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Abstract. A function closure is a construct that encapsulates the body 
of a function, along with the bindings of free variables to their corre-
sponding values in the scope of the function. Environment extraction 
refers to the process of retrieving these bindings from a function clo-
sure. A lambda calculus with environment extraction is a computational 
framework designed to facilitate this process. 

The simple type system, a basic type theory, is based atomic types and 
function types. The lambda calculus equipped with a simple type sys-
tem, commonly known as the simply typed lambda calculus, exhibits 
the property of strong normalization. Strong normalization ensures that, 
regardless of the order of reductions, the reduction sequence always ter-
minates in a finite number of steps, yielding an irreducible normal form. 

In this study, we extend the simply typed lambda calculus by integrating 
the mechanism of environment extraction. We establish that the strong 
normalization property is preserved in this extended framework. The 
proof proceeds as follows: first, we define the λX calculus, which incor-
porates environment extraction. Then, we introduce the λrp calculus, 
which uses records and pairs. We define translation rules between the 
λX calculus and the λrp calculus, and prove their soundness. We then 
assign types to both calculi and verify type preservation. In addtion, 
we formalize the notion of term length in the λX calculus. Finally, we 
prove the strong normalization of the λrp calculus and use this result to 
establish the strong normalization of the λX calculus. 

Keywords: typed lambda calculus, function closure, environment, strong 
normalizability 

1 Introduction 

1.1 Function Closure 

A function closure is a construct that combines the body of a function with 
the lexical environment in which the function was defined. This environment 
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includes any local variables that were in scope at the time the closure was cre-
ated. Closures are particularly useful for implementing functions that require a 
persistent state. 

From an academic perspective, function closures are important because they 
enable higher-order functions-functions that can take other functions as argu-
ments or return them as results. This capability is a cornerstone of functional 
programming, supporting the development of abstract, concise, and expressive 
code. 

Function closures are extensively employed in different programming con-
texts, such as: 

Data Encapsulation: They allow the creation of private variables that remain 
inaccessible from external scopes. 

Callback Functions: In asynchronous programming, they are frequently used 
to preserve state throughout asynchronous operations. 

Functional Programming: They facilitate the creation of higher-order func-
tions like map, filter, and reduce, which are fundamental in functional pro-
gramming. 

To summarize, closures constitute a potent feature in many programming 
languages, providing a mechanism for state maintenance and enabling the cre-
ation of more modular and maintainable code. Their ability to capture and retain 
access to their lexical environment makes them essential in both theoretical and 
practical aspects of programming. 

1.2 Manipulating Function Closures in Emacs Lisp 

The concept of function closures is available in programming languages that 
feature first-class functions with lexical scope. This allows functions to be passed 
as arguments to or returned from other functions. 

However, in the majority of programming language implementations, it is not 
possible to inspect or explicitly modify the internal state of function closures. An 
exception to this is Emacs Lisp[1], which has supported lexical scope and function 
closures since version 26.1. In Emacs Lisp, function closures are represented as 
S-expressions rather than inaccessible data containing the interpreter’s internal 
state, thus allowing user access. 

>> (setq lexical-binding t) 

t 

>> (setq increment 

(let ((counter 0)) 

(lambda (n) 

(setq counter (+ counter n)) 

counter) 

)) 

(closure ((counter . 0) t) (n) 

(setq counter (+ counter n)) counter)
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In this example, a function closure that take an argument n and increments 
the counter by n is created. The counter is stored in the lexical environment 
of the function closure. The function closure is then assigned to the variable 
increment. The last two lines of the output show the S-expression that repre-
sents the function closure. The first component ((counter . 0) t) displays the 
lexical environment, which contains the variable counter with an initial value of 
0. The second component (n) displays the formal parameter, and the third com-
ponent displays the function body, which increments the counter by parameter 
n and returns the new value. 

If you give the actual parameter, say 42, to the function closure using funcall, 
then the counter will be incremented by 42 and the new value will be returned. 
The bound value in the lexical environment is updated accordingly. 

