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2.5D analytical study on ground vibration induced by
load moving along a curve
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Abstract. In recent years, ground vibration caused by rail transportation has at-
tracted widespread attention, while researches on trains moving along a curve are
still limited. To deal with this issue, a curved 2.5D finite element/infinite element
approach in the cylindrical coordinate system is proposed to simulate the soil
subjected to the moving load on a curved path. Through comparisons with an
analytical approach, the proposed model is validated. Some interesting dynamic
phenomena of the soil system under the action of curved-path moving load are
also found through numerical analyses.

Keywords: 2.5D approach, Finite/infinite element approach, Ground vibration,
Centrifugal force, Curved path, Moving load.

1 Introduction

Increasing interest is being shown in the investigation of ground vibration caused by
trains for its negative impacts on the surrounding environment of the track, such as
residents' normal lives, the accurate use of precision instruments, and so on [1][2]. Sig-
nificant efforts have been made in the theoretical analysis of ground vibrations over the
past few decades. Analytical or semi-analytical methods for the dynamic responses of
a homogenous half-space or a multi-layered soil subjected to different moving or non-
moving dynamic loads have been presented in previous studies conducted by Lamb [3],
Eason [4], de Barros and Luco [5] and Krylov [6] et al., respectively. However, when-
ever an analytical approach is adopted, assumptions are often made about the geometry
and material properties of the ground considered, since closed-form solutions are diffi-
cult to obtain for most complex situations.

With the rapid development of computer-aided programming, numerical simulation
has been widely applied to research the aforementioned problem. Some scholars, such
as De Barros and Luco [5], Taheri [7], He [8] and Wu [9] adopted two-dimensional
(2D) and three-dimensional (3D) models to simulate the soil under the action of various
forms of loads. However, the 2D model is only suitable for simulating the non-moving
loads, while the 3D model is not computationally efficient. To address this issue, Yang
and Hung [10] proposed the 2.5-dimensional (2.5D) finite/infinite element approach
for simulating train-induced soil vibrations. Assuming that the properties of the half-

© The Author(s) 2024

P. Xiang et al. (eds.), Proceedings of the 2023 5th International Conference on Hydraulic, Civil and Construction
Engineering (HCCE 2023), Atlantis Highlights in Engineering 26,
https://doi.org/10.2991/978-94-6463-398-6_29


http://orcid.org/12. Significant efforts have been made in the theoretical analysis of ground vibrations over the past few decades. Analytical or semi-analytical methods for the dynamic responses of a homogenous half-space or a multi-layered soil subjected to different moving or non-moving dynamic loads have been presented in previous studies conducted by Lamb 3
http://orcid.org/5, Taheri 7, He 8 and Wu 9 adopted two-dimensional (2D) and three-dimensional (3D) models to simulate the soil under the action of various forms of loads. However, the 2D model is only suitable for simulating the non-moving loads, while the 3D model is not computationally efficient. To address this issue, Yang and Hung 10
https://doi.org/10.2991/978-94-6463-398-6_29
http://crossmark.crossref.org/dialog/?doi=10.2991/978-94-6463-398-6_29&domain=pdf

2.5D analytical study on ground vibration induced 293

space are identical in the load moving direction, the 2D model can effectively simulate
the response of the 3D model.

Due to the existing urban layout and various constraints, rail transportation often
includes numerous curved sections. Previous studies have mainly focused on investi-
gating the track response [11][12], while relevant researches on the ground vibration
[13][14] are limited. Besides, apart from the effect of curvature on response, there is
still a lack of research on the impact of centripetal force occurring in the process of
trains moving along a curve.

In this paper, a curved 2.5D finite/infinite element approach is proposed to evaluate
the vibration of soil induced by the moving load. By deriving the motion equation in
the finite element method, the 2.5D finite element/infinite element method in the cylin-
drical coordinate system is summarized. After the validations of the proposed model,
some numerical examples are given to demonstrate the effects of curvature and centrif-
ugal force on the responses.

