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1 

Abstract. Research on crack propagation using the phase field model has gained 

significant attention in recent years. However, several aspects remain 

unexplored, such as crack propagation in three-dimensional domains. This study 

aims to model crack growth in three-dimensional domains using the phase field 

model. In this work, the three-dimensional domain is considered as a 

homogeneous and isotropic material. To solve the crack propagation equations, 

we employ the anisotropic adaptive finite element method, which is effectively 

implemented using the FreeFEM software. The results of this study demonstrate 

that an initially inclined crack rotates and becomes horizontal as it propagates, 

indicating a Mixed Mode Crack. This study provides qualitative results consistent 

with other research that does not utilize the anisotropic adaptive finite element 

method. 

Keywords: Phase Field Model, Crack Propagation, Adaptive Finite Element 

Method, 3D, Mixed Mode, FreeFEM. 

Introduction 

One of the most popular continuous approaches today is the Phase Field Model (PFM). 

Since it does not require specific algorithms to determine crack paths and directions, 

this model simplifies the modeling of crack propagation. Initially, this model was pro-

posed and introduced by Bourdin et al. [1]. Subsequently, it was extended and applied 

to study various multi-physics crack phenomena, such as cracks induced by heat [2-5], 

fluid pressure [6-9], hydrogen diffusion [3,10], and others. Additionally, this model has 

been employed to investigate crack behavior in various types of materials, including 

viscoelasticity [3,11-13], plasticity [14,15], heterogeneous and anisotropic materials 

[16,17], and thin plates [18]. 

Despite its robustness, this model has limitations when applied using grid-based nu-

merical methods. The grid mesh size must be at least four times smaller than ϵ [19]. 

This requirement significantly increases the number of mesh elements, which, in turn, 
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lengthens computation time. This limitation is one of the main reasons why this model 

is rarely applied to certain cases involving three-dimensional domains. Therefore, one 

alternative method is the adaptive mesh refinement technique. 

The adaptive mesh refinement method is a highly powerful and effective approach 

for reducing computation time [3,13]. This method can be applied to studies of cracks 

in both 2D domains [3-5,13] and 3D domains [13]. Specifically, within the context of 

the finite element method, this approach is referred to as the adaptive finite element 

method. In general, although this method is categorized into isotropic adaptive mesh 

and anisotropic adaptive mesh, the use of anisotropic adaptive mesh is less widespread 

compared to isotropic adaptive mesh. However, when the two are compared, the 

computation time for anisotropic adaptive mesh is significantly shorter [13,20]. 

Therefore, applying this method to 3D crack cases is highly practical. As additional 

information, to date, no studies have employed this method for crack simulations in 3D 

domains, except for research on cracks caused by fluid pressure conducted by Alfat [9]. 

Considering the various facts outlined in the previous two paragraphs, this study 

aims to model crack propagation using the Phase Field Model (PFM) approach. In this 

research, our primary focus is to apply the anisotropic adaptive finite element method 

to solve the general equations of crack propagation in cases involving three-dimen-

sional domains. 

The article is structured into five sections. Section two explains the linear elasticity 

equations and the modified linear elasticity equations based on damage variables. This 

section will also derive the equations governing the damage variables through the Mi-

croforce Balance approach. Section three discusses the computational methods, such as 

dimensionless transformations, weak forms, and time discretization, as well as compu-

tational setup and domains. An explanation of simulation results and a brief discussion 

are provided in section four. The final section covers conclusions and future perspec-

tives of this research. 

2 Governing Equation 

2.1 Linear elastic equation 

We consider a closed domain Ω ∈ 𝑅𝑑  (𝑑 = 2,3) containing a sharp crack Σ. Addition-

ally, this domain is bounded by two types of boundaries, Γ ≔ ∂Ω = Γ𝐷
𝑢 ∪ Γ𝑁

𝑢, namely

the Dirichlet boundary Γ𝐷
𝑢 and the Neumann boundary Γ𝑁

𝑢. A complete illustration of

this is shown in Fig. 1 (left). Referring to the linear elasticity equations under quasi-

static and isothermal conditions, the force balance equation for the domain Ω with a 

crack Σ  can be written as follows: 

{
 

 
−div(σ[u]) = 𝑓(𝑥) 𝑥  ∈  Ω/Σ,

σ[𝑢]𝑛 = 𝑞(𝑥) on ΓN
u,

σ[𝑢]𝑛 = 0 on Σ±,

u = 𝑢𝐷(𝑥, 𝑡) on ΓD
u.