>> (funcall increment 42) 

42 

>> increment 

(closure ((counter . 42) t) (n) 

(setq counter (+ counter n)) counter) 

In Emacs Lisp, an alternative method for creating a function closure is to 
construct an S-expression that represents the function closure based on an ex-
isting function closure. The following example illustrates the creation of a new 
function closure through the replacement of the lexical environment of an exist-
ing environment, where the value of the counter is assigned as ”42.” 

>> (setq increment-42 (cons (car increment) 

(cons ’((counter . -42) t) 

(cddr increment)))) 

(closure ((counter . -42) t) 

(n) 

(setq counter (+ counter n)) counter) 

>> (funcall increment-42 10)

-32 

In EmacsLisp, you can evaluate an S-expression using an environment ex-
tracted from the function closure. 

>> (eval ’(+ counter 10) (cadr increment-42))

-22 

In the given example, the S-expression (+ counter 10) is evaluated within the 
environment extracted from the function closure increment-42, where -32 is 
bound to the variable counter. Consequently, the result of this evaluation is
-22. 

2 Research Purpose 

In [2], we proposed a lambda calculus framework that incorporates an envi-
ronment extraction feature, as demonstrated by the function closures in the
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examples herein. This framework was developed to facilitate the study of envi-
ronment extraction mechanisms within lambda calculus, based on the first-class 
environment[3][4][5] and the explicit substitution[6]. In aper[2], we introduced 
both untyped and simply-typed systems, provided the subject reduction theo-
rem, and demonstrated the translation to conventional lambda calculus along 
with the soundness of this translation. 

In this paper, we further investigate the property of strong normalization, 
which is a fundamental characteristic of typed lambda calculus, and we provide 
a proof for the strong normalization theorem. 

3 Related Works 

This study is based on the previous research conducted by the authors. The 
following papers are related to the current study: 

Lambda Calculi with First-class Environments We studied the untyped 
and simply-typed lambda calculi with first-class environments in [3]. In [4], 
we studied the ML-polymorphic lambda calculus with first-class environ-
ments and its type inference algorithm.. 

Lambda Calculi with Environment Extraction In [2], we introduced the 
lambda calculus with environment extraction, which is an extension of the 
lambda calculus with first-class environments. We defined the syntax, re-
duction rules, and type system of the lambda calculus with environment 
extraction and provided the translation rules to the lambda calculus with 
records and pairs. In the paper, we investigated fundamental properties such 
as the soundness of the translation rules and the subject reduction theorem. 

Lambda Calculus with Environment Transplanting In [7], we propose the 
concept of environment transplanting. Environment transplanting involves 
overwriting the environment of one function closure with that of another 
function closure, effectively transplanting it. Unlike environment extraction, 
which requires extracting the environment from a function closure as a first-
class environment, environment transplanting does not necessitate extract-
ing the environment as a first-class entity. While first-class environments are 
powerful programming constructs, they often come with undesirable theo-
retical properties. By avoiding first-class environments, environment trans-
planting is expected to enhance the theoretical properties of the system. 

In addition to the research conducted by the authors, the following papers 
are relevant to the present study. 

Sato’s explicit environments In [8], the authors introduce λϵ, a simply typed 
calculus with first-class environments, generalizing explicit substitutions and 
records. Unlike our work, their approach handles variable scopes within en-
vironments differently. 

Implementations of programming language Scheme First-class environ-
ments are not supported in the current Scheme standard [9] . Although en-
vironments can be utilized using eval, the capability to capture the current
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environment as a first-class entity is not provided. However, some Scheme 
language implementations, such as Elk[10], do offer mechanisms for first-class 
environments. 

4 Untyped Calculi 

In this paper, we first introduce the untyped lambda calculus with environment 
extraction, denoted as λx, and the untyped lambda calculus with records and 
pairs, denoted as λrp. We define the syntax and reduction rules for these two 
calculi. Subsequently, we provide the translation from λx to λrp. 

Additionally, the typed calculi in this paper are defined in the Curry style, 
meaning that the type system is defined independently of the terms and reduc-
tion rules. The type system is elaborated in a later section. 

