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Abstract. The strength characteristics of red clay are more complicated than or-

dinary clay, which directly affects the stability of infrastructure related to red 

clay. This paper proposes a novel relationship between the shear strength and 

void ratio of red clay using the existing fractal model to obtain its shear strength 

more effectively and practically in actual engineering. Through the cooperative 

analysis of fractal theory and physical properties analysis, the void ratio and shear 

strength of red clay can be quantitatively described using the fractal dimension. 

The accuracy of the relationship proposed based on the fractal model is verified 

by the shear strength of red clay at three stress levels obtained by direct shear 

tests in the laboratory. As well as proving that the proposed relationship has a 

good application effect on red clay, the shear test results also show that there is a 

positive correlation between the shear strength of the remoulded red clay samples 

and the particle size and the applied normal stress. The research methods and 

results provide a possible reference and theoretical basis for the application of 

fractal model to study the mechanical properties of red clay or other types of soil. 

Keywords: fractal model; red clay; shear strength; fractal theory; void ratio. 

1 Introduction 

Red clay, a type of clay with a high liquid limit, is a common soil in south and southwest 

China, such as Yunnan and Hubei. With the continuous development of China’s econ-

omy and society, the traffic construction in the red clay region shows a dynamic devel-

opment [1]. However, red clay has special physical and mechanical properties, which 

can easily cause roadbed diseases, landslides, and other disasters, seriously affecting 

the life safety and economic losses of surrounding people [2]. In China, due to red clay 

slopes and foundations, massive shear failures have occurred in infrastructure [3]. If the 

foundation soil slippage or partial shear failure extension causes the foundation defor-

mation, the superstructure can’t be used normally. The stability of soil around soil 

slope, retaining wall, and underground structure is affected by soil strength. Therefore, 

it is very realistic and meaningful to have a clear understanding of the shear strength of 

red clay. 
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Over the past few decades, many studies have been made on the shear strength of 

red clay. From the existing literature, it is found that most studies have always explored 

the shear strength of red clay using the direct shear test [4]. With the development of 

computer technology and scanning technology, fractal theory has been applied more 

and more widely. It has also received extensive attention in soil science research 

[5][6][7]. However, the application of fractal theory in the research of soil mechanical 

properties is very few. In addition, although the laboratory direct shear test is highly 

accurate in determining the shear strength of clay, it is difficult to apply to the analysis 

of large-volume clay samples because of the high time and economic cost of the test, 

having poor practical application. Therefore, it is necessary to use the fractal model to 

predict the shear strength of red clay, which is not only economical and practical, but 

also has a good application effect. For this reason, this study analyses the shear strength 

of red clay using the fractal theory, expanding the application range of the fractal model. 

With the overall aim of proposing a relationship between the shear strength and void 

ratio of red clay, this study first theoretically analyses the commonly used equations for 

calculating the shear strength and the fractal characteristics of clay. Then, by modifying 

the existing fractal model of porous media in rocks and soils, a novel fractal model is 

proposed to correlate the shear strength of red clay with the void ratio. Based on the 

results of laboratory tests, the proposed fractal model is verified, and the influence of 

red clay structure on its mechanical properties is further considered to clarify the rela-

tionship between them. The overall idea of the study is illustrated in Figure 1. 

 

Fig. 1. The general framework of this study 

2 Shear strength determination based on fractal model 

2.1 Fractal theory 

Compared with traditional mathematical and geometric methods, fractal theory is a the-

oretical method that can ignore the scale of the research object and explain objects with 

obvious irregularities [8]. Self-similarity and scale invariance are the two most im-

portant properties in fractal theory [9]. Self-similarity mainly means that a part of an 

object can be amplified by a certain factor to characterize its overall attributes [10]. 

Scale invariance means that no matter how the measurement scale changes, the unique 
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physical characteristics of the structure, shape, and irregularity of the object will not 

change [11]. Commonly used fractal dimensions in previous studies include 

Hausdorff’s fractal dimension, box dimension, and capacity dimension [12][13]. 

