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Abstract. Computational systems that deal with discrete time, such
as stream computations and synchronous data flow languages, can be
modeled using lists. However, most list operations are on finite lists, and
it is not easy to define them for infinite lists to express persistent behav-
ior. In particular, when using theorem provers, intuitive definitions are
unacceptable due to restrictions on the handling of infinities. When in-
tegrating computational failures into the system, existing research either
directly expresses failures or utilizes a mechanism that continues to send
invalid values indefinitely. Still, the latter cannot determine failures in
terms of computation. In this study, we formalize a model of a reversible
synchronous dataflow language using finite and infinite lists and show
that the semantics of each correspond to each other using the Coq theo-
rem prover. For infinite lists, the inconsistency that arises as a result of
incorporating failures into the list is resolved using finite lookahead.

Keywords: synchronous dataflow language, theorem proving, reversible
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1 INTRODUCTION

Computational systems that use discrete time, such as stream computations and
synchronous dataflow 1 a nguages [1], are formalized using lists. F or example, in
[2], streams are treated as infinite lists. In our previous research, we employ lists
as a representation of sequences of data in synchronous dataflow a nd functional
reactive programming languages [12].

Although streams and lists have similar structures, they have different prop-
erties in several respects. In particular, streams often deal with infinite sequences
of objects, while lists deal with finite ones.In general, definitions by lists use
procedures such as append and zip. On the other hand, a definition by a stream
provides restrictions such as the fact that an element can be computed from only
its previous inputs.

In our formalization of the synchronous dataflow language, the system is rep-
resented as a partial function between lists to handle reversible computation. In
general, reversible computation uses partial functions in the semantics to prevent

© The Author(s) 2025

J. Caro et al. (eds.), Proceedings of the Workshop on Computation: Theory and
Practice (WCTP 2024) , Atlantis Highlights in Computer Sciences 23,
https://doi.org/10.2991/978-94-6463-684-0 2


http://crossmark.crossref.org/dialog/?doi=10.2991/978-94-6463-684-0_2&domain=pdf

8 S. Moriguchi et al.

the use of irreversible processing. For example, in RFun [14] and CoreFun [5],
the right-hand sides of pattern matching are also considered to be patterns so
that pattern matching can be traced back. However, the backward pattern is not
necessarily exhaustive, and if there is no corresponding one, it gets stuck. In this
formalization, the discrete-time progression is represented by the order in the
list. Still, for a sequence containing uncomputable data (due to irreversibility),
the system determines that the sequence is not computable. Thus, in the for-
malization, computability is determined only after all elements of the list have
been processed.

Synchronous dataflow and functional reactive programming languages make
it difficult to determine an upper bound on the length of an input sequence
because of the continuous process. Therefore, extending this formalization to
infinite lists makes the representation of the system more appropriate.

Naively, it does not seem too difficult to extend the definition by list to
allow for infinite lengths. However, allowing infinite length restricts the following
operations.

— To make some judgment on the entire list. For example, to determine the
equivalence of two lists, to determine whether they are sublists, etc.

— To change the behavior of a function that produces a list, depending on the
result for the rest. An example is the inversion of a list.

The validity of these restrictions is obvious when considering the actual execution
on a computer since calculations for infinite steps are required. These restrictions
may make the existing formalization itself difficult. For example, our formaliza-
tion falls under the latter restriction because it determines computability based
on the entire list.

In this study, we reformalize our formalization of reversible computation
using the Coq theorem prover, prove its properties, and extend it to infinite lists.
We represent a sequence of data as a finite list on Coq, and a partial function as
a function whose return type is option (returning None when it is not computable
and Some when it is computable). The definition is then modified based on the
above restrictions to support infinite lists on Coq. We show that the modification
is a natural extension to infinite lists by showing that the modified formalization
keeps the results in finite lists with the original formalization. The contributions
of this study are in providing mechanized verification of our formalization and
in analyzing its extension to infinite lists as a case study. The formalization
presented in this paper is available at https://github.com/psg-titech /IIST _proof.

The paper is organized as follows. In Section 2 we introduce our previous
formalization of a reversible synchronous computation using the notation of Coq
theorem prover. In Section 3 we re-formalize the computation with coinductive
(possibly infinite) lists. Comparisons with related studies are made in Section 4
and the paper is summarized in Section 5.
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2 REVERSIBLE SYNCHRONOUS DATAFLOW
LANGUAGE

Here, we introduce the background of this research, synchronous dataflow lan-
guage, and its reversible computations. Note that the notation of the formaliza-
tion here is that of the theorem prover Coq.