(1) 



 
84 S. Alfat et al.

Here, 𝑥 = (𝑥1, ⋯ , 𝑥𝑑)
𝑇 , 𝑢 = (𝑢1, ⋯ , 𝑢𝑑)

𝑇, 𝑓(𝑥), 𝑛 and 𝑡 represent the position vector

[m], displacement vector [m], body force [Pa m-1], normal vector, and time [s], 

respectively. Additionally, σ[𝑢] and 𝑒[𝑢] denote the stress tensor [Pa] and strain tensor, 

respectively, which are defined as follows: 

σ[𝑢] ≔ 𝐶𝑒[𝑢] = λdiv𝑢𝐼 + 2μ𝑒[𝑢] 

𝑒[𝑢] ≔
1

2
(∇𝑢𝑇 + (∇𝑢𝑇)𝑇)

Parameter 𝐶 is the elasticity tensor depending on the Lame constants λ =
Eν

(1+ν)(1−2ν)

and μ =
E

2(1−ν)
. Additionally,  Σ± represents the two sides of the crack mouth Σ.

Essentially, Equation (1) can be obtained by differentiating the elastic energy 

function. 

ℰℯℓ(𝑢) ≔
1

2
∫ 𝜎[𝑢]
Ω

: 𝑒[𝑢]𝑑𝑥, (2) 

where 𝑑𝑥 = 𝑑𝑥1𝑑𝑥2 for 2D or 𝑑𝑥 = 𝑑𝑥1𝑑𝑥2𝑑𝑥3 for 3D. We will not show the

derivation here, but readers can refer to the study conducted by one of our authors [3] 

for further details. 

Fig. 1. Illustration of Ω with a sharp crack (left), and Ω with an approximated crack depending 

on 𝑧 (right). 

Directly, Equation (1) can be used to model and simulate crack propagation. 

However, this requires a complex algorithm, and naturally, this can be somewhat 

complicated. Therefore, Equation (1) needs to be modified. 

Consider a damage variable (or PFM for crack propagation) 𝑧 ∈ (0,1) which 

represents a sharp crack Σ, where 𝑧 =  0  denotes the non-cracked region and 𝑧 =  1 

denotes the cracked region. Clearly, the reader can see the illustration in Fig. 1 (right). 

Thus, Equation (1) can be modified as follows: 

{

−div((1 − 𝑧)2𝜎[𝑢]) = 𝑓(𝑥) 𝑥  ∈  Ω,

(1 − 𝑧)2𝜎[𝑢]𝑛 = 𝑞(𝑥) on Γ𝑁
𝑢,

𝑢 = 𝑢𝐷(𝑥, 𝑡) on Γ𝐷
𝑢,

(3) 

whereas, the elastic energy functional in Equation (2) can be modified as: 
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ℰℯℓ
∗ (𝑢) ≔

1

2
∫ (1 − 𝑧)2𝜎[𝑢]
Ω

: 𝑒[𝑢]𝑑𝑥. (4) 

Here, if the stress tensor is modified as (1 − 𝑧)2𝜎[𝑢] = (1 − 𝑧)2𝐶𝑒[𝑢], it indicates that

the elastic tensor 𝐶 depends on the variable 𝑧. 

If the variable 𝑧 depends on time 𝑡, Equation (3) alone is not sufficient. Therefore, 

an evolution equation for crack propagation is required. We will detail this in the 

following section. 

2.2 PFM for fracture  

To determine the evolution equation for 𝑧, we consider the total energy: 

𝐸𝑡𝑜𝑡(𝑢, 𝑧) ≔ ℰℯℓ
∗ (𝑢) + 𝐸𝑠(𝑧), (5) 

where it represents the total energy regulation proposed initially by Ambrosio-

Tortorelli [21]. ℰℯℓ
∗ (𝑢) is the modified elastic energy defined in Equation (4), and 𝐸𝑠(𝑧)

is the surface energy defined as follows: 

𝐸𝑠(𝑧) ≔
1

2
∫ γ∗(𝑥) (ϵ|∇𝑧|

2 +
1

ϵ
𝑧2) 𝑑𝑥

Ω
, (6) 

where the variables 𝛾∗(𝑥) and 𝜖 represent the critical energy release rate [Pa·m] and the

length scale in the phase field model [m], respectively. 

