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Abstract. With the increasing volatility of global financial markets, effectively
predicting market trends and managing potential risks has become an important
issue in financial risk management and investment decisions. This paper evalu-
ates the forecasting ability of the ARIMA-GARCH model for the logarithmic
return of the S&P 500 index during the 2008 economic crisis and the 2020
COVID-19 pandemic. It assesses the VaR forecasting performance of the model,
mainly using rolling window forecasting combined with the Kupiec test and the
Christoffersen test. Given that the 2008 financial crisis originated from internal
risks in the financial system, while the economic shock triggered by the
COVID-19 pandemic in 2020 was an external event impacting the financial
system, the model's forecast performance differs between the two periods. The
test results show that the ARIMA-GARCH model has little predictive power for
the S&P 500 index during the 2008 economic crisis, while during COVID-19, its
predictive power is significantly dependent on the model's distribution assump-
tions and the confidence level settings. In particular, we find that the model can
predict market risk more accurately under the GED distribution assumption
during COVID-19. This suggests the need for flexible model adjustments under
extreme market conditions depending on the actual situation. The research results
provide a reference for the application conditions of the ARIMA-GARCH model
in the financial market and provide directions for model improvement.

Keywords: ARIMA-GARCH Model, Financial Crisis, Volatility Forecasting,
VaR Prediction, Kupiec Test

1 Introduction

The 2008 financial crisis, commonly known as the Global Financial Crisis, stands as
one of the most severe economic crises since the 1930s Great Depression. This crisis
was triggered by the collapse of the housing bubble in the United States, which in turn
affected the global financial market and banking system, leading to the bankruptcy or
government bailout of several important financial institutions (Neokosmidis & Poli-
menis, 2010)[9]. During the crisis, the S&P 500, an important measure of the eco-
nomic performance of the largest publicly traded U.S. companies, experienced wild
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swings. Szado's (2009)[12] study showed that in 2008, the S&P 500 index saw a de-
cline of approximately 50% from its peak to its trough, and many assets that were
originally regarded as effective stock diversification also suffered serious losses.

In late 2019, COVID-19 was first identified in China, and due to its swift spread
and widespread global impact, the World Health Organization classified it as a Public
Health Emergency of International Concern on January 30, 2020. Fernandes
(2020)[6] pointed out that for all the countries analyzed, the expected average GDP
growth rate in 2020 was -2.5%, of which the COVID-19 pandemic was expected to
cause a 4% GDP loss in the United States. For the S&P 500 in particular, Yil-
mazkuday (2023)[13] employed a structural vector autoregressive model to examine
the effect of COVID-19 case numbers in the U.S. The study revealed that a 1% rise in
daily new cases was associated with a drop of approximately 0.01% in the S&P 500
index the next day and about 0.03% within a week.

The dramatic market volatility during the 2008 economic crisis and 2020
COVID-19 period, while treated as extreme economic events, actually reflects a gen-
eral pattern of market reactions under uncertainty and stress. This study evaluates the
forecasting performance of the ARIMA-GARCH model concerning the S&P 500
index during the 2008 financial crisis and the COVID-19 pandemic in 2020. It offers
empirical insights into the model's effectiveness across various economic crises by
analyzing its predictive capabilities during these two distinct periods of economic
disruption caused by different factors.

2 Literature Review

In the Indian stock market setting, Babu and Reddy (2014)[1] tackled the issue of
multi-step ahead forecasting by utilizing the daily opening prices of SBI stock. By
comparing the hybrid ARIMA-GARCH model with other versions of ARIMA (in-
cluding trend and wavelet ARIMA) and the GARCH model, it was determined that
the ARIMA-GARCH model outperformed conventional models in predictive preci-
sion and tracking data trends. Pahlavani and Roshan (2015)[10] focused on the Irani-
an foreign exchange market for the problem of predicting the US dollar and Iranian
rial exchange rate. Based on the ARIMA and hybrid ARIMA-GARCH modeling
approaches, it was concluded that the ARIMA-EGARCH model had the best perfor-
mance in capturing exchange rate volatility and forecasting ability. Amid the
COVID-19 pandemic, Haque and Shaik (2021)[7] used WTI crude oil pricing figures
and utilized ARIMA and GARCH models for predicting crude oil costs. They ob-
tained the result that the ARIMA model outperformed the GARCH model for pre-
dicting crude oil prices in extreme cases.