2.2 Shear strength analysis based on fractal model 

Since the shear strength is affected by the void ratio, there should be a relationship 

between the void ratio and the shear strength. In this study, the existing fractal model 

of soil proposed by Tyler et al. [14] was used to explore the relationship model between 

the void ratio and the shear strength of red clay through theoretical analysis and calcu-

lation. However, since this model is only suitable for sandy soil, the Sierpinski gasket 

and Menger sponge models [15] are introduced to adjust the model to be applicable to 

red clay. The soil fractal model proposed by Tyler et al. [14] is as follows: 

 𝑀(𝑙 ≥ 𝐿) = 𝜌𝑃𝐶𝑚 [1 − (
𝐿

𝜆𝑛
)
3−𝐷

] (1) 

 𝑀 = 𝑀(𝑙 ≥ 0) = 𝜌𝑃𝐶𝑚 [1 − (
𝐿

𝜆𝑛
)
3−𝐷

] = 𝜌𝑃𝐶𝑚 (2) 

where M represents the cumulative mass distribution; 𝑀(𝑙 ≥ 𝐿) represents the total 

mass of soil particles with a particle size greater than L. 𝜆𝑛 and 𝐶𝑚 represents the cal-

culation scale of soil particles and a constant related to particle shape, respectively. M 

represents the total mass of soil. 𝜌𝑃 represents the particle density. The maximum sieve 

opening of soil particles is set to 𝐿𝑚𝑎𝑥. Assuming 𝑙 = 𝐿𝑚𝑎𝑥 , the following equation can 

be obtained. 

 𝑀(𝑙 ≥ 𝐿) = 𝑀(𝑙 ≥ 𝐿𝑚𝑎𝑥) = 0 (3) 

Equation (4) is calculated by dividing Equation (1) by Equation (2), as shown below: 

 
𝑀(𝑙≥𝐿)

𝑀
= (

𝐿

𝐿𝑚
)
3−𝐷

 (4) 

Then, we can obtain Equation (5): 

 𝑙𝑔
𝑀(𝑙≥𝐿)

𝑀
= (3 − 𝐷) 𝑙𝑔

𝐿

𝐿𝑚
 (5) 

Since the existing studies have demonstated that the pore-size distribution of red clay 

shows obvious self-similarity [16][17], the fractal theory are used to calculate the pore-

size distribution of red clay here. First, the initial element shape is set to a cube with a 

side length of L. In the first iteration, the element shape can be divided into 𝑛3 small 

cubes, and the side length of each small cube is 𝐿/𝑛. In the case of randomly removing 

𝑚 small cubes, 𝑛3 −𝑚 cubes are kept. Then, the void ratio of red clay can be derived 

as follows. 

 𝑒 = 1 − (
𝑛3−𝑚

𝑛3
) (6) 
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According to Equation (7) proposed by Tyler et al. [14], the functional relationship 

between fractal dimension D and void ratio e can be expressed by Equation (8). 

 𝐷 =
𝑙𝑔(𝑛3−𝑚)

𝑙𝑔(𝑛)
 (7) 

 𝑒 = 1 − (𝑛𝐷−3)𝑖 (8) 

In this study, the side length of the initial cube is set to L=1, and then the Equation 

(9) can be obtained. Therefore, the void ratio is converted Equation (10). 

 𝑖 =
𝑙𝑔(𝑙/𝑟)

𝑙𝑔(𝑛)
 (9) 

 𝑒 = 1 − (𝑛𝐷−3)
𝑙𝑔(𝑙/𝑟)

𝑙𝑔(𝑛)  (10) 

On the premise of a certain measurement scale, the void ratio can be obtained from 

the fractal dimension of red clay. 

The shear strength of soil can be determined by the following equation (Mitchell and 

Soga [18]) 

 𝜏 = 𝜇𝜎𝑛 (11) 

𝜎𝑛 is the normal principal stress, 𝜏 is the generalized shear stress, and 𝜇 is the fric-

tion coefficient. As suggested by Mitchell and Soga [18], 𝐾0, the coefficient of lateral 

earth pressure, can be written as below. 

 𝐾0 = 1 − 𝑠𝑖𝑛 𝜑 (12) 

where 𝜑 represents the internal friction angle. According to Mitchell and Soga [18], 

at the critical state, there is a relationship between 𝜏 and 𝜎𝑛 as follows. 

 𝜏𝑓 =
𝜇𝜎𝑛

3𝑐𝑜𝑠 𝜑

3−𝑠𝑖𝑛2 𝜑

√3+𝑠𝑖𝑛2𝜑
 (13) 

According to the Sierpinski gasket and Menger sponge models [15], as shown in 

Figure 2, where black corresponds to soil particles, and white corresponds to the pores 

inside the soil, the soil fractal model proposed by Tyler et al. [14] is optimized. In Fig-

ure 2, L represents the size of the particle size, and L2 represents the overall size of the 

observation (i.e, the total lateral length). According to fractal theory, the corresponding 

number of pore networks is calculated as the following equation. 