2.1 Synchronous Dataflow Language

A synchronous dataflow language is a programming language that describes a
system as a dataflow, taking as an input sequence of data generated by discrete
time and obtaining a sequence of data as the output of the system. Typical
synchronous dataflow languages include Lustre [3] and Signal [7]. A language
that focuses more on synchronization is the functional reactive programming
language. In particular, Emfrp [11], a functional reactive programming language
for small-scale embedded systems, is strongly influenced by synchronous dataflow
languages.

We formalized the dataflow in discrete time in these languages using lists [12].
In this formalization, discrete occurrences of data are represented as a list, with
the later elements appearing later in the list. However, while this list implies
a temporal order, it does not mean a specific time interval. Therefore, it can-
not be expressed for time-dependent dataflows, such as a program that delays
intermittent input for 5 seconds.

A dataflow program transforms a sequence of data on the input into a se-
quence of data on the output. We assume that program execution can fail (this
is a requirement by reversible computation, which is described in Section 2.2).
In this formalization, a dataflow program from data type X to data type Y is
defined as a partial function that transfers a sequence of data in X to a sequence
of data in Y. Specifically, the dataflow program is defined as follows.

1 [1ist X -> option (list Y) ‘

In case of success, the list is returned with Some, and in case of failure, None.
For example, the type of a system that takes two natural numbers and returns
a natural number and a boolean value would be list (nat * nat) -> option

(1ist (nat * bool)). However, arbitrary functions are not allowed, and the
following two conditions are required to represent a system that computes se-
quentially.

1. If the function fails (returns None) for a given input, then for the extended
input (by appending backward list) it will fail.

2. If the function succeeds for a given input and outputs a list of Y, then for
the extended input the output will also be extended, or it will fail.

These conditions indicate, for example, that for a given successful input, the
prefix of the input (the former part of the list) will also succeed.
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2.2 Reversible Computation on Synchronous Dataflow Language

Reversible computation is a computation in which the input can be derived from
the output. In this computation, the procedural language [6] allows for reversion
to the original state by traversing the statement in reverse, and the functional
languages [5, 13] allow for the generation of arguments from the result in a func-
tion call. These inversions recover the data uniquely, and general programming
languages do not satisfy the injectivity required by these inverse operations. On
the other hand, because of injectivity, these reversible languages have restricted
processing or functions are partial. Tracing backward to a state or argument
with no backward destination is uncomputable.

Inverse traversal functions appear to be time retrogression, but when applied
directly to discrete-time in a synchronous dataflow language, the following points
become problematic.

— The process of obtaining input from output is in reverse order in time. There-
fore, the retrogression requires a state at the end of the input. On the other
hand, in many dataflow languages, the initial state is fixed. In other words,
the reverse process, in which the initial state to be sought changes depending
on the assumed input, cannot be described in a dataflow language.

— If we match the sequence of data in time, the process of obtaining one output
datum from one input datum (the system is in the post-output state) and
the process of obtaining one input datum from the one output datum (the
system is in the pre-output state). The internal states do not match.

To solve these problems, we proposed a new definition of the systems as pairs
of two functions. The pair of functions f and g satisfying the two conditions
in Section 2.1 is defined as a reversible computation of synchronous dataflow
language if for a sequence of data [ in the domain of f, f(I) is in the domain of
g and g(f(1)) is a prefix of I.

However, since there is a function that always returns an empty sequence as
such g, we would like to discuss a subclass in which ¢ includes nontrivial ones.
We defined such a subclass, called (d,d")-FIRST (Fixed-delay Incrementally
Reversible Sequence Transformation), where the difference in length between the
input sequence and the output sequence obtained by f is a natural number d
and the difference in length between the output sequence and the input sequence
obtained by g is a natural number d’. The d and d’ are called the forward and
backward delay numbers, respectively, Also, when the delay numbers of (d, d’)-
FIRST are less important, they are referred to as FIRST. Intuitively, it represents
a system in which the first few inputs are used for initialization and do not return
a response. Then, the system continues to output in response to the inputs.

2.3 Constructing Reversible Compuation

FIRST describes a system as a pair of functions that satisfy the above conditions.
However, the definition still has problems in a system description.
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— Although the formalization describes the system as a function of lists to lists,
there is a large divergence from the actual system, which responds to inputs
and produces outputs one after another.