To solve the problem of stock price prediction, Mustapa and Ismail (2019)[8] ap-
plied the ARIMA-GARCH model to S&P 500 monthly figures and used AIC, BIC,
AIC, and SIC respectively to find the best parameter combination of the ARIMA
model and GARCH model. They identified that the ARIMA(2,1,2)-GARCH(1,1)
model outperformed others in forecasting the S&P 500. By comparing MAE and
RMSE values of dynamic prediction and static prediction, it was found that dynamic
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prediction results are better than static prediction results. In the context of the finan-
cial crisis, Setyowibowo et al. (2022)[11], aiming at the problem of daily gold price
prediction, utilized secondary market data. Based on the ARIMA-GARCH hybrid
modeling approach, it was determined that the model excelled in predictive precision
and found the optimal parameter combination ARIMA(1,1,1)-GARCH(2,1) through
AIC and BIC. Zhang (2022)[15] applied the Kupiec POF test to explore the predictive
ability of the ARIMA-GARCH model for multiple stock indexes during COVID-19.
He calculated 95% VaR and 99% VaR during and after the economic crisis triggered
by COVID-19, and 95% VaR and 99% VaR after the economic crisis. The results
showed that the model's ability to predict overall market risk is weak, and the predic-
tion on the S&P 500 index in particular failed the Kupiec test. Chen (2023)[4] inves-
tigated how well the GARCH model family could predict volatility for the S&P 500
index amid the 2008 financial crisis and the COVID-19 pandemic in 2020, discover-
ing that the GJL-GARCH model excelled in the financial crisis, in contrast to the
EGARCH model's superior performance in the COVID-19 era.

3 Theoretical Foundation of the ARIMA-GARCH Model

3.1 Principles of the ARIMA model

The ARIMA model (Autoregressive Integrated Moving Average) combines the three
techniques of autoregression (AR), differencing (I), and moving average (MA) to
forecast future data points by eliminating the trend through differencing, capturing the
dependency structure by autoregression, and moving averages to deal with the residu-
als, and is particularly suitable for time series such as stock or commodity returns.
The formula for the ARIMA(p, d, q) model reads:

dy. =c+ Zle didy_; + Z?=1 Oiecj + & (D

In this context, p, d, and q symbolize the number of autoregressive terms, the
difference order, and the moving average order respectively; y; is the time series of
time t; ¢; is the autoregressive coefficient which represents the influence of the
values of the previous p moments on the current value; 8; is the moving average
coefficient, which represents the influence of the errors from the previous q mo-
ments on the current value; &, is the current white noise error term; and c is a con-
stant term.

3.2 Principles of the GARCH model

The GARCH model (Generalized AutoRegressive Conditional Heteroskedasticity
Model), proposed by Bollerslev (1986)[2], extends Engle's (1982)[5] theory of the
ARCH model by adding a conditional autoregressive component of variance, which
allows the model to capture more complex volatility structures. The conditional vari-
ance equation of GARCH (p, q) is as follows:
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In this context, o,_;* is the conditional variance at time t—j, known as the
GARCH term; &,_;2 denotes the squared residual at time t — i, known as the ARCH
term. In this equation, the conditional variance 0,2 depends on the squares of the
error terms from the previous q moments as well as the conditional variances from
the previous p moments.

3.3  Principles of the ARIMA-GARCH model

The ARIMA-GARCH model combines the ARIMA model and GARCH model to be
able to deal with the dynamic characteristics of mean and variance of time series at
the same time. The model first utilizes the ARIMA model to fit time series and gener-
ate residual sequences and then applies the GARCH model to model these residual
sequences to capture their conditional heteroscedasticity. The equations of ARIMA
(p, d, Q)-GARCH (m, n) are as follows:

dy, =c+ Z?:l ¢pidye_; + Z?=1 Hj“—'t—j + & 3)
& = 0.2 “)
0 = ag + Xy aige_ it + XL, Bjoe_;? S

4 Empirical Analysis Results

4.1 Data Sources and Processing

Reacting to the 2008 financial crisis and the COVID-19 outbreak of 2020, this paper
selected daily closing price data for the S&P 500, spanning from January 1, 2006, to
December 31, 2010 (covering the 2008 economic crisis) and January 1, 2018, to De-
cember 31, 2022 (covering the 2020 COVID-19 pandemic) provided by Yahoo Fi-
nance (Yahoo Finance, 2024)[14].