Applying the Gradient Flow method [3] or the Microforce Balance approach [5, 22], 

the evolution equation for crack propagation can be derived as follows: 

{
𝛼
𝜕𝑧

𝜕𝑡
= (𝜖div(𝛾∗(𝑥)∇𝑧) −

𝛾∗(𝑥)

𝜖
𝑧 + 𝜎[𝑢]: 𝑒[𝑢](1 − 𝑧))

+
𝑥  ∈  Ω,

𝜕𝑧

𝜕𝑛
= 0 on Γ.

(7) 

Here, α is the time regularization parameter for PFM [Pa·s]. The symbol ( )+
indicates that Equation (7) is irreversible. We will not explain how to derive Equation 

(7) using the Gradient Flow method. Readers can refer to [3] for more details. However,

we will explain the derivation of this equation through the Microforce Balance

approach.

Consider a Helmholtz free energy function under isothermal conditions, which is the 

sum of the elastic energy density function and the surface energy. 

Ψ ≔
1

2
(1 − 𝑧)2𝜎[𝑢]: e[u] +

1

2
𝛾∗(𝑥) (𝜖|∇𝑧|

2 +
1

𝜖
𝑧2), (8) 

and the (pseudo) dissipation energy function is defined as: 

Φ ≔
1

2
𝒟 =

1

2
α|ż|2. (9) 

See the explanation on how to derive the dissipation energy function 𝒟  in [3,4]. Thus, 

we obtain two microscopic internal force functions as follows: 
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𝐵∗ ≔
𝜕Ψ

𝜕𝑧
+

𝜕Φ

𝜕𝑧̇
=

𝛾∗(𝑥)

𝜖
𝑧 − (1 − 𝑧)𝜎[𝑢]: 𝑒[𝑢] + 𝛼𝑧̇, (10) 

𝐻∗ ≔
𝜕Ψ

𝜕∇𝑧
+

𝜕Φ

𝜕∇𝑧̇
= 𝛾∗(𝑥)𝜖∇𝑧. (11) 

Since we are considering the Microforce Balance approach, neglecting micro-inertia 

effects [22], the first line of Equation (7) is obtained: 

α𝑧̇ = ϵdiv(𝛾∗(𝑥)∇𝑧) −
𝛾∗(𝑥)

𝜖
𝑧 + (1 − 𝑧)𝜎[𝑢]: 𝑒[𝑢]. 

Finally, we derive the first line of Equation (7). 

The equations (3) and (7) refer to the Phase Field Model (PFM) equations for crack 

propagation. These equations were introduced by Takaishi and Kimura [3]. We will use 

these equations to simulate crack propagation in a 3D domain. 

3 Computational Method 

3.1 Non-dimensional trasformation 

To simplify the computation of Equations (3) and (7), we transform these equations 

into non-dimensional forms. Let us consider the following non-dimensional variables: 

𝑥̃ =
𝑥

𝑐𝑥
,     𝑢̃ =

𝑢

𝑐𝑢
,    𝐸̃ =

𝐸

𝑐𝑒
,    ϵ̃ =

ϵ

cx
, 𝛾∗̃ =

𝑐𝑥

𝑐𝑢
2𝑐𝑒
𝛾∗, (12) 

where the variables denoted by ̃  are non-dimensional variables. Here, 𝑐𝑥, 𝑐𝑢, and 𝑐𝑒
represent positive constants. Substituting Equation (12) into Equations (3) through (7), 

we obtain the non-dimensional forms of Equations (3) and (7) as follows: 

{
  
 

  
 
−diṽ((1 − 𝑧)2σ[𝑢̃]) = 𝑓(𝑥̃) 𝑥̃  ∈  Ω̃,

α̃
∂z

∂t
= (ϵ̃diṽ(γ̃∗(𝑥̃)∇̃𝑧) −

γ̃∗( )

ϵ̃
𝑧 + σ[𝑢̃]: 𝑒[𝑢̃](1 − 𝑧))

+
𝑥̃  ∈  Ω̃,

(1 − 𝑧)2σ[𝑢̃]𝑛 = 𝑞( ) on Γ𝑁
𝑢 ,

𝑢̃ = 𝑢𝐷(𝑥̃, 𝑡) on Γ𝐷
𝑢 ,

∂z

∂n
= 0 on Γ.

(13) 

𝑥

𝑥̃

The initial condition for 𝑧 is defined as 𝑧|𝑡=0 = 𝑧
0(𝑥̃). We will not elaborate in detail

on the derivation of Equation (13). However, readers can find a clear explanation in 

[9]. For convenience, the symbol ̃  and the variable 𝑓(𝑥̃) in Equation (13) will be

omitted when constructing the weak form and performing time discretization. 