2 2.5D finite/infinite element approach in cylindrical coordinate
system

2.1  Basic assumptions of the problem

As shown in Figure 1, it is assumed that the load moves at velocity ¢ along a curved
path with a radius R on the surface of a half-space in a cylindrical coordinate system. It
is noted that when the load moves along the curve path, both gravity load T, (vertically
downward) and centrifugal force T, (horizontally outward) should be considered sim-
ultaneously.

T,=mg, T, = (1)

where m is the mass, g is the acceleration of gravity and R is the radius of the curved
path.
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Fig. 1. Load moving along a curve on the surface of a half-space
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Since the Fourier transforms and corresponding inverse transforms are required for
this approach, their definitions in the present paper are given as

F(r,0,z,w) = % [” f(r,6,2,t) exp( — iwt) dt
f(r,0,z,t)=[" f(r,0,zw)exp(iwt) dw 2)

Taking vertical loads as an example, the general form of external vertical loads can
be expressed as

f(r,6,2,t) = (1, 2)$(6 — - )q(t) 3)

where (1, z) represents the distribution function of the moving load on the r-z
plane, ¢ (0 — ct/R) along the f-axis direction and g(t) denotes the dynamic compo-
nent of the load which is set herein as:

q(t) =T exp(iwgt) “4)

where wy, is the self-oscillation frequency of the moving load.
By performing the Fourier transformation with respect to time ¢ to equation (3), the
transformed external load is:

f(r,6,2,0) = LTH(r, 2)§ (k) exp(— ikf) 5)

where kg = —k = —(w — wo)R/c.
By applying the inverse Fourier transformation to equation (5), the external load in
time domain is:

f@r,0,z1¢t) = f_wméTl/l(T, 2)p(—k) exp( — ikB) exp(iwt)dw (6)

The preceding equation shows that the external load can be derived from the inte-
gration of a series of harmonic loads.

For a linear system, the total steady-state response of the half-space can be obtained
by superposing the responses induced by all harmonic loads. By setting H (iw) as the
frequency response function for each harmonic load (7, z) exp( — ik6@) exp(iwt),
the total time-domain response of the half-space is:

d(r,0,zt) = f_mngé(—k)H(iw) exp(iot)dw (7)
where H(iw) n be obtained by the 2.5D finite/infinite element approach. For the
case of the moving point load, ¢(—k) is equal to 1/(2).

2.2 Procedure of Derivation for Finite/Infinite Elements

Assume that the material and geometric properties of the half-space system are identical
along the 6 -axis direction. In response to the external load Y(r,z)exp(—
ik6) exp(iwt), the displacements components, i.e., u, v and w can be expressed as
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u(r,8,z,t) = 0(r,z) exp( — ik8) exp(iwt)
v(r,0,z,t) = U(r,z) exp( — ik0) exp(iwt)

w(r,0,z,t) =w(r, z)exp(— ikf) exp(iwt) (8)

where @, U, W denote the displacements of the profile along r, 8, z axes.
According to the principle of virtual displacement, the equations of motion for the
half space can be expressed as:

Zl(—w?[M], + [K]e){d}e — {p}e] = {0} )

where {p}, and {d}, are the node external forces and node displacements vectors of
the element, and the stiffness matrix [K], and the mass matrix [M],of the element can
be respectively written as:

=JJIB BltJrd§dn, [M]. = [ [ pINT"[N]tjrdédn (10)

where { and # denote the two local element coordinates, ¢ denotes the thickness of
element, r denotes the global coordinate of the integration point, p denotes the density
of the material, J denotes the determinant of the Jacobian matrix [/], [N] denotes the
shape functions, [B] = [L][N] denotes the strain matrix, [E] denotes the constitutive
matrix. Among them, [E] is the same on the cylindrical coordinate axis as that in the
Cartesian coordinate system, while [L] can be represented as:

Lr=lo =% 0o = o0 —-: (11)
a ik 0
0 0 5 T 0

As shown in Figure 2, the near and far fields of a half space are modeled by the finite
(Q8) and infinite (QS5) element, respectively. Since the Q8 finite element is available in
most finite element books, only the key features of the QS5 infinite element will be
briefed here. For the QS5 infinite element, both the displacement and coordinate shape
functions are:

N, = _@e—aife—ikif’ N, = —(np — 1)(1 + n)e %fe k%

Ny = — 2D pmaif gkt (12)

