 6.54 2.98e-11 7.14

40 4.52e-11 6.21 3.37e-13 6.46

80 8.98e-13 5.65 6.98e-15 6.00

5. CONCLUSIONS
We propose new nonlinear multi-point finite-

difference scheme for Lane-Emden type equations. Solv-
ing the obtained nonlinear system, we actually construct
the quintic B-spline approximation for the solution of
Lane-Emden equation. As a consequence, our method

Table 4. Error for derivative of solution

N Error r̂ Error r̂

Example 1 Example 2
10 3.21e-06 - 2.21e-0.4 -

∥S′
j − u′

j∥ 20 1.32e-07 4.6 9.86e-06 4.4

40 3.70e-08 5.1 2.92e-07 5.0

10 3.21e-05 - 9.11e-04 -

∥S′′
j − u′′

j ∥ 20 2.86e-06 3.4 8.16e-05 3.4

40 2.22e-07 3.7 5.20e-06 3.9

10 3.21e-03 - 7.21e-02 -

∥S′′′
j − u′′′

j ∥ 20 7.16e-04 2.1 1.96e-02 2.0

40 8.72e-05 3.3 2.35e-03 2.9

10 4.33e-02 - 1.21e-01 -

∥S(4)
j − u

(4)
j ∥ 20 6.96e-03 2.6 1.11e-01 1.0

40 1.95e-03 1.8 4.95e-02 1.6

Table 5. Maximum absolute errors of Example 1

Method (15) Method [3] Method [2] Method [15]
N Error Error Error Error

8 3.22e-08 5.33e-08 · · · · · ·
16 2.57e-09 1.59e-09 7.34e-08 2.43e-07

32 3.53e-11 2.67e-11 4.54e-09 2.59e-08

64 5.48e-13 4.08e-13 2.83e-10 1.80e-09

approximates not only the solution of the equation but
also approximate the derivatives of the solution with
higher accuracy. To illustrate the high efficiency and ac-
curacy of proposed algorithm, the numerical experiments
are carried out on some real-life problems. A comparison
of the proposed method with other methods was made.
Numerical outcomes show that our algorithm is very
promising and can be applied accurately and efficiently
to solve a similar class of two-point BVPs.
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