4.1 Untyped Lambda Calculus with Environment Extraction 

We introduce the untyped lambda calculus with environment extraction, denoted 
as λx. The syntax and reduction rules for λx are defined as follows, similar to 
Paper [2] 

Definition 1 (Term of λx). The terms M,N, . . . of the lambda calculus λx 
with environment extraction are defined recursively according to the following 
grammar. 

M ::= c | x | (λx.M) | (M N) | (M/x) ·N | (M ◦N) | X(M) 

In the aforementioned grammar, c represents a constant, x a variable, (λx.M) 
a lambda abstraction, (M N) a function applicaiton, similar to the usual lambda 
calculus. The term (M/x) · N denotes the environment N with the binding of 
the variable x to the term M added to it. The term (M ◦ N), referred to as 
environment composition, denotes the value of M within the environment N . 
The term X(M), called an environment extraction, represents the environment 
attached to the function closure that constitutes the value of M . 

Example 1. Suppose that 5 and 3 are constants. The following example demon-
strates the use of environment extraction in the lambda calculus. 

X(((λz.λy.λx.(f x y z))5)3) 

The variable f is a function that takes three arguments. The term (f x y z) 
represents the application of the function f to the arguments x, y, and z. The 
term (λz.λy.λx.(f x y z)) is a function that takes three arguments and returns 
the application of f to these arguments. The term 5 is the argument z, and the 
term 3 is the argument y. The term X extracts the environment from the function 
closure and returns the environment value. In this example, the environment has 
bindings z 7→ 5 and y 7→ 3.
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Definition 2 (Reduction Rules of λx). The redution M →x N of the lambda 
calculus with environment extraction λx is a binary relation between terms of 
λx, inductively defined by the following rules: 

((λx.M) N) →x M ◦ ((N/x) · id) Betax 

(((λx.M) ◦ L) N) →x M ◦ ((N/x) · L) BetaClosx 

X((λx.M) ◦ L) →x L Extractx 

X(λx.M) →x id ExtractIdx 

c ◦ L →x c Constx 

(x ◦ ((M/x) ·N)) →x M VarRefx 

(y ◦ ((M/x) ·N)) →x (y ◦M) VarSkipx 

where x ̸≡ y. 

((M N) ◦ L) →x ((M ◦ L) (N ◦ L)) AppCompx 

(id ◦ L) →x L IdLx 

(M ◦ id) →x M IdRx 

(((M/x) ·N ◦ L →x ((M ◦ L/x) · (N ◦ L) ExtnCompx 

((M ◦N) ◦ L) → (M ◦ (N ◦ L)) CompAssocx 

M →x M
′ 

X(M) →x X(M ′) 
Extractx 

M →x M
′ 

(λx.M) →x (λx.M
′) 

Lambdax 

M →x M
′ 

(M N) →x (M
′ N) 

AppLx 
N →x N

′ 

(M N) →x (M N ′) 
AppRx 

M →x M
′ 

(M/x) ·N →x (M
′/x) ·N

ExtnLx 
N →x N

′ 

(M/x) ·N →x (M/x) ·N ′ ExtnRx 

M →x M
′ 

(M ◦N) →x (M
′ ◦N) 

CompLx 
N →x N

′ 

(M ◦N) →x (M ◦N ′) 
CompRx 

Example 2. The following example shows parameter passing in λx, which re-
turns a function closure which takes one argument with an environment that 
binds y to 4 and z to 2. 

(((λz.λy.λx.(f x y z))4)2) 

→x ((λy.λx.(f x y z))4) ◦ ((2/z) · id) 
→x (λx.(f x y z)) ◦ ((4/y) · (2/z) · id)
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The next example demonstrates the environment extraction of the function 
closure. 

X(((λz.λy.λx.(f x y z))4)2) 
∗→x X

(
(λx.(f x y z)) ◦ ((4/y) · (2/z) · id)

)
→x (4/y) · (2/z) · id .

5 Untyped Lamba Calculus with Records and Pairs 

Symbols l, l1, l2, . . . are called labels. A record is a collection of fields, each of 
which is a pair of a label and a value. A pair is a collection of two values. The 
first and second components of a pair are called the first and second projections, 
respectively. We define λrp as an extension of λx that includes records and pairs. 
You should note that the labels are not constants in λrp. 