 𝑁(𝐿) = 𝐶 × 𝐿−𝐷 (14) 

where 𝐶 is a random constant. Then, the porosity 𝑃 can be calculated as follows: 

 𝑃 =
𝐶×𝐿2−𝐷

𝐿2
2 = 𝐶 × 𝐿2

−𝐷(
𝐿

𝐿2
)2−𝐷 (15) 
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(a) (b)  

Fig. 2. Sierpinski gasket model (Tyler et al. [14]) 

In practical applications, L is considered as the particle size or the smallest particle 

size when the total porosity is calculated. From Figure 2, when observation is made 

using the observation scale L, only particles with a particle size greater than or equal to 

L can be detected, and the area must be the total area minus the corresponding pore 

area, as shown in Equation (16). 

 𝐴( ≥ 𝐿) = 𝐴𝑎(1 − 𝑃) (16) 

where 𝐴( ≥ 𝐿) represents the total area of particles with a particle size of L or 

greater, and 𝐴𝑎 is the total area of soil within the observation range. Substituting Equa-

tion (15) into Equation (16), we can get the equation below. 

 𝐴( ≥ 𝐿) = 𝐴𝑎[1 − (
𝐿

𝐿2
)2−𝐷] (17) 

The same method in the three-dimensional space based on the Menger sponge model 

[15] is adopted to caculate the volume of soil particles, as shown below. 

 𝑉(≥ 𝐿) = 𝑉𝑎[1 − (
𝐿

𝐿2
)3−𝐷] (18) 

It is assumed that the scale of observation is granularity R, then Equation (18) can 

be changed into Equation (19): 

 𝑉(≥ 𝑅) = 𝑉𝑎[1 − (
𝑅

𝐿2
)3−𝐷] (19) 

where 𝑉(≥ 𝑅) is the total volume of particles with a particle size of R or larger. 𝑉𝑎 

is the total volume of soil within the considered range. Equation (19) is completely 

consistent with the Equation (4) proposed by Tyler et al. [14], indicating that Equation 

(19) can be used as the fractal model of soil particle volume for red clay. 

Combining the results of the above equations, the relationship between the shear 

strength and the void ratio is obtained, as shown in Equation (20). 
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 𝜏𝑓 =
𝜇 𝑒𝑥𝑝

1+(𝑛𝐷−3)

𝑙𝑔(𝑙/𝑟)
𝑙𝑔(𝑛)

𝜆

3 𝑐𝑜𝑠 𝜑

3−𝑠𝑖𝑛2𝜑

√3+𝑠𝑖𝑛2 𝜑
 (20) 

where 𝜆 is the slope of the normal consolidation line. 

3 Materials and laboratory experiments 

3.1 Source of red clay 

The red clay investigated in the present study comes from a construction site in Gui-

yang, China. The red clay, which is reddish-brown, is collected by drilling at depths of 

1-3m below the surface. After sampling, soil samples are first removed from impurities 

such as branches, leaves, and plant roots, then wrapped in cling film and taken back to 

a laboratory for testing. Before the test, the collected undisturbed red clay samples are 

dried, crushed, and screened. 

3.2 Physical properties tests and direct shear tests 

The reclaimed foundation soil was dried, crushed, and screened (2mm) in accordance 

with the Soil Testing Procedures (SL237-1999). After using a 0.2 mm fine sieve to 

screen the soil, the resulting red clay samples were then used for laboratory experi-

ments. The test instruments used here are given in Table 1. The natural water content 

of red clay was obtained by drying it in an oven. The specific gravity of red clay was 

measured using the pycnometer method. The liquid limit and plastic limit of red clay 

were determined by the standard Casagrande method and the manual thread-rolling 

method, respectively. According to the ASTM D 3080, the standard consolidation fast 

direct shear tests were performed on remoulded red clay at a constant shear rate under 

three different consolidation pressures of 100, 200, and 300 kPa. 

Table 1. Experimental instruments 

Instrument Model number 

Drying oven RMT-101 

Electric Quadruple Equal Strain Direct Shear Apparatus SDJ-1 

Single lever consolidation instrument WG 

Vibrating machine RX-29-10 

Electric relative density meter A025 
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4 Results and discussion 

4.1 Physical properties analysis 

The results of wet density tests suggest that the wet density of the red clay used in this 

study is always maintained at 1.76-1.81g/cm3. According to the average wet density of 

the soil in six experiments, the average dry density is 1.32 g/cm3. The water content of 

the red clay used in this study is found to be in the range of 35.1%-36.4%. Therefore, 

we chose the value of 35.7% for further analysis. The specific gravity tests reveal that 

the final specific gravity of red clay is 2.71, obtained by taking the mean of 6 sets of 

parallel experiments. For red clay, the natural water content is 35.7%, the liquid limit 

is 71.26, the plastic limit is 41.35, and the plasticity index and liquidity index are 41.35 

and 29.91, respectively, indicating that the red clay investigated in this study is a type 

of highly plastic clay. Table 2 summarises the obtained data mentioned above. 