My =3 -D0~Dn. My = (¢ - DA-mA+n), My =3¢ - DA +mn
M, = =280 — 1), Ms = &(1+7n) (13)

where «; is the amplitude decay factor and k;'the modified wavenumber. The de-
caying function e "% represents the radiation damping caused by waves propagating
to infinity, and e ~%i? the effect of wave oscillation.
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For a semi-infinite solid, the waves propagate in the forms of Rayleigh waves, shear
waves and compressional waves, as shown in Figure 2, which dominate in different
regions. In this case, the amplitude decay factor a; in equation (12) can be given for
each region considered, i.e.,

1 k2 1 1 k? 1 1 k?

Qp=—-——, Ay =—+———, A, = — + —
R 2Rak2+k3> P T 2Ry 2Rg k2+kE’ 5 T 2Ry 2Rq k2+k:

(14)

where R, denotes the distance between the origin (R, 0) and the boundary of the
finite element mesh, the k; = w/c; denotes wavenumber. And the modified wave-
number k;’ in equation (14) is represented as k| = [(w/c;)? — kZ]*/2.

R fr6zt)
d Ll
T ¥ -7
N I Region I
L _{_ _l_ jl____. _________ ~ (Rayleigh wave)
| 1 4+ +  Nearfield | R
1 Q8 finite element Region 11
1 Jl_ J_ J'____'____'_'__'__ (Shear wave)
| | |
[
I
Far field Region IIT
Z y Q5 infinite element (Compressional wave)

Fig. 2. Finite/infinite element mesh for near and far fields.

The displacements solved from equation (9) should be interpreted as the frequency
response function H (iw) for the displacement. Accordingly, the displacement response
in time domain can be computed from equation (7) using the inverse Fourier transfor-
mation.

3 Model validations

For evaluating the applicability of the present method, the radius of the load’s moving
trajectory R is set to be large enough, i.e., R = 10000 m, so that the problem considered
herein can be approximately regarded as that where the load moves along a straight
line. Herein, a uniform viscoelastic half-space subjected to a vertical point load moving
along a straight line on the surface with an amplitude P = 1.6 x 10°N and dynamic
frequency f, =20 Hz at speed ¢ = 70 m/s is considered. The time = 0 s corresponds to
the moment when the moving load is arriving at & = 0. The soil characteristics used
herein are as follows: Young’s modulus £ = 50 MPa, Poisson’s ratio v = 0.25, density
p =2000 kg/m? and damping ratio = 0.02. Correspondingly, the value of the P, S and
Rayleigh wave speeds are 173.2, 100 and 91.8 m/s, respectively. The present method
and the analytical one proposed by Yang and Hung [14] are adopted to obtain the vi-
bration responses of the soil for the aforementioned case.
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Fig. 3. Comparison of the present results with the analytical ones of Yang and Hung at the ob-
servation point O-10 for the case with fo =20 Hz, ¢ = 70 m/s: (a) vertical frequency-domain re-
sponse; (b) vertical time-domain response

For clarity, the observation points are denoted by the symbols “I-#” and “O-r”, where
I and O represent the inner and outer sides of the curve movement path, respectively,
and r represents the distance from the observation point to the origin (all observation
points selected are on the plane of z=1 m).

The vertical displacements in frequency domain and time domain at the observation
point O-10 have been in comparison with the analytical solutions obtained by Yang and
Hung’s method in Figure 3, in which part (a) shows the magnitude of the vertical dis-
placements with respect to the frequency f'and part (b) the real-part vertical displace-
ments in time domain. As can be seen, for this case, the present method agrees exactly
with the analytical one in both frequency domain and time domain responses.

4 Calculation examples

Unless otherwise mentioned, the soil characteristics aforementioned are continually
used in all the following analyses. Besides, two different load modes are taken into
account herein as: the first case considers only gravity load and the second one is a
lumped mass to simulate the moving train, which includes both gravity load and cen-
tripetal force. The coordinates along r-axis will be expressed in normalized form as
X = (r — R)/20, in which r is the distance from the observation point to the original
point.