— The relationship to general reversible computation (or reversible function)
is not clear.

Therefore, it is desirable to describe FIRST in terms of components with
simpler behavior. We attempted to solve these problems by following the form of
reversible logic elements that simulate reversible cellular automata and reversible
Turing machines [10].

We proposed a representation for constructing FIRST, called FIRSD (Fixed-
delay Incrementally Reversible Synchronous Dataflow). This representation is a
tree structure consisting of the following five types of nodes.

— mapfold(f, g,a) : f is a partial reversible function A - X = Y, gis a
function A — X — A, and «a is an element of type A. The f takes the value
of A and forms a partially reversible function between X and Y. The a is the
initial value and the g is its update function as an accumulator. The next
state of the accumulator is obtained by the application of the input and a to
g. This accumulator is used as the first element of f to change the behavior.

— delay(z) : The flow is composed with z added at the beginning and the tail

removed.

hasten(z) : The flow is composed of a flow whose head is # and whose head

is deleted. If the head is not x, the calculation fails. (In the inverse direction,

delay(x) and the roles are swapped.)

FE4 >> FEs : Configure a dataflow that applies FIRSD F; followed by FIRSD

Es.

— F, ® Ey : With the inputs as a sequence of data pairs, apply FIRSD E;
and E5 to each of the separations, and construct a dataflow that ties the
resulting flows together. The length should be aligned to the shorter one.

For the FIRSD defined above, the interpretation functions are given in List-
ing 1. Each fwd and bwd is an interpretation that obtains an output from an
input (forward) and an input from an output (backward), respectively. In this
context, <*~> represents a reversible function, and forward yields a left-to-right
partial function and backward a right-to-left partial function.

Each interpretation function is processed on the input (or output) sequence
from the beginning, which is closer to the implementation of the system than
FIRST, which is simply a partial function between lists. In addition, this inter-
pretation function has the following properties.

1. The forward and backward interpretation functions yield a pair of functions
such that it is a reversible computation of synchronous dataflow language.

2. The difference between the input and output lengths obtained from the in-
terpretation function is a fixed value. Combined with the previous section,
FIRST is obtained from the interpretation functions with these differences
as the number of delays. Note that the delay numbers are calculated from
the structure of FIRSD (Listing 2).
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Definition option_bind {A B : Type} (a : option A)
(f : A -> option B) : option B :=

match a with | Some a => f a | None => None end.
Fixpoint zip {A B : Type} (1 : list A) (r : list B) : list (A * B)
match 1, r with | nil, _ | _, nil => nil

l a::1, b::r=>(a, b) :: zip 1l r end.
(* Forward/Backward Interpretation of mapfold *)
Fixpoint f_mapfold {A X Y : Type} (f : A > X <7™> Y)
(g : A->X->4) (a: A) xs : option (list Y)
match xs with
| nil => Some nil
| x :: xs? =>
option_bind ((forward X Y (f a)) x)
(fun y => option_bind (f_mapfold f g (g a x) xs’)
(fun ys => Some (cons y ys)))
end.
Fixpoint b_mapfold {A X Y : Type} (f : A > X <> Y)
(g : A->X->4) (a: A) ys : option (list X)
match ys with
| nil => Some nil
|y :: ys? =
option_bind ((backward X Y (£ a)) y)
(fun x => option_bind (b_mapfold f g (g a x) ys’)
(fun xs => Some (cons x xs)))
end.
(* Forward/Backward Interpretation of FIRSD *)
Fixpoint fwd {X Y : Type} (e : FIRSD X Y)
: list X -> option (list Y) :=
match e with
| mapfold a £ g => f_mapfold f g a
| delay x => fun xs => Some (slide x xs)
| hasten x => fun xs =>
match xs with
| nil => Some nil
| x? :: xs8’ => if equiv_dec x x’ then Some xs’ else None
end
| xz >»> zy => fun xs => option_bind (fwd xz xs) (fwd zy)
| xy1 ® xy2 => fun x12s =>
let (xls, x2s) := split x12s in
option_bind (fwd xyl x1s)
(fun y1s => option_bind (fwd xy2 x2s)
(fun y2s => Some (zip yls y2s)))
end.
Fixpoint bwd {X Y : Type} (e : FIRSD X Y)
: list Y -> option (list X) :=
match e with
| mapfold a £ g => b_mapfold f g a
| delay x => fun ys =>
match ys with
| nil => Some nil
| y> :: ys’ => if equiv_dec x y’ then Some ys’ else None
end
| hasten x => fun ys => Some (slide x ys)
| xz >> zy => fun ys => option_bind (bwd zy ys) (bwd xz)
| xy1 ® xy2 xyl xy2 => fun yi12s =>
let (yls, y2s) := split yl12s in
option_bind (bwd xyl yis)
(fun x1s => option_bind (bwd xy2 y2s)
(fun x2s => Some (zip x1s x2s)))
end.

