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Abstract. Searching the entire input space is required to ensure the accuracy of 

the reliability estimation, for which existing reliability estimation methods based 

on search algorithms require high computational costs. To this end, this paper 

realizes the search of the whole input space through adaptive grids and reduces 

the search cost through active learning, and proposes two active learning 

algorithms based on adaptive grids, namely, reliability error supervised 

algorithm of adaptive grid and reliability index accuracy supervised algorithm of 

adaptive grid. The former calculates the reliability of the specified error, and the 

latter calculates the reliability index of the specified accuracy, and its accuracy, 

efficiency and practicability are verified in the comparison with other algorithms 

and practical engineering applications. 
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1 Introduction 

In engineering, structures are often required to meet extremely low failure 

probabilities . Scholars have proposed numerous methods in recent decades on how to 

estimate such low failure probabilities using fewer samples. Currently, structural 

reliability prediction methods can be broadly classified into the following two 

categories: 1. Analytical methods based on probability theory, 2. Statistical methods 

based on Monte Carlo simulations. 

Analytical methods based on probability theory use probabilistic models based on 

statistical mechanics to predict structural failure probabilities. The model parameters 

can be determined through mechanical analysis or optimising fitting to experimental 

data. While these methods can provide complete and fairly accurate reliability 

distributions for simple structures, such as Gaussian beam models, weakest link 

model, mesh model, they lack applicability for complex structures in practical 

engineering. Hence, statistical methods are often preferred in engineering. 

The accuracy of statistical methods is directly related to computational costs. In 

practical engineering applications, scholars typically balance computational costs and 
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evaluation accuracy from the following four aspects: 1. Improved sampling
methods; 2. Reliability approximation; 3. Surrogate models; 4. Search algorithms.
Improved sampling methods significantly reduce the number of samples, such as
importance sampling methods, direction-based sampling methods, subset simulation
methods, and Latin hypercube sampling methods. However, with fewer samples, the
input space may not be fully explored, potentially leading to increased errors. In the
field of reliability approximation, many methods are based on design point expansion ,
such as the widely used first-order reliability method , second-order reliability method,
and other methods utilising multiple design points and higher-order moments.
However, when the limit state surface significantly deviates from the assumed
functional form, design point-based methods may not provide accurate answers.
Hence, in recent years, many surrogate models have emerged, replacing the original
performance function with models that offer lower computational costs. Methods like
traditional response surface-based approaches and machine learning-based methods
have been introduced, but they also introduce significant errors if the performance
function on the limit state surface is nonlinear. Comparing the above three methods,
search algorithms can enhance the effectiveness and accuracy in the case of nonlinear
performance functions. These algorithms typically consist of search algorithms and
sampling strategies, such as heuristic algorithms based on directional division,
gradient-based algorithms, swarm algorithm-based methods, genetic algorithm-based
methods, active learning-based methods, etc. They can reduce redundant sampling,
improve accuracy, and exhibit better compatibility and stability. However, current
search algorithms often overlook the input space, leading to errors in reliability
estimates or require a large number of samples to access the entire input space,
resulting in high computational costs.

2 Theoretical background

2.1 Foundations of Reliability Analysis

The response of the target structure to a series of inputs can be represented by a set
        1 2, , , jG G G G X X X X ,The variables inside the parentheses

 1 2, , , kX X X X represent input variables, with k being the dimension of the input
space.The   0iG X represents the occurrence of a structural failure event. In
general, a structure can be viewed as a system of connected components.In general, a
structure can be viewed as a system of connections, with its potential energy
represented as         1 2, , , jG min G G G X X X X ,G>0 and G<0 respectively

represent structural safety and structural failure. The Structural Limit State (LSS) of
the structure can be expressed as:

 | ( ) 0G U X X (1)

The failure probability of this structure can be calculated by the following formula:
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S

1 2 1 21 1 ( , , , )d d df k kP R f X X X X X X


     X   (2)

The joint probability density function of each Xi is represented by
 1 2, , , kf X X XX .The   0|S G  X X represents the safety domain of the

structure, with R being the structural reliability.
In practical engineering, X is usually transformed into a standard normal vector

through Nataf transformation  1 2, ,  , kx x x x

 1 ( )F x Xx X (3)

Correspondingly, the structure can be represented in terms of x's PF:

  1( ) ( )g G G F     X xx X x
(4)

The function FX−1 is the inverse of FX. Simultaneously, the limit state surface of this
structure with respect to x becomes:

 | ( ) 0g u x x (5)

The probability of failure is:

s

1 2 1 21 1 φ ( , , , )d d df k kP R x x x x x x


     x   (6)

 1 2, , , kx x x x represent the joint probability density function of each
xi.   0|s g  x x represent the transformed safe domain.

The reliability index (RI), also known as the Hasofer-Lind index, is the shortest
distance from the origin to the LLS.