𝐵∗ − div𝐻∗ = 0
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3.2 Time discretization and weak form 

This section will explain the time discretization and the weak form for Equation (13). 

The study employs a semi-implicit time scheme to compute Equation (13) as follows: 

{
 
 
 

 
 
 
−div((1 − 𝑧𝑘−1)𝜎[𝑢𝑘]) = 0 𝑥  ∈  Ω,

𝛼
𝑧𝑘−𝑧𝑘−1

Δ𝑡
= 𝜖div(𝛾∗∇𝑧̃

𝑘) −
𝛾∗

𝜖
𝑧̃𝑘 + (1 − 𝑧̃𝑘)𝜎[𝑢𝑘−1]: 𝑒[𝑢𝑘−1] 𝑥  ∈  Ω,

𝑧𝑘 = max(𝑧̃𝑘, 𝑧𝑘−1) 𝑥  ∈  Ω,

(1 − 𝑧𝑘−1)𝜎[𝑢𝑘]𝑛 = 0 on Γ𝑁
𝑢,

𝑢𝑘 = 𝑢𝐷
𝑘 on Γ𝐷

𝑢,
𝜕𝑧𝑘

𝜕𝑛
= 0 on Γ.

(14) 

Let 𝑢𝑘 and 𝑧𝑘 represent an approximation solution for the variables 𝑢 and 𝑧 at time 𝑡 =
𝑘Δ𝑡 (𝑘 = 1,2,⋯ , tmax). Here, Δ𝑡 is a constant time increment. Additionally,

max(𝑧̃𝑘, 𝑧𝑘−1) denotes the symbol ( )+ in the second line of Equation (13). Finally,

we have set up the time discretization form for Equation (13). Next, we will present the 

weak form of Equation (14). 

Consider two functions (𝑤, 𝑣) that serve as sequential test functions for 𝑢 and 𝑧, 

respectively, as follows: 

Vu ≔ (𝑤 ∈ 𝐻1(Ω)|𝑤 = 0 on Γ𝐷),

𝑉𝑧 ≔ (𝑣 ∈ 𝐻1(Ω)|𝑣 = 0 on Γ),

where 𝐻1(Ω) denotes the Sobolev space. When these test functions are multiplied by

the equations in the first and second lines of Equation (14), and each term is integrated, 

we obtain the weak form of Equation (14) as follows: 

𝑎𝑢(𝑢
𝑘 , 𝑤) = 𝑙𝑢

𝑘(𝑤)    (∀w ∈ Vu), (15) 

𝑎𝑧(𝑧
𝑘, 𝑣) = 𝑙𝑧

𝑘(𝑣) (∀𝑣 ∈ 𝑉𝑧), (16) 

where 

𝑎𝑢(𝑢
𝑘 , 𝑤) ≔ ∫ (1 − 𝑧𝑘−1)2

Ω
σ[𝑢𝑘]: 𝑒[𝑤]𝑑𝑥,

𝑙𝑢
𝑘(𝑤)  ≔  0,

𝑎𝑧(𝑧
𝑘, 𝑣) ≔ ∫ (

α

Δ𝑡
+

𝛾∗

𝜖
+𝑊(𝑢𝑘−1)) 𝑧̃𝑘𝑣

Ω
𝑑𝑥 + ϵ∫ 𝛾∗ ∇𝑧Ω

⋅ ∇𝑣𝑑, 

𝑙𝑧
𝑘(𝑣) ≔ ∫ (

𝛼

Δ𝑡
𝑧𝑘−1 +𝑊(𝑢𝑘−1)) 𝑣

Ω
𝑑𝑥,

We will use Equations (15)-(16) to compute the numerical solution of Equation (13). 
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3.3 Domain setting 

In this section, we present the computational setup and domain, including the phys-

ical parameters used in this study. One challenge in modeling crack propagation using 

the phase field model is that the size of each triangular mesh, ℎ(𝒯𝓀), within the domain

must be four times smaller than ϵ [13,19]. Consequently, the number of meshes in-

creases significantly, which eventually results in longer computation times. To address 

this, the numerical method used in this study is the anisotropic adaptive finite element 

method. This approach allows us to adjust the size and number of triangular meshes 

depending on the function 𝑧 (see Fig. 2). As a result, the computation time will be 

considerably faster [13,20]. 