Definition 3 (Terms of λrp). The terms M,N, . . . of the lambda calculus 
λrp with records and pairs are defined recursively according to the following 
grammar. 

M ::= c | x | (λx.M) | (M N) 

| update(l,M,N) | lookup(M, l) 

| (M,N) | Fst(M) | Snd(M) 

In the aforementioned grammar, c represents a constant, x a variable, (λx.M) 
a lambda abstraction, (M N) a function applicaiton, similar to the usual lambda 
calculus and λx 

The term lookup(M, l) denotes the result of referencing record M by label l. 
The term (M,N) represents a pair cosisting of M and N . 

The terms Fst(M) and Snd(M) denote the first and second components 
of the pair M , respectively, where Fst and Snd represent the first and second 
projection functions. 

Definition 4 (Reductin Rules of λrp). The reduction M → N in λrp is a 
binary relation between terms of λrp, inductively defined by the following rules: 

((λx.M)N) → M [x := N ] Beta 

lookup(update(l,M,N ), l) → M Record Hit 

lookup(update(l,M,N ), l′) → lookup(N, l′) Record Skip 

Fst((M,N)) → M First Proj 

Snd((M,N)) → N Second Proj 

where l ̸= l′. 

M → M ′ 

(λx.M) → (λx.M ′) 
Lam
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M → M ′ 

(M N) → (M ′ N) 
AppL N → N ′ 

(M N) → (M N ′) 
AppR 

M → M ′ 

update(l,M,N) → update(l,M ′, N) 
UpdateL 

N → N ′ 

update(l,M,N) → update(l,M,N ′) 
UpdateR 

M → M ′ 

lookup(M, l) → lookup(M ′, l) 
Lookup 

M → M ′ 

(M,N) → (M ′, N) 
PairL 

N → N ′ 

(M,N) → (M,N ′) 
PairR 

M → M ′ 

Fst(M) → Fst(M ′) 
Fst 

M → M ′ 

Snd(M) → Snd(M ′) 
Snd 

6 Translation of λx to λrp 

We assume an encoding function ⌈x⌉ of a variable of λx to a label of λrp, thereby 
encoding variable symbols of λx as labels in λrp. 

Definition 5 (Translation of λx to λrp). The translation funciton JMK(R) 
from a term M of λx and a term R λrp of λrp to a term of λrp is defined 
inductively by the following equations:

JcK(R) = c

JxK(R) = lookup(R, ⌈x⌉)
J(λx.M)K(R) =

(
λu.JMK(update(⌈x⌉, u,R)), R

)
J(M N)K(R) =

(
Fst(JMK(R))

)
(JNK(R))

JidK(R) = R

J(M/x) ·NK(R) = update(⌈x⌉, JMK(R), JNK(R))

J(M ◦N)K(R) = JMK(JNK(R))

JX(M)K(R) = Snd(JMK(R)) 

The transformation J−K(−) presented in this paper differs from that intro-
duced in [3]. Specifically, it represents the transformation of function closures,
J(λx.M)K(R) as a pair of terms: one term λu.JMK(update(⌈x⌉, u,R)) interprets 
the function closure transformation using λrp, while the other term R represents 
the environment value associated with the function closure. The environment ex-
traction X(M) is translated to the second component of the pair JMK(R). 

Example 1. Consider the case Jλy.(f x y)K(R′), where R′ is a term of λrp, 

R′ = update(⌈y⌉, 1, update(⌈x⌉, 2, id)).
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Jλy.(f x y)K(R′) 

= λu.J(f x y)K(update(⌈y⌉, u,R′)) 

= λu.
(
Fst(J(f x)K(update(⌈y⌉, u,R′))

)
(JyK(update(⌈y⌉, u,R′))) 

= λu.
(
Fst(J(f x)K(update(⌈y⌉, u,R′))

)
(lookup(⌈y⌉, R′))) 

= λu.
(
Fst(Fst(lookup(⌈f⌉, (update(⌈y⌉, u,R′)))) 

(lookup(⌈x⌉, (update(⌈y⌉, u,R′)))))
)
(lookup(⌈y⌉, R′))) 

The following Theorem demonstrates the soundness of the translation rules, 
which ensures that the translation of a term in λx to a term in λrp preserves 
the reduction behavior of the original term. The theorem was proved in [2]. 