Listing 1. Forward/Backward Interpretations of FIRSD.
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1 |Fixpoint delay_fwd {X Y : Type} (e : FIRSD X Y) : nat :=
2 match e with

3 | mapfold _ _ _ => 0

4 | delay _ => 0

5 | hasten _ => 1

6 | xz >> zy => delay_fwd xz + delay_fwd zy

7 | xy1 ® xy2 => max (delay_fwd xyl) (delay_fwd xy2)

8 end.

9

10 |Fixpoint delay_bwd {X Y : Type} (e : FIRSD X Y) : nat :=

11 match e with

12 | mapfold _ _ _ => 0

13 | delay _ => 1

14 | hasten _ => 0

15 | xz >> zy => delay_bwd xz + delay_bwd zy

16 | xy1 ® xy2 => max (delay_bwd xyl) (delay_bwd xy2)
17 end.

Listing 2. Forward/Backward delay numbers of FIRSD.

3. For any (d,d’)-FIRST, there exists a FIRSD that the interpretation functions
yield the FIRST.

The proofs are performed using structural induction on FIRSD (and sepa-
rately for mapfold, induction on lists).

From the above properties, it is shown that FIRSD is sufficient to construct
any FIRST. Since the only parameter that affects the result of the computation
is mapfold, and the function used here is a partially reversible function using the
function for the accumulator and its values, the reversible computation of the
synchronous dataflow language can be reduced to a partially reversible function
between the elements.

3 DATAFLOW AS INFINITE LISTS

3.1 Infinite Lists with Failures

In this section, we modify the formalization in the previous section and formulate
it again with possibly infinite lists. However, several essential problems arise
in the formalization. A major one is the representation of the failure in the
interpretation function. In the finite list, the method is to “return None if the
remaining computation fails” (even if it has succeeded up to the present). As
a result, it could be expressed by a combination of list and option. However,
since it is impossible to “calculate all remaining elements” in an infinite list,
calculation using the result is also impossible.
Therefore, we use a (possibly infinite) list including failures, as follows.

CoInductive colist (A : Type) : Type :=
| conil : colist A

| cocons : A -> colist A -> colist A

| cofail : colist A.

B W N

13
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The command CoInductive defines the coinductive definition (the greatest
fixed point of the recursive definition). The colist is a list that terminates with
cofail if the computation fails and is otherwise intuitively similar to list, except
that infinite sequences are also allowed.

Unlike the representation in the finite list, the elements of the successful steps
remain after the failure. For example, the case of failure following the outputs of
1, 2, and 3 is represented by None in the finite list, but in colist it is represented
by data combining 1, 2, 3 and cofail with cocons. In Coq, success is specified
as follows.

CoInductive failless_colist {A : Type} : colist A -> Prop :=
| flcnil : failless_colist conil
| flccons : forall a 1, failless_colist 1

-> failless_colist (cocoms a 1).

W N

Due to the limitations of coinductive definitions in Coq, it is possible to
describe the above property as being “connected except for failure” (i.e., not
failing), but it is impossible to determine this property by computation.

3.2 Interpretation Functions

In this section, we discuss the function that interprets FIRSD defined in Sec-
tion 2.3 by colist. The fundamental idea is to express error propagation by
immediately returning a failure if one appears. The forward interpretations for
mapfold and FIRSD are described as the following functions.

1 |CoFixpoint cof_mapfold {A X Y : Type} (f : A -> X <> Y)

2 (g : A>X->A4) (a: A) (xs : colist X) : colist Y :=
3 | match xs with

4| | conil => conil | cofail => cofail

5| | cocons x xs =>

6 match (forward X Y (£ a)) x with

7 | None => cofail | Some y => cocons y (cof_mapfold f g (g a x) xs)
8 end

9 | end.