Fig. 2. Illustration of the anisotropic adaptive finite element method on a 2D domain with a 

straight crack. The mesh size is very small and numerous in the crack area [13]. 

Overall, the code was written using FreeFEM software [23] and run on a computer with 

specifications of an Intel(R) Core i9-12900 kHz, a 24-core processor, and 94.0 GB of 

RAM. For simplicity, we present a pseudocode for calculating Equations (15)-(16) in 

the table below. Visualization of calculation results using the ParaView software. 

Algorithm 1: Adaptive Mesh-Based Crack Propagation Model 

Input: physical parameters 

Input: time parameters 𝒕𝒎𝒂𝒙 and 𝚫𝒕

Set: initial mesh 𝒯𝒽
0
 and initial crack 𝑧0(𝑥)

For 𝒌 = 𝟏,⋯ , 𝑻/𝚫𝒕 do 

Set 𝓣𝓱
𝓴 = 𝓣𝓱

𝓴−𝟏
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Calculate solution 𝑢𝑘 and 𝑧𝑘 using equations
(15)-(16) 

For 𝑖 = 1,⋯ ,10 do 

Design new mesh 𝒯𝒽
𝒾 based on  𝑧𝑘

End for 

Set 𝓣𝓱
𝓴 = 𝒯𝒽

𝒾

Table 1. Physical an time parameters. 

Phy. Par. Value Phy. Par. Value 

𝐸 50 𝛼 0.001 

𝜈 0.29 ℎ𝑚𝑖𝑛 0.0005 

𝛾∗ 0.5 Δ𝑡 0.0005 

𝜖 0.05 𝑡 0.5 

Since we are using non-dimensional variables, the physical parameters are also set as 

non-dimensional. The parameters used in this study are shown in Table 1. 

As mentioned in the Introduction, this study focuses on simulating crack propagation 

in a 3D domain. Therefore, we define the domain as Ω ≔ Ω′ × (0,0.5) ∈ 𝑅3 with Ω′ ≔
(0,2)2 ∈ 𝑅2, which contains initial cracks. There are two cases: the first case is a do-

main with one initial crack, and the second case has two initial cracks. Both cases have 

an initial crack length of 0.5 with an inclination of θ = 45o. In each case, the top and

bottom surfaces are subjected to traction. For clarity, this is illustrated in Fig. 3. 

Fig. 3. Illustration of the three-dimensional domain. The red area represents the initial crack with 

an inclination of θ = 45𝑜.

89

End for 



 
90 S. Alfat et al.

Fig. 4. The crack propagation profile in the three-dimensional domain during the time interval t 

= 0, 0.25, 0.335, 0.35, 0.375, 0.4 (from left to right). 

4 Result and Discussion 

Fig. 5. Evolution profile of the crack area  ∫ 𝑧𝑑𝑥
Ω

 at each time step for domains with 1 initial 

crack and 2 initial cracks. 

The simulation results of crack propagation in a 3D domain with one initial crack are 

shown in Fig. 4. This figure is a snapshot of each crack propagation process at times t 

= 0, 0.25, 0.335, 0.35, 0.375, 0.4. From this figure, it can be seen that the initially 

inclined crack gradually rotates as it propagates until it reaches t = 0.335. Meanwhile, 

between the time intervals 0.335 < t < 0.4, the crack grows planar (or perpendicular to 

the tensile force). For further details, readers can view the video we uploaded at 

https://zenodo.org/records/10695316/files/Single.avi?download=1. Additionally, the 

domain is fully divided (completely damaged) at t ≈ 0.38 . This is shown in Fig. 5, 

where the blue line graph appears flat at t ≈ 0.38. The illustration of the fully damaged 

domain is shown in Fig. 6 (left). 

https://zenodo.org/records/10695316/files/Single.avi?download=1
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Fig. 6. Mesh profile for each segment of the domain. The left and right sections represent domains 

with 1 initial crack and two initial cracks, respectively. This profile was obtained using ParaView 

software. 

The phenomenon of crack rotation can be explained as follows. Under conditions where 

the domain is subjected to pure tensile stress, the resulting crack profile will be 

perpendicular to the direction of the tensile force. If the domain contains an initially 

inclined crack, the crack will rotate until it aligns with the direction of the tensile force. 

This condition is classified as a mixed-mode crack (Mode I/III). This phenomenon was 

observed in both of our cases, where the crack rotated and ceased propagating once it 

became perpendicular to the direction of the tensile force. 