Theorem 1 (Soundness Theorem). If M →x N in λx, then JMK(R) 
∗→

JNK(R) in λrp for any term R in λrp. 

7 Simple Type Systems 

In this section, we introduce the simple type systems of λx and λrp. We define 
the types and typing rules of λx and λrp. The type system for λx is similar to the 
one proposed in the previous paper [2] and the type system for λrp is the same 
as the one proposed in [3], though the concrete syntax of the terms is slightly 
different. 

7.1 Simple Type System of λx 

We assume that type variables are α, β, . . . and type constants are ι, κ, . . .. 

Definition 6 (Types and Enviornment Types of λx). The types A,B, . . . of 
the lambda calculus λx and the environment types E,H, . . . are defined mutual-
recursively according to the following grammar. 

A ::= α | ι | (E ▷ A → B) | E

E ::= {x1 : A1} · · · {xn : An}

The type (E ▷ A → B) represents the type of a function closure, where E is 
the type of an environment of a function closure, A is the argument type of the 
function body, and B is the return type. 

Definition 7 (Typing Rules of λx). The typing relation E ⊢ M : A of the 
lambda calculus λx is a ternary relation between a typing environment E, a term 
M , and a type A, inductively defined by the following rules: 

E ⊢ c : Ac 
Constx {x : A}E ⊢ x : A

Varx
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where Ac is the type of the constant c. 

{x : A}E ⊢ M : B

{x : C}E ⊢ (λx.M) : ({x : C}E ▷ A → B) 
Lamx 

E ⊢ M : (H ▷ A → B) E ⊢ N : A

E ⊢ (M N) : B
Appx 

E ⊢ id : E
Idx 

E ⊢ M : A E ⊢ N : {x : C}H
E ⊢ (M/x) ·N : {x : A}H Extnx 

E ⊢ N : H H ⊢ M : A
E ⊢ (M ◦N) : A

Compx 

E ⊢ M : (H ▷ A → B) 

E ⊢ X(M) : H
Extractx 

In [2], we have shown that the reduction preserves the typing of terms in λx. 

Theorem 2 (Subject Reduction of λx). If E ⊢ M : A and M →x M
′, then 

E ⊢ M ′ : A. 

7.2 Simple Type System of λrp 

We assume that type variables are α, β, . . . and type constants are ι, κ, . . ., which 
are the same as those in λx. The symbols l1, l2, . . . represent labels of records. 

Definition 8 (Types of λrp). The types A,B, . . . of the lambda calculus λrp 
are defined according to the following grammar: 

A ::= α | ι | (A×B) | (A → B) | E

E ::= {l1 : A1} · · · {ln : An}

The type A → B is a function type from A to B, and A×B is a product type of 
A and B. The type E is an record type. The type {l1 : A1} · · · {ln : An} represents 
a record type with fields l1 of type A1, . . ., and ln of type An. 

A type assignment is a set of type assignments of variables to types. The 
type assignment {x1 : A1} · · · {xn : An} represents the type assignment of x1 to 
A1, . . ., and xn to An. 

Definition 9 (Typing Rules of λrp). The typing relation Γ ⊢ M : A of the 
lambda calculus λrp is a ternary relation between a type assignment Γ , a term 
M and a type A, inductively defined by the following rules: 

Γ ⊢ c : Ac 
Constrp {x : A}Γ ⊢ x : A

Varrp 

{x : A}Γ ⊢ M : B

{x : A}Γ ⊢ (λx.M) : (A → B) 
Lamrp 

Γ ⊢ M : (A → B) Γ ⊢ N : A

Γ ⊢ (M N) : B
Apprp 

Γ ⊢ M : A Γ ⊢ N : {l : C}E
Γ ⊢ update(l,M,N) : {l : A}E

Updaterp 
Γ ⊢ M : {l : A}E

Γ ⊢ lookup(M, l) : E
Lookuprp



( )

30 K. Kaneshita and S. Nishizaki 

Γ ⊢ M : A Γ ⊢ N : B
Γ ⊢ (M,N) : (A×B) 

Pairrp 

Γ ⊢ M : (A×B) 

Γ ⊢ Fst(M) : A
Fstrp 

Γ ⊢ M : (A×B) 

Γ ⊢ Snd(M) : B
Sndrp 

The following theorem demonstrates that the reduction preserves the typing of 
terms in λrp, which was proved in [3]. 