10 |Fixpoint cofwd {X Y : Type} (e : FIRSD X Y) : colist X -> colist Y :=
11 | match e with

12 | | mapfold a £ g => cof_mapfold f g a

13 | | delay x => coslide x

14 | | hasten x => fun xs =>

15 match xs with

16 | conil => conil | cofail => cofail

17 | cocons x’ xs => if equiv_dec x x’ then xs else cofail

18 end

19| | xz >> zy => fun xs => cofwd zy (cofwd xz xs)

20 | | xyl ® xy2 => fun x12s =>

21 cozip (drop_tl_n (delay_fwd xy2 - delay_fwd xyl)

22 (cofwd xyl (coleft x12s)))

23 (drop_tl_n (delay_fwd xyl - delay_fwd xy2)

24 (cofwd xy2 (coright x12s)))

25 | end.

The function for mapfold is almost the same as the definition for 1ist with
only minor differences such as the keywords and the name of the function. On
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the other hand, there is a major difference compared to fwd for finite lists in the
case of ®. The zip function for colist, cozip, is defined as follows.

1 |CoFixpoint cozip {A B : Type} (la : colist A) (1b : colist B) :
colist (A*B) :=

2 match la, 1b with

3 | cofail, _ | _, cofail => cofail

4 | conil, _ | _, conil => conil

5 | cocons a la, cocons b 1lb => cocons (a, b) (cozip la 1lb)
6 end.

The difference with zip is that if one fails, all failures take the form of failures
from there. In the case of a finite list, the failures are handled in a different data
type, but in this function, they are embedded.

Here, consider FIRSD, which connects the following two processes in parallel
(by ®).

— If the value is less than 5, the process returns that value, otherwise, it is
undefined.

— If the first value in the flow is 1 and the second is 2, the process returns the
following flow, otherwise, it is undefined.

The former can be constructed with mapfold and the latter with hasten(1) >>
hasten(2). If a list from 1 to 5 is given to each process, the former will fail at
the end of the list from 1 to 4. In the latter, a list from 3 to 5 appears, ending
with success. When these are combined as they are, (1,3), (2, 4), and (3,

5) appear and are judged to be successful. However, since one of these flows
contains a failure, the whole flow must contain a failure somewhere. The forward
interpretation function for finite lists returns None for this. Thus, this behavior
is completely different from that of a finite list. On the other hand, as already
mentioned, it is computationally infeasible to determine if there is a failure
anywhere in each other when merging.

We solve this problem by introducing a process to “align” their lengths with
each other before joining them with cozip, and by representing failures upfront in
this process. As a result, the interpretation for ® calls drop_t1_n, which erases the
tail, as in lines 21 and 23. This function looks ahead to the second argument as
many times as the first argument, discards the remainder if there is a terminator
there, assumes failure if there is a failure, and recurses to target one follow if it
continues more.

The “alignment” we propose means that both sides are aligned with conil
when they end successfully. In contrast, there are multiple behaviors for failure
(cofail).

1. Both fail at the same time. In other words, if one is a cofail, the other is
also a cofail.

2. Only one side can fail first.

3. Both can fail at any time.

As an example of 1, two colists extracted the left and right elements from
the colist of pairs by coleft and coright. If the original colist contains any

15
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failures, then both the left and right elements will fail at the corresponding
points.

An example of the second case is the relationship between the input colist
whose last elements are removed by drop_tl_n and the output of the cofwd
. Intuitively, the difference in length on success is the number of delays, and
failure in the input means failure in the output. Since the failure in the output
may occur due to computation, the failure in the output does not immediately
mean failure in the input, so this is not an example of 1.

3 is a looser property than 1 and 2, and there are no restrictions on failure.
It is intended to express that cozip does not truncate cofail. By combining 1
and 2, it can be shown that the interpretation of ® does not truncate cofail.

Using them, the proof of the (intuitively obvious but nontrivial) proposition
that if there is no failure in the output, then there is no failure in the input
requires about 1200 lines. This enables us to show that failures are not hidden
by cozip and that if there is no failure in an output, there is also no failure in
the respective output.

3.3 Correspondence between Two Formalizations

To correspond to the interpretation functions defined for each of the finite and
infinite lists, a predicate is defined to represent the correspondence between the
lists, including failures.

Inductive CorrListColist {A : Type}
: option (list A) -> colist A -> Prop :=
| clcsnil : CorrListColist (Some nil) conil
| clcscons : forall a 1 cl, CorrListColist (Some 1) cl
-> CorrListColist (Some (cons a 1)) (cocons a cl)
| clenfail : CorrListColist None cofail
| clcncons : forall a cl, CorrListColist None cl
-> CorrListColist None (cocons a cl).