Qualitatively, our results for the first case show similarities with both experimental 

studies [24-27] and computational studies [3]. For the second case, although neither 

computational nor experimental studies have investigated it yet, we believe and suspect 

that the results will be consistent with both experimental and computational findings, 

given the results of the first case as a reference. 

5 Conclusion and Future Perspectives 

The study on crack propagation in three-dimensional domains using the Phase Field 

Model (PFM) and anisotropic adaptive finite element method has been successfully 

conducted. The use of PFM for crack propagation simulation clearly facilitates our 

understanding of this phenomenon. This model allows us to simulate crack propagation 

without the need for complex or specialized algorithms, even within three-dimensional 

domains. Moreover, the application of the anisotropic adaptive finite element method 

results in smooth crack paths and relatively shorter computation times. 

One thing that we can conclude from this study is that when a domain with an 

inclined initial crack is subjected to a tensile force, the crack profile rotates and becomes 

For the second case, simulation results in the form of snapshots for each time increment 

are not shown. However, they are provided in a video available at 

https://zenodo.org/records/10695316/files/Double.avi?download=1. Overall, the crack 

behavior is almost identical to the first case. Cracks at both ends of the initial crack 

rotate and eventually merge into a single crack at t ≈ 0.35 (see Fig. 6 (right)). This is 

clearly illustrated in Fig. 5. 

https://zenodo.org/records/10695316/files/Double.avi?download=1
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horizontal as the crack propagates, indicating a Mixed Mode Crack. Qualitatively, the 

results of this study are consistent with previous research [3,24-27]. 

We consider this research a preliminary study. Therefore, we plan to extend this 

research to observe crack propagation in various cases, such as cracks due to 

compressive, tensile, or shear forces. Of course, we will use a 3D domain to produce 

more realistic results. Additionally, we also plan to test our second case using an 

experimental approach. 
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	The adaptive mesh refinement method is a highly powerful and effective approach  for reducing computation time [3,13]. This method can be applied to studies of cracks  in both 2D domains [3-5,13] and 3D domains [13]. Specifically, within the context of  the finite element method, this approach is referred to as the adaptive finite element  method. In general, although this method is categorized into isotropic adaptive mesh  and anisotropic adaptive mesh, the use of anisotropic adaptive mesh is less widespread compared to isotropic adaptive mesh. However, when the two are compared, the computation time for anisotropic adaptive mesh is significantly shorter [13,20]. Therefore, applying this method to 3D crack cases is highly practical. As additional  information, to date, no studies have employed this method for crack simulations in 3D  domains, except for research on cracks caused by fluid pressure conducted by Alfat [9]. 
	2 Governing Equation 
	We consider a closed domain Ω∈𝑅𝑑 (𝑑=2,3) containing a sharp crack Σ. Addition- ally, this domain is bounded by two types of boundaries, Γ≔∂Ω=Γ𝐷𝑢∪Γ𝑁𝑢, namely the Dirichlet boundary Γ𝐷𝑢 and the Neumann boundary Γ𝑁𝑢. A complete illustration of this is shown in Fig. 1 (left). Referring to the linear elasticity equations under quasi- static and isothermal conditions, the force balance equation for the domain Ω with a  crack Σ  can be written as follows: 
	Considering the various facts outlined in the previous two paragraphs, this study  aims to model crack propagation using the Phase Field Model (PFM) approach. In this  research, our primary focus is to apply the anisotropic adaptive finite element method  to solve the general equations of crack propagation in cases involving three-dimen- sional domains. 
	2 Governing Equation 
	2 Governing Equation 

	σ[𝑢]≔𝐶𝑒[𝑢]=λdiv𝑢𝐼+2μ𝑒[𝑢] 𝑒[𝑢]≔12(∇𝑢𝑇+(∇𝑢𝑇)𝑇)
	{ −div((1−𝑧)2𝜎[𝑢])=𝑓(𝑥)𝑥 ∈ Ω, (1−𝑧)2𝜎[𝑢]𝑛=𝑞(𝑥)on Γ𝑁𝑢, 𝑢=𝑢𝐷(𝑥,𝑡)on Γ𝐷𝑢,(3) 
	ℰℯℓ(𝑢)≔1 2∫𝜎[𝑢]Ω:𝑒[𝑢]𝑑𝑥,  (2) 
	Parameter 𝐶 is the elasticity tensor depending on the Lame constants λ=Eν (1+ν)(1−2ν)and μ=E 2(1−ν). Additionally,  Σ± represents the two sides of the crack mouth Σ.
	ℰℯℓ(𝑢)≔1 2∫𝜎[𝑢]Ω:𝑒[𝑢]𝑑𝑥,  (2) 
	ℰℯℓ(𝑢)≔1 2∫𝜎[𝑢]Ω:𝑒[𝑢]𝑑𝑥,  (2) 