Theorem 3 (Subject Reduction of λrp). If Γ ⊢ M : A and M → N , then 
Γ ⊢ N : A. 

8 Strong Normalizability of λx 

Definition 10 (Translation of Type). The translation JAK of a type A of λx 
to a type of λrp is defined inductively by the following equations:

JαK = α

JιK = ι

J(E ▷ A → B)K = (JAK → JBK) × JEK
J{x1 : A1} · · · {xn : An}K = {⌈x1⌉ : JAK} · · · {⌈xn⌉ : JEK}

Note that the left hand side of the last equation, {x1 : A1} · · · {xn : An}, is an 
environment type of λx but the right hand side {⌈x1⌉ : JAK} · · · {⌈xn⌉ : JEK} is a 
type of λrp, thoght the same notation is used. 

Theorem 4 (Type preservation of J−K(−)). If E ⊢ M : A in λx and Γ ⊢
R : JEK in λrp, then Γ ⊢ JMK(R) : JAK in λrp. 

Proof. We prove the theorem by induction on the derivation of E ⊢ M : A. 
Case Constx: suppose that E ⊢ c : Ac and JcK(R) = c. Then Γ ⊢ c : Ac, that 

is, Γ ⊢ c : JAcK. 
Case Varx: suppose that {x : A}E ⊢ x : A and Γ ⊢ R : J{x : A}EK. 

Since J{x : A}EK = {⌈x⌉ : JAK}JEK, Γ ⊢ R : {⌈x⌉ : JAK}JEK Since JxK(R) = 
lookup(R, ⌈x⌉), Γ ⊢ lookup(R, ⌈x⌉) : A, that is, Γ ⊢ JxK(R) : JAK. 

Case Lamx: suppose that 

.... 
{x : A}E ⊢ M : B

{x : C}E ⊢ (λx.M) : ({x : C}E ▷ A → B) 
Lamx 

and Γ ⊢ R : J{x : C}EK. We know that {u:A}Γ ⊢ update(⌈x⌉, u,R) : J{x : A}EK. 
By the induction hypothesis, Γ ⊢ JMK(update(⌈x⌉, u,R)) : JBK, therefore, Γ ⊢
λu.JMK(update(⌈x⌉, u,R)) : JAK → JBK. We have 

Γ ⊢ λu.JMK(update(⌈x⌉, u,R)), R : (JAK → JBK) × J{x : C}EK
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□
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that is, 
Γ ⊢ J(λx.M)K(R) : J({x : C}E ▷ A → B)K

ppose that Γ ⊢ R : JEK andCase Appx: Su 

.... 
E ⊢ M : (H ▷ A → B) 

.... 
E ⊢ N : A

E ⊢ (M N) : B
Appx 

By the induction hypothesis, Γ ⊢ JMK(R) : J(H ▷ A → B)K and then Γ ⊢
Fst(JMK(R)) : JAK → JBK
By the induction hypothesis, Γ ⊢ JNK(R) : JAK. Therefore, Γ ⊢ (Fst(JMK(R)))(JNK(R)) : 

Case Idx: Since R = JidK(R), Γ ⊢ JidK(R) : JEK. 
Case Extnx: Suppose that Γ ⊢ R : JEK and 

. .... 
E ⊢ M : A

... 
E ⊢ N : {x : C}H

E ⊢ (M/x) ·N : {x : A}H Extnx 

By the induction hypothesis, Γ ⊢ JMK(R) : JAK and Γ ⊢ JNK(R) : J{x : C}HK, 
which implies Γ ⊢ JNK(R) : {⌈x⌉:JCK}JHK. Then, Γ ⊢ update(⌈x⌉, JMK(R), JNK(R)) : 