To eliminate trends in the price series and capture relative changes in market vola-
tility, we converted the daily closing price of the S&P 500 index first into a logarith-
mic return before using it in subsequent evaluations, using this formula:

R, =1n( i ) (6)

Pt—1

Where R; represents the logarithmic return of the S&P 500 index on day t, and P,
denotes the S&P 500 Index's daily closing price on the same day.
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4.2  Stationarity Test

To establish the ARIMA-GARCH model, the stationarity test of the logarithmic re-
turn of the S&P 500 index was first carried out, and the method used in this paper was
the ADF unit root test. The results of the stationarity test are as follows:

Table 1. ADF Unit Root Test Results

ADF test
Series Period t-statistics p-value
2006-01-01 to 2010-12-31 -10.861 0.01
2018-01-01 to 2022-12-31 -10.201 0.01

The p-values from the ADF test in Table 1 reveal that the logarithmic return time
series for the S&P 500 index, spanning 2006-2010 and 2018-2022, demonstrate a
stable pattern.

43 ARCH-LM Test

To determine whether there was significant heteroscedasticity in the logarithmic re-
turn time series of the S&P 500 index and to better capture the characteristics of vola-
tility changes, this paper adopted the ARCH-LM test for the heteroscedasticity test.
The results of the heteroscedasticity test are as follows:

Table 2. ARCH-LM Test Results

ARCH-LM test
Series Period Chi-squared p-value
2006-01-01 to 2010-12-31 415.45 <2.2e-16
2018-01-01 to 2022-12-31 493.39 <2.2e-16

Table 2 illustrates that the p-values of the two time periods are significantly lower
than the common significance level (such as 0.05). The null hypothesis can be dis-
missed, leading to the determination of notable heteroscedasticity in both data sets.
Due to the ARCH effect, this study employed the ARIMA-GARCH model to better
capture the autocorrelation and volatility characteristics in the series.

4.4  Optimal Parameter Selection and Modeling of the ARIMA-GARCH
Model

4.4.1 Optimal Parameter Selection for the ARIMA Model.

According to the stationarity test results, the logarithmic return time series for the
S&P 500 index remained constant during both intervals. Therefore, the difference
order d of the ARIMA model was set to 0. Next, we identified the lag count q in
the moving average (MA) process by plotting the autocorrelation function (ACF) and
determined the lag count p in the autoregressive (AR) process by plotting the partial
autocorrelation function (PACF).
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The ACF during the 2008 Financial Crisis The PACF during the 2008 Financial Crisis
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Fig. 1. Autocorrelation Function (ACF) and Partial Autocorrelation Function (PACF) plots of
the S&P 500 index from January 1, 2006, to December 31, 2010 (including the 2008 financial
Crisis)

As can be seen from Figure 1, the possible values for p are 2 or 3, and the possi-
ble values of q are from 1 to 4. Based on these possible values, multiple ARIMA
(p,d,q) models were established, and the parameter combination (2,0,1) with the
smallest AIC value was selected as the optimal ARIMA model’s parameter combina-
tion from January 1, 2006, to December 31, 2010.

The ACF during the 2020 COVID-19 Pandemic The PACF during the 2020 COVID-19 Pandemic
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Fig. 2. Autocorrelation Function (ACF) and Partial Autocorrelation Function (PACF) plots of
the S&P 500 index from January 1, 2018, to December 31, 2022 (including the COVID-19
period)

As can be seen in Figure 2, for the period from January 1, 2018, to December 31,
2022, the possible values of p are 2, and the possible values of q are from 1 to 4.
Several ARIMA(p, d,q) models were established, and the parameter combination
(2,0,2) with the smallest AIC value was ultimately selected as the parameter combina-
tion of the optimal ARIMA model.

4.4.2 Optimal Parameter Selection for the GARCH Model.

According to the research of Brooks (2019)[3], the GARCH(1,1) model was often
used to capture volatility aggregation in financial time series, and its simple and ef-
fective structure was usually able to better fit the volatility of financial data. There-
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fore, this paper selected this parameter combination and combined it with the optimal
parameter combination from the previously discussed ARIMA model to construct the
ARIMA-GARCH model.

At this point, the optimal parameter combinations of the ARIMA-GARCH model
during the two periods (2006-2010 and 2018-2022) have been determined. For the
period from 2006 to 2010, which covers the 2008 financial crisis, the optimal param-
eter combination is ARIMA(2,0,1)-GARCH(1,1). For the period from 2018 to 2022,
which covers the COVID-19 pandemic, the optimal parameter combination is
ARIMA(2,0,2)-GARCH(1,1).