	Here, if the stress tensor is modified as (1−𝑧)2𝜎[𝑢]=(1−𝑧)2𝐶𝑒[𝑢], it indicates that the elastic tensor 𝐶 depends on the variable 𝑧. 
	{ 𝛼𝜕𝑧 𝜕𝑡=(𝜖div(𝛾∗(𝑥)∇𝑧)−𝛾∗(𝑥) 𝜖𝑧+𝜎[𝑢]:𝑒[𝑢](1−𝑧))+𝑥 ∈ Ω,𝜕𝑧 𝜕𝑛=0on Γ.(7) 
	To determine the evolution equation for 𝑧, we consider the total energy: 
	where it represents the total energy regulation proposed initially by Ambrosio- Tortorelli [21]. ℰℯℓ∗(𝑢) is the modified elastic energy defined in Equation (4), and 𝐸𝑠(𝑧)is the surface energy defined as follows: 
	If the variable 𝑧 depends on time 𝑡, Equation (3) alone is not sufficient. Therefore,  an evolution equation for crack propagation is required. We will detail this in the  following section. 
	To determine the evolution equation for 𝑧, we consider the total energy: 
	To determine the evolution equation for 𝑧, we consider the total energy: 

	𝐻∗≔𝜕Ψ 𝜕∇𝑧+𝜕Φ 𝜕∇𝑧̇=𝛾∗(𝑥)𝜖∇𝑧.(11) 
	where the variables denoted by ̃ are non-dimensional variables. Here, 𝑐𝑥, 𝑐𝑢, and 𝑐𝑒represent positive constants. Substituting Equation (12) into Equations (3) through (7),  we obtain the non-dimensional forms of Equations (3) and (7) as follows: 
	Finally, we derive the first line of Equation (7). 
	3 Computational Method 
	Since we are considering the Microforce Balance approach, neglecting micro-inertia effects [22], the first line of Equation (7) is obtained: 
	Finally, we derive the first line of Equation (7). 
	Finally, we derive the first line of Equation (7). 

	This section will explain the time discretization and the weak form for Equation (13). The study employs a semi-implicit time scheme to compute Equation (13) as follows: 
	𝑎𝑢(𝑢𝑘,𝑤)≔∫(1−𝑧𝑘−1)2Ωσ[𝑢𝑘]:𝑒[𝑤]𝑑𝑥, 𝑙𝑢𝑘(𝑤) ≔ 0, 𝑎𝑧(𝑧𝑘,𝑣)≔∫(α Δ𝑡+𝛾∗𝜖+𝑊(𝑢𝑘−1))𝑧̃𝑘𝑣Ω𝑑𝑥+ϵ∫𝛾∗ ∇𝑧Ω⋅∇𝑣𝑑, 𝑙𝑧𝑘(𝑣)≔∫(𝛼 Δ𝑡𝑧𝑘−1+𝑊(𝑢𝑘−1))𝑣Ω𝑑𝑥,
	Consider two functions (𝑤,𝑣) that serve as sequential test functions for 𝑢 and 𝑧, respectively, as follows: 
	where 𝐻1(Ω) denotes the Sobolev space. When these test functions are multiplied by the equations in the first and second lines of Equation (14), and each term is integrated,  we obtain the weak form of Equation (14) as follows: 
	{      −div((1−𝑧𝑘−1)𝜎[𝑢𝑘])=0 𝑥 ∈ Ω, 𝛼𝑧̃𝑘−𝑧𝑘−1Δ𝑡=𝜖div(𝛾∗∇𝑧̃𝑘)−𝛾∗𝜖𝑧̃𝑘+(1−𝑧̃𝑘)𝜎[𝑢𝑘−1]:𝑒[𝑢𝑘−1]𝑥 ∈ Ω, 𝑧𝑘=max(𝑧̃𝑘,𝑧𝑘−1) 𝑥 ∈ Ω, (1−𝑧𝑘−1)𝜎[𝑢𝑘]𝑛=0on Γ𝑁𝑢, 𝑢𝑘=𝑢𝐷𝑘on Γ𝐷𝑢,𝜕𝑧̃𝑘𝜕𝑛=0on Γ.(14) 
	Consider two functions (𝑤,𝑣) that serve as sequential test functions for 𝑢 and 𝑧, respectively, as follows: 
	Consider two functions (𝑤,𝑣) that serve as sequential test functions for 𝑢 and 𝑧, respectively, as follows: 