{⌈x⌉ : JCK}JHK. Consequently, Γ ⊢ J(M/x) ·NK(R) : J{x : A}HK. 
Case Compx: Suppose that Γ ⊢ R : JEK and 

. .... 
E ⊢ N : H

... 
H ⊢ M : A

E ⊢ (M ◦N) : A
Compx 

By the induction hypothesis, Γ ⊢ JNK(R) : JHK. Hence, by the induction hypos-
esis, Γ ⊢ JMK(JNK(R)) : JAK. Consequently, Γ ⊢ J(M ◦N)K(R) : JAK. 

Case Extractx: Suppose that Γ ⊢ R : JEK and 

.... 
E ⊢ M : (H ▷ A → B) 

E ⊢ X(M) : H
Extractx 

By the induction hypothesis, Γ ⊢ JMK(R) : J(H ▷ A → B)K. Then, Γ ⊢
JMK(R) : (JAK → JBK) × JHK. Therefore, Γ ⊢ Snd(JMK(R)) : JHK, that is, 
Γ ⊢ JX(M)K(R) : JHK. 

Definition 11 (σ-reduction). The σ-reduction is a reduction defined the rules 
other than Betax and BetaClosx in λx, and it constitutes a subreduction of 
→x. 

The σ-reduction satisfies the strong normalizability and it can be proved 
using the following measurement function.
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Definition 12 (Length of terms of λx). The length length(M) of a term M
of λx is defined inductively by the following equations: 

length(c) = 1 

length(x) = 1 

length(λx.M) = length(M) × 2 

length((M N)) = length(M) + length(N) + 1 

length(id) = 1 

length((M/x) ·N) = length(M) + length(N) + 1 

length((M ◦N)) = length(M) × (length(N) + 1) 

length(X(M)) = length(M) + 1 

Lemma 1 (Decrease of Length). If M →x N in λx, then length(M) >
length(N). 

If the lemma is proved, the strong normalizability of σ-reduction can be 
proved by the well-foundedness of the natural numbers. 

Theorem 5 (Strong Normalization of σ-reduction). There is no infinite 
reduction sequence by σ-reduction in λx. 

The proof of Lemma is proved by checking decrease for each reduction rule 
of λx. 

Proof. This is also proved in [3], except the case of Extractx; we will show only 
the case here. 

Case Extractx: suppose that X((λx.M ) ◦ L) →x L. 

length(X((λx.M) ◦ L)) = length((λx.M) ◦ L) + 1 

= length(λx.M) × (length(L) + 1) + 1 

> length(L) 

To prove the Strong Normalization Theorem, we will establish the following 
lemma, which provides a detailed formulation of the Soundness Theorem 1. The 
following lemma demonstrates that a single reduction step by rule Betax and 
BetaClosx in λx corresponds to a reduction sequence of one or more steps 
involving a Betarp step in λrp. 

Lemma 2. If M →x N by either Rule Betax or BetaClosx in λx, then

JMK(R) 
+→ JNK(R) in λrp for any term R in λrp. 

Specifically, Both Rule Betax and BetaClosx correspond to the reduction se-
quence of Rule First Projrp and Betarp. 

□
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Proof. Case Betax: Suppose that ((λx.M ) N) →x M ◦ ((N/x) · id). We have

J((λx.M) N)K(R) 

= Fst(J(λx.M)K(R))(JNK(R)) 

= Fst((λu.JMK(update(⌈x⌉, u,R)), R
)
)(JNK(R)) 

→x (λu.JMK(update(⌈x⌉, u,R)))(JNK(R)) First Projrp 

→x JMK(update(⌈x⌉, JNK(R), R)) Betarp 

On the other hand,

JM ◦ ((N/x) · id)K(R) = JMK(J((N/x) · id)K(R)) 

= JMK(update(⌈x⌉, JNK(R), R)) 

Consequently, J((λx.M) N)K(R) →→ JM ◦ ((N/x) · id)K(R) 
Case BetaClosx: Suppose that (((λx.M ) ◦ L) N) →x M

have 
◦ ((N/x) · L). We

J(((λx.M) ◦ L) N)K(R) 