Then the ARCH-LM tests were performed on the residuals of the
ARIMA-GARCH model and the results are as follows:

Table 3. ARCH-LM Test Results for the Residuals of the ARIMA-GARCH Models

ARCH-LM test
Series Period Chi-squared p-value
2006-01-01 to 2010-12-31 22.035 0.03713
2018-01-01 to 2022-12-31 8.3268 0.7591

As shown in Table 3, the residuals of the ARIMA-GARCH model based on the
2008 financial crisis data failed the ARCH-LM test, indicating that the model did not
fully capture the volatility characteristics of the data and needed further adjustment
and improvement. On the other hand, the residuals of the model built based on
COVID-19 pandemic data passed the ARCH-LM test, proving the applicability of the
model. Therefore, it was necessary to further analyze the residual characteristics of
the model based on the data before and after the 2008 economic crisis to determine
the appropriate improvement plan.

To evaluate the residual distribution of the ARIMA-GARCH model, we plotted a
normal Q-Q plot of the standardized residuals. Figure 3 shows a clear fat-tail phe-
nomenon, indicating that the residuals deviate from a normal distribution. In response,
we changed the residual distribution assumption from normal to Student's
t-distribution and re-conducted the ARCH-LM test. As shown in Table 4, the ARIMA
(2,0,1)-GARCH (1,1) model passes the ARCH-LM test under the Student's
t-distribution assumption.

Q-Q Plot of Standardized Residuals
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Fig. 3. Q-Q Plot of the Residual Series
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Table 4. ARCH-LM Test Results for the Residuals of the ARIMA-GARCH Model under the
Assumption of a Student's t-Distribution

ARCH-LM test
Series Period Chi-squared p-value
2006-01-01 to 2010-12-31 15.584 0.2111

4.5 Evaluation of Model Predictive Ability

Based on Figure 3 and the realities of the crisis, for the 2008 economic crisis, we
believed that the crisis roughly began on the 600th trading day (counting from early
January 2006, with January 3, 2006, as the first trading day) and ended in June 2009.
To evaluate the predictive ability of the ARIMA-GARCH model during the crisis, we
used the data from the first 600 trading days as the training set and the data during the
crisis (approximately 311 trading days) as the test set. We used the rolling window
forecasting method and retrained the model after every 50 trading days of predictions.
Subsequently, we evaluated the VaR results of the rolling forecasts using the Kupiec
test and the Christoffersen test to examine the predictive accuracy and independence
of breaches at different confidence levels. The results are as follows:

Table 5. VaR Exceedances and Accuracy Tests at 95% and 99% Levels for Different Distribu-
tional Assumptions During the 2008 Financial Crisis

c e Number of Kupiec Christoffersen| Number of Kupiec Christoffersen
Distributional Test for Test for
Assumption Exceedances 959 Test for 95% |Exceedances 999 Test for 99%
o, o o, °
(95% VaR) VaR VaR (99% VaR) VaR VaR
Not Not Inde- Not Not
Normal 25 Accurate|  pendent 12 Accurate| Independent
s Not Not Inde- Not
Student’s-t 26 Accurate]  pendent 7 Accurate Independent
Generalized
Error Distribu- 26 Acljlfrtate N(;tngii- 7 Accurate| Independent
tion (GED) P

Table 5 illustrates notable disparities in the performance of ARIMA-GARCH
models under different distributional assumptions at 95% and 99% VaR risk levels.
At the 95% VaR, the model under normal, Student's t, and Generalized Error Distri-
bution (GED) assumptions all failed the Kupiec test, suggesting potential inadequa-
cies in forecasting market extreme risks at conventional risk levels. In contrast, at the
99% VaR, although the model failed the Kupiec test under the normal and Student’s t
distribution assumptions, it exhibited higher predictive accuracy under the GED as-
sumption and successfully passed the test. In addition, the number of days actual daily
returns fell below the forecasted VaR exceeded the theoretical expectation under all
distributional assumptions, indicating that the actual market volatility exceeded the
model's predictions, which also reflected the limitations of the model in capturing
extreme market events. In the results of the Christoffersen test, the outcomes under
the normal distribution assumption were all ‘Not Independent’, indicating significant
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time-series correlation among the predicted loss events, and the model failed to cap-
ture all the relevant information under the normal distribution assumption. In contrast,
at the 95% VaR confidence level under Student's t and GED assumptions, the test
results indicated that the loss events were not independent, while at the 99% VaR, the
results showed independence. This implied that at higher confidence levels, the Stu-
dent’s t and GED distribution were better able to model the independence of loss
events, possibly because they better captured the fat-tail characteristics of the data.