Table 2. Physical and mechanical properties of red clay. 

Project Numerical value 

Dry density (g/cm3) 1.32 

Nature water content (%) 35.7 

Liquid limit (%) 71.26 

Plastic limit (%) 41.35 

Void ratio (e) 1.07 

specific gravity (Gs) 2.71 

4.2 Fractal dimension characteristics  

Figure 3 shows the prediction results of the particle size and porosity of red clay (Figure 

3(a)) and the fractal dimension of red clay particles and pores under different dry den-

sities (Figure 3b). The initial dry density of soil is different, and the fractal dimension 

of particle distribution is different. As the dry density of the soil increases, the fractal 

dimension of the particles gradually increases. According to the particle packing theory, 

if the particle distribution is more uniform, the content of secondary particles is too low 

to effectively fill the pores, resulting in a decrease in compactness and dry density. The 

greater the unevenness of the particle distribution (the greater the D), the more the sec-

ondary particle size filled between the coarse particles, the higher the density, the higher 

the dry density, and the stronger the strength. The fractal dimension of soil pore distri-

bution decreases with the increase of initial dry density. When the soil pores are more 

uniformly distributed (D is small), it will be easily compressed under the action of ap-

plied stress, and the pores between the soil are continuously connected, bound, and 

compressed, thus increasing the dry density of the soil, and increasing the uneven dis-

tribution of pores. The resistance between the holes against the applied stress increases, 

the expansion speed between the pores slows down, the soil becomes larger, and the 

strength weakens. 
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Fig. 3. Prediction results of void ratio (a is the predicted value of void ratio, and b is the fractal 

dimension of Guiyang red clay in terms of particles and pores under different dry densities.) 

4.3 Adoption effect of fractal model 

To verify the accuracy of the relationship proposed in this study, the calculation results 

based on Equation (20) are compared with the results determined by the actual direct 

shear tests on remoulded red clay, as shown in Figure 4. It is found that the values 

determined by the proposed relationship are consistent with the actual direct shear test 

results, suggesting the effectiveness of the proposed equation based on the fractal model 

proposed in this study. At different stress levels, the minimum difference is 1.41kPa, 

and the maximum difference is 9.25kPa. The average difference between the results of 

indoor direct shear tests and the results of the proposed equation based on the fractal 

model (Equation (20)) is less than 5 kPa, indicating that the relationship proposed based 

on the fractal model in this study can be used to predict the shear strength of red clay 

with a good application effect. Not surprisingly, the calculation results from the pro-

posed model show that there is a positive correlation between the shear strength and the 

applied normal stress, which is consistent with Equation (11) proposed by Mitchell and 

Soga [18]. But it is also interesting to note that for red clay, the shear strength is pro-

portional to the particle size. 
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Fig. 4. Comparison of the values of shear strength determined by the relationship proposed 

based on the fractal model and direct shear testing, where 100kPa, 200kPa, and 300kPa repre-

sent the results of the proposed calculation model, while 100kPa*, 200kPa*, and 300kPa* rep-

resent the results of the actual direct shear test) 

5 Conclusion 

In this study, through the cooperative analysis of model theory, a novel relationship 

between the shear strength and void ratio of red clay was proposed based on the existing 

fractal model. The physical properties of the studied red clay were first analysed 

through laboratory experiments. For red clay, on the premise of a certain measurement 

scale, the void ratio was obtained from the fractal theory, and the shear strength was 

also quantitatively described by the fractal dimension. Then, a series of indoor direct 

shear tests were conducted on the remoulded red clay samples at three stress levels. The 

average difference in the values of shear strength at three different stress levels between 

the actual direct shear test results and the results determined by the proposed relation-

ship using the fractal model was less than 5 kPa, indicating that the novel relationship 

proposed in this study can be used to predict the shear strength of red clay with a good 

application effect. Moreover, the shear test results also suggested that the shear strength 

of remoulded red clay samples is positively correlated with particle size and applied 

normal stress. Compared with traditional laboratory direct shear tests, the novel rela-

tionship proposed in this study based on the fractal model can not only be used for the 

accurate and rapid determination of shear strength of large-volume red clay samples 

but also save time and economic costs, greatly improving the applicability in practical 

engineering. The methods and results of this study also provide a possible reference for 

the application of fractal models in the study of red clay or other types of soils. Note 

that due to the influence of practical factors, this study mainly focuses on a kind of red 

clay and the research scope will be explored further in the follow-up study. 
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