= Fst(J(λx.M) ◦ LK(R))(JNK(R)) 

= Fst(J(λx.M)K(JLK(R)))(JNK(R)) 

= Fst((λu.JMK(update(⌈x⌉, u, JLK(R)), JLK(R)
)
)(JNK(R)) 

→x (λu.JMK(update(⌈x⌉, u, JLK(R)))(JNK(R)) First Projrp 

→x JMK(update(⌈x⌉, JNK(R), JLK(R)) Betarp 

On the other hand,

JM ◦ ((N/x) · L)K(R) = JMK(J((N/x) · L)K(R)) 

= JMK(update(⌈x⌉, JNK(R), JLK(R)) 

Consequently, J(((λx.M) ◦ L) N)K(R) →→ JM ◦ ((N/x) · L)K(R) 

We prove the main result of this paper, the Strong Normalization Theorem 
of λx as follows: 

Theorem 6 (Strong Normalization of λx). There is no infinite reduction 
sequence by →x in λx. 

Proof. Suppose that there is an infinite reduction sequence M0 →x M1 →x 

M2 →x · · · . By Theorem 5, the infinite sequence includes infinite number of 
reduction step by Rule Betax or BetaClosx. 

If you translate the infinite reduction sequence to λrp by J−K(R) for a term 
R, it makes an infinite reduction sequence which includes infinite number of 
reduction step by Betarp in λrp. 

However, the infinite reduction sequence is impossible by the Strong Nor-
malization Theorem of λrp. Therefore, the infinite reduction sequence by →x is 
impossible. 

□ 

□
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9 Conclusion and Future Work 

In conclusion, this study extends the simply typed lambda calculus by integrating 
the mechanism of environment extraction, resulting in the calculus denoted as 
λx. The primary contribution lies in proving that strong normalization holds for 
this extended calculus. To achieve this, we defined the λx calculus and introduced 
the λrp calculus, which incorporates records and pairs. We developed a rigorous 
framework for translating between these calculi, verified the soundness of the 
translation rules, and ensured type preservation. Additionally, we formalized 
the notion of term length in the λx calculus to support our proofs. The strong 
normalization of the λrp calculus, as demonstrated in [3], served as a foundation 
for establishing the strong normalization of the λx calculus. This work not only 
strengthens the theoretical basis of lambda calculi but also provides new insights 
into environment extraction in typed functional programming languages. 

For future work, we plan to extend the λx calculus to include polymorphic 
types and investigate the strong normalization of this extended system. In [7], we 
explored the exchange of environments between function closures. Building on 
this, we aim to examine the strong normalization of a calculus that incorporates 
the transplantation of environments. Additionally, it would be intriguing to study 
environment extraction in the context of first-class environments, such as those 
investigated by Sato [11]. 

The mechanism of environment extraction represents a powerful concept in 
functional programming languages. It is inspired by the principle of selectively 
restricting the modification of S-expressions that encapsulate the environment. 

10 Conclusion and Future Work 

In conclusion, this study extends the simply typed lambda calculus by integrating 
the mechanism of environment extraction, resulting in the calculus denoted as 
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the notion of term length in the λx calculus to support our proofs. The strong 
normalization of the λrp calculus, as demonstrated in [3], served as a foundation 
for establishing the strong normalization of the λx calculus. This work not only 
strengthens the theoretical basis of lambda calculi but also provides new insights 
into environment extraction in typed functional programming languages. 

For future work, we plan to extend the λx calculus to include polymorphic 
types and investigate the strong normalization of this extended system. In [7], we 
explored the exchange of environments between function closures. Building on 
this, we aim to examine the strong normalization of a calculus that incorporates 
the transplantation of environments. Additionally, it would be intriguing to study 
environment extraction in the context of first-class environments, such as those 
investigated by Sato [11].
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The mechanism of environment extraction represents a powerful concept in 
functional programming languages. It is inspired by the principle of selectively 
restricting the modification of S-expressions that encapsulate the environment. 
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