Similarly, for the economic shock triggered by the 2020 COVID-19 pandemic, we
considered it to have begun roughly on the 500th trading day (counting from early
January 2018, with January 2, 2018, as the first trading day) and ended in late 2020.
We used the data from the previous 500 trading days as the training set, and the data
from the economic crisis (which is believed to be about 283 trading days) as the test
set, reconstructed the ARIMA-GARCH model every 50 steps and rolled forward the
forecasts. Finally, the model's predictive performance was evaluated using the Kupiec
test and Christoffersen test, with the results as follows:

Table 6. VaR Exceedances and Accuracy Tests at 95% and 99% Levels for Different Distribu-
tional Assumptions During the 2020 COVID-19 Pandemic

e e Number of Kupiec Christoffersen| Number of Kupiec Christoffersen
Distributional Test for Test for
Assumption Exceedances 95 Test for 95% |Exceedances 999, Test for 99%
0 (1] o (1]
(95% VaR) VaR VaR (99% VaR) VaR VaR
Not Not
Normal 17 Accurate| Independent 9 Accurate| Independent
Student’s-t 21 Not Independent 6 Accurate| Independent
Accurate
Generalized
Error Distri- 18 Accurate| Independent 6 Accurate| Independent
bution (GED)

Table 6 shows that the actual number of days the daily returns fell below the fore-
casted VaR exceeded the theoretical expectations, indicating significant limitations of
the ARIMA-GARCH model in forecasting VaR. Under the normal distributional as-
sumption, at the 95% VaR confidence level, the ARIMA-GARCH model passed both
the Kupiec and Christoffersen tests, meaning the VaR predicted by the model could
accurately cover 95% of the worst cases, and the exceedances were independent.
However, at the 99% VaR confidence level, the model failed both the Kupiec and
Christoffersen tests, indicating poor performance in predicting extreme risk events,
with significant time-series correlation among predicted loss events. Under the Stu-
dent’s t distribution assumption, the model passed the Christoffersen test at both con-
fidence levels. However, it failed the Kupiec test at 95% VaR but passed it at 99%
VaR. Under the GED distribution assumption, we found that the ARIMA-GARCH
model passed the Kupiec and Christoffersen tests for both 95% and 99% VaR confi-
dence levels, demonstrating the model's strong prediction ability for extreme market
conditions under this distribution assumption. At the same time, the test results
showed that the loss events predicted by the model remained independent in the time
series, with no significant temporal correlation.
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5 Conclusion

This paper evaluates the predictive ability of the ARIMA-GARCH model on the log-
arithmic returns of the S&P 500 index throughout the 2008 financial crisis and the
COVID-19 pandemic in 2020. It is found that the ARIMA-GARCH model has a weak
predictive ability during the 2008 economic crisis, passing the Kupiec test only under
the GED distribution assumption, at the 99% VaR. In contrast, the model's perfor-
mance during COVID-19 demonstrates significant dependence on the distributional
assumptions and confidence level settings: under the normal assumption, the model
performs well at regular risk levels but poorly at extreme risk levels, while the model
performs the opposite under the Student's t-distribution assumption, and under the
GED distribution assumption the model shows excellent stability at both confidence
levels. These results suggest that we need to choose appropriate distributional as-
sumptions based on market-specific volatility and risk preferences when using the
ARIMA-GARCH model to forecast the S&P 500 during COVID-19.

In the case where the ARIMA-GARCH model fails the Christoffersen test, given
that the model is used here to predict the logarithmic return of the S&P 500 during the
2008 economic crisis or the COVID-19 pandemic, market fluctuations during these
periods tend to be non-random and highly correlated. This is characterized by the fact
that market reactions are usually collective, and loss events are not only frequent but
also often interrelated. Therefore, we believe that the Christoffersen test result "Not
Independent" is reasonable to some extent and reflects actual market conditions.

Given that the economic shock triggered by COVID-19 is fundamentally different
from the 2008 economic crisis, the ARIMA-GARCH model shows a clear difference
in performance between the two periods. Specifically, as can be seen in Figures 1, 2,
and 3, the volatility of the 2008 economic crisis was more intense and longer in dura-
tion, and the market recovered more slowly. Such high persistence and slow recovery
speed of internal systemic risk made it difficult for the ARIMA-GARCH model to
adapt to extreme changes, resulting in generally unsatisfactory Kupiec test results. In
contrast, during the COVID-19 pandemic in 2020, although market volatility in-
creased in the short term, it quickly subsided and the market recovered faster. This
transient volatility caused by an external event allows the model to accommodate
these fluctuations. Therefore, the model passes the Kupiec test under certain distribu-
tional assumptions and confidence levels. As a result, the ARIMA-GARCH model
demonstrates clear differences in its response to internal systemic risk (the 2008 eco-
nomic crisis) and market volatility caused by external shocks (the economic shock
caused by COVID-19). This highlights the necessity of taking into account the nature
of the crisis and the specific characteristics of market volatility when using such mod-
els for risk management and forecasting.
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