	In this section, we present the computational setup and domain, including the phys- ical parameters used in this study. One challenge in modeling crack propagation using the phase field model is that the size of each triangular mesh, ℎ(𝒯𝓀), within the domain must be four times smaller than ϵ [13,19]. Consequently, the number of meshes in- creases significantly, which eventually results in longer computation times. To address  this, the numerical method used in this study is the anisotropic adaptive finite element method. This approach allows us to adjust the size and number of triangular meshes  depending on the function 𝑧 (see Fig. 2). As a result, the computation time will be  considerably faster [13,20]. 
	Overall, the code was written using FreeFEM software [23] and run on a computer with specifications of an Intel(R) Core i9-12900 kHz, a 24-core processor, and 94.0 GB of  RAM. For simplicity, we present a pseudocode for calculating Equations (15)-(16) in  the table below. Visualization of calculation results using the ParaView software. 
	Input: physical parameters Input: time parameters 𝒕𝒎𝒂𝒙 and 𝚫𝒕Set: initial mesh 𝒯𝒽0 and initial crack 𝑧0(𝑥)For 𝒌=𝟏,⋯,𝑻/𝚫𝒕 do Set 𝓣𝓱𝓴=𝓣
	Overall, the code was written using FreeFEM software [23] and run on a computer with specifications of an Intel(R) Core i9-12900 kHz, a 24-core processor, and 94.0 GB of  RAM. For simplicity, we present a pseudocode for calculating Equations (15)-(16) in  the table below. Visualization of calculation results using the ParaView software. 
	Overall, the code was written using FreeFEM software [23] and run on a computer with specifications of an Intel(R) Core i9-12900 kHz, a 24-core processor, and 94.0 GB of  RAM. For simplicity, we present a pseudocode for calculating Equations (15)-(16) in  the table below. Visualization of calculation results using the ParaView software. 

	Table 1. Physical an time parameters. 
	𝜈 
	Phy. Par. 
	𝐸 
	Phy. Par. 
	Phy. Par. 
	Phy. Par. 

	Fig. 4. The crack propagation profile in the three-dimensional domain during the time interval t  = 0, 0.25, 0.335, 0.35, 0.375, 0.4 (from left to right). 
	Fig. 5. Evolution profile of the crack area  ∫𝑧𝑑𝑥Ω at each time step for domains with 1 initial  crack and 2 initial cracks. 
	https://zenodo.org/records/10695316/files/Single.avi?download=1.
	4 Result and Discussion 
	Fig. 5. Evolution profile of the crack area  ∫𝑧𝑑𝑥Ω at each time step for domains with 1 initial  crack and 2 initial cracks. 
	Fig. 5. Evolution profile of the crack area  ∫𝑧𝑑𝑥Ω at each time step for domains with 1 initial  crack and 2 initial cracks. 

	Fig. 6. Mesh profile for each segment of the domain. The left and right sections represent domains  with 1 initial crack and two initial cracks, respectively. This profile was obtained using ParaView software. 
	5 Conclusion and Future Perspectives 
	One thing that we can conclude from this study is that when a domain with an  inclined initial crack is subjected to a tensile force, the crack profile rotates and becomes 
	The phenomenon of crack rotation can be explained as follows. Under conditions where the domain is subjected to pure tensile stress, the resulting crack profile will be  perpendicular to the direction of the tensile force. If the domain contains an initially  inclined crack, the crack will rotate until it aligns with the direction of the tensile force.  This condition is classified as a mixed-mode crack (Mode I/III). This phenomenon was  observed in both of our cases, where the crack rotated and ceased propagating once it  became perpendicular to the direction of the tensile force. 
	5 Conclusion and Future Perspectives 
	5 Conclusion and Future Perspectives 

	We consider this research a preliminary study. Therefore, we plan to extend this  research to observe crack propagation in various cases, such as cracks due to  compressive, tensile, or shear forces. Of course, we will use a 3D domain to produce  more realistic results. Additionally, we also plan to test our second case using an  experimental approach. 
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