4.1  The effect of curvature on the response

To evaluate the effect of the load’s moving curvature on the response, the first case of
the load is considered since the amplitude of the load is constant and does not change
with the curvature. For the case with frequency /=30 Hz, fo = 20 Hz and ¢ = 70 m/s,
the frequency domain vertical displacements along the r-axis on the plane of z=1m
induced by gravity load along a curve with different radius R = 100 m, 600 m and 10000
m are plotted in Figure 4.
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Fig. 4. Response of [R-20, R+20] in frequency domain caused by only gravity load moving
along a curve with =30 Hz, fo =20 Hz and ¢ = 70 m/s.
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Fig. 5. Response of I-20 and O-20 in time domain caused by the only gravity load moving
along a curve with fo =20 Hz and ¢ = 70 m/s:(a) [-20; (b) O-20.

As can be seen, the increment of the curvature increases the response of the inner
side of the load movement path and decreases the response of the outer side. The fo-
cusing phenomenon caused by curvature can be explained that compared with the case
where the load moves in a straight line, the distance between the points on the inner
side of the load movement path and the point of load application shortens, resulting in
a larger response on the inner side. In addition, the further away from the load point,
the more obvious this phenomenon becomes. Another conclusion can be drawn that for
the case of the curve radius R = 600 m, the phenomenon mentioned above is not obvious
since the curvature for this case is fairly large.

In Figure 5, the vertical responses in time domain at the observation points I-20 and
0-20 on the plane of z = 1 m are presented for the case with fo =20 Hz and ¢ = 70 m/s.
The influence of curvature can also be observed: As the curvature increases, the re-
sponse waveform of an inner side point is stretched, while that of an outer side point is

compressed. The reason for this phenomenon can be explained in the same way as the
frequency-domain response.
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4.2  The effect of centrifugal force on the response

In case of a train moving along a curve, gravity load and centripetal force occur simul-
taneously. To evaluate the effect of centrifugal force on response, the magnitude of
frequency-domain displacement components along the r-axis on the plane of z=1 m
caused by a train moving along a curve for the case with different curve radius R and f
=30 Hz, fo = 20 Hz and ¢ = 70 m/s are plotted in Figure (6).
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Fig. 6. Response of [R-20, R+20] in frequency domain caused by the train moving along a
curve with /=30 Hz, fo = 20 Hz and ¢ = 70 m/s

It can be observed that a larger curvature causes the frequency-domain displace-
ments to increase and the addition of centripetal force amplifies the response on the
outer side compared to the inner side. For the responses |W| and | 7|, those on the outer
side is bigger than inner side and the amplitudes of them shift from the center towards
the outer side with curvature becoming larger, while their values at X = 0 remain un-
changed. For the response |ii|, the amplitude shifts from both sides to the center, and
the responses on the outside of the radius are larger than those on the inside. The afore-
mentioned phenomena can be attributed to centripetal force increasing with the curva-
ture of the moving path. It can be drawn that trains run on paths with a radius exceeding
600 m, variations in |%| and || are more pronounced than that in |#]|.
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5 Conclusions

By assuming that the characteristics of a half-space remain invariable in the 8-axis di-
rection, a curved 2.5D model has been proposed to simulate the dynamic response of a
half-space caused by a load moving along a curve. In this paper, the 2.5D finite/infinite
element method has been incorporated into the cylindrical coordinates, and the deriva-
tion for the governing equation of the soil in cylindrical coordinate system has been
conducted. Besides, the present method has been proved valid by comparing its results
with the analytical ones. Based on the parameter analyses conducted, the main conclu-
sions can be drawn as follows: (1) As for only gravity load moving along a curve, the
response exhibits a focusing phenomenon. which becomes more evident as the curva-
ture or distance from the load point increases. (2) The presence of centrifugal force
eliminates the focusing phenomenon under load moving along a curve. In the mean-
while, the responses |W| and |7| on the outer side of the curve exceed those on the inner
side. (3) For trains moving along a curve, the centrifugal force should not be disre-
garded. Moreover, as the curvature increases, the contribution of centrifugal force be-
comes more remarkable. (4) Compared with trains moving along a straight, the one
along a curve have significant changes in responses|ii| and || due to the centrifugal
force, and should be taken seriously. However, the changes in responses || are not
significant and can even be ignored.
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