WO U R WN =

This is a predicate that corresponds a finite list to a finite colist (with the
same elements in the same order), or a failure by None to a colist containing
cofail. Note that the correspondence cannot be described by a function because
a function can be defined from a finite list to colist, but not vice versa.

Using the correspondence, the following properties can be described and ver-
ified.

Theorem fwd_cofwd_correspond :
forall {X Y : Type} (1 : list X) (cl : colist X),
CorrListColist (Some 1) cl
-> forall (e : FIRSD X Y), CorrListColist (fwd e 1) (cofwd e cl).

=W N -

This means that for each corresponding list, the interpretation function yields
the corresponding list (including failures). The proof requires multiple lemmas,
and the entire formalization and proof of the correspondence is about 650 lines.
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3.4 Hard-to-Prove Properties

So far, we have shown that the formulation with colist is feasible and that
it is an extension of that of the finite list. However, not all properties that are
verifiable with a finite list are also verifiable. For example, the following property
is hard to prove.

Theorem cofwd_failless_inverse :
forall {X Y : Type} (e : FIRSD X Y) xs ys,
failless_coprefix ys (cofwd e xs)
-> exists xs’, cofwd e xs’ = ys /\ failless_coprefix xs’ xs.

W N

This property is intuitively obvious: for a sequence obtained by forward inter-
pretation, if we take out a prefix that does not contain a failure, there exists an
input prefix that returns it. The formalization with finite lists easily proves the
corresponding property (as mentioned in Section 2.1). The property requires the
contents of xs and ys to construct xs’ which is a prefix of xs. However, a direct
proof is difficult because recursion to colist (coinductively defined types) is not
allowed for existentially-quantified propositions (inductively defined types). A
possible way to prove this property is to define the construction method of xs’
as a function, but the actual proof of the property is left for future work.

4 RELATED WORKS

There are two major ways to indicate failure in verifying against an infinite
stream.

— Introduce a representation of the failure as the end of streams [4].
— Use a stream that returns a value that implies an infinite number of fail-
ures [2].

The former study axiomatizes formulations for a wide range of partial com-
putations and treats streams as an example. In this study, failure is treated
explicitly as a value, and in this respect, it is identical to our study. Our study
uses Coq’s built-in coinductive definition and does not need to consider a new
system. We have also confirmed that a similar definition can be used in Agda,
another theorem prover. In this respect, the fact that the analysis is performed
using naive definitions is the contribution of this paper to this study. Note that
the failure concealment in the case of finite length mentioned in Section 3 does
not occur in this study because streams are considered. Whether concepts such
as length adjustment can be handled as in our study is a subject for future
research.

The latter method represents a partial computation by continuously out-
putting invalid values. The position of failure in this study is not merely a tem-
porary problem, but a situation that cannot be answered computationally. If
it is possible to recover from failure by computation, it should be returned as
the result of each computation. Our position is that such an expression should
be represented by an option type or a similar type in computation but not by

17
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an invalid value in a framework for handling infinity. This allows the system
to continue the computation and is distinguished from the system stopping the
computation due to an error. On the other hand, this approach has the problem
that it is difficult to semantically separate a temporary failure from an inability
to compute since it is impossible to observe an infinite number of streams in a
computation.

As a formalization for partial computation, there is a formalization for Sparcl,
the language for partially reversible computation [9], in Agda [8]. The mapfold
in our study utilizes a partially reversible computation and can be related to
this formulation to discuss the descriptiveness of reversible computation of syn-
chronous dataflow language.

5 CONCLUSIONS

In this paper, we described and verified the formalization of reversible computa-
tion for the synchronous dataflow language proposed in our previous study [12]
in Coq, and further modified the formalization to allow for infinite lists. It dif-
fers significantly from the original formalization for finite lists, especially in the
treatment of failures. In this modification, by making the targets infinite lists,
including finite lists, we found and solved a problem that does not occur when
streams are targeted.

In the future, we would like to discuss propositions that are difficult to prove
directly (as described in Section 3.4), and compare the results with other formal-
ization methods mentioned in the previous section. In addition, we would like
to formalize not only FIRST, but also subclasses in which the number of delays
changes within an upper bound at runtime, and extend the formalization with
an infinite list.
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