0 min ,      x x x u (7)

2.2 Data Structures and Algorithms

In a k-dimensional hyperrectangular space Ck, by equally dividing it in all dimensions,
we obtain 2k k-dimensional spatial grids. This process can be represented by a tree
structure with n layers (see Figure 1):

1. The root node represents Ck.
2. Each tree node represents the corresponding spatial grid and stores information

about its 2k vertices.
3. Each tree node can decide whether to generate child nodes; 4. Each parent node

has 2k child nodes.
Using the BFS strategy, one can access all nodes in a tree structure from left to

right, layer by layer, from low to high. Introducing a pruning algorithm allows
skipping nodes that do not meet the search criteria, thereby reducing the search
volume. Specifically, for a tree structure corresponding to an n-layer k-dimensional
hyperrectangle space (see Figure 1), the traversal of the tree structure involves the
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following steps:
(1) Set the visiting layer level to L=1 and visit 1,1c ;
(2) Increment L=L+1, and visit cl,1 to (skipping some nodes through the pruning

algorithm);
(3) Repeat step 2 until the visiting layer level L reaches n.
Adaptive grids refine when the solution's gradient is large and coarsen when the

gradient is small, aiming to efficiently approximate physical or geometric boundaries
by gradually adjusting the grid size (refer to Figure 1).

Fig. 1. Correspondence between adaptive grids and tree structures in two dimensions and
traversal of the layers

3 Adaptive Grid-based Active Learning Algorithm

3.1 Overview of the Algorithm

The algorithm adaptively divides the safe domain grid and failure domain grid
through active learning to effectively and efficiently calculate the failure probability
represented by (7) by iteratively traversing the hyper-rectangular space Ck from
coarse inside to fine edge.The algorithm's main idea involves iteratively partitioning
the hyperrectangle space Ck in all dimensions equally and creating a corresponding
tree structure. Throughout this process, it predicts the positive and negative values of
PF on points using a linear interpolation strategy. It also introduces a criterion for
pruning based on the safety type of the grid, skipping the generation of some
unnecessary grids. Subsequently, it utilises BFS to traverse the grid tree structure for
reliable active learning reliability calculation. For simplicity, the spatial grids
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generated during the process of partitioning the hyperrectangle space are referred to
as "units" in the following text. Points are classified into positive and negative based
on the sign of PF at the point, and the value of PF at the points is referred to as the
point value. Based on the consistency of the signs of all vertices of a unit, the units
can be categorised as positive units (all vertices positive), negative units (all vertices
negative), or mixed units with a combination of positive and negative vertices.The
pruning strategy of the algorithm is as follows: positive and negative single units do
not participate in the grid division of the next layer, while mixed positive and negative
units continue with the subsequent divisions. The positive and negative single units
that do not undergo grid division are the larger grids in the adaptive grid, while the
mixed positive and negative units continue with subsequent divisions to create finer
grids within the adaptive grid.The unit's reliability is calculated by the following
formula:

E s

E 1 1φ ( , , )d dk kR x x x x
 

  x


  (8)

3.2 Adaptive Grid Algorithm with Reliability Error Supervision

The principle of the adaptive grid algorithm supervised by reliability error is based on
the following two points: 1. During the process of generating a k-layer tree structure
by adaptive grid division in a hyper-rectangular space, all positive elements in the
entire tree structure contain reliability information of the structure, and the positive
and negative mixed elements in the k-th layer contain information about the
calculation error of the structure reliability. 2. As the level increases, the total domain
of positive and negative mixed elements in the k-th layer gradually decreases, that is,
the error of effective reliability decreases layer by layer.

Therefore, the algorithm stops grid partitioning and generating new hierarchical
tree structures when the maximum error in reliability is less than the precision
requirement, thus ensuring the reliability of accuracy specifications.
3.3 Algorithm numerical verification and analysis

The effectiveness of the proposed algorithm is validated through highly nonlinear
coupled system problems .
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， (9)

The variables x1 and x2 follow a standard normal distribution with ranges of [-6, 6]
and [-4, 4] respectively. The function g exhibits non-linearity in the input space with
PF and LLS. To compare the differences between two algorithms, the maximum error
of RESAAG is set to 0.001, while the accuracy of the reliability index for RIASAAG
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is set to 0.1. The structural failure probability is calculated using Monte Carlo
sampling with 10^8 samples.

Table 1. Comparison of reliability estimation results

Algorithm
Actual
Sample
Size

Foreca
sted
Quanti
ty

Number of
prediction
errors

Failure
Probability Absolute Error Relative

Error

Predictio
n error
rate

Monte
Carlo 1×108 - - 2.272×10-3 - - -

RESAAG 981 976 58 2.28367×10-3 0.116668×10-4 0.51% 5.94%

RIASAAG 239 220 6 11.10167×10-3

(RI=3.00022) 88.32545×10-4 388.62% 2.73%

3.4 Algorithm Efficiency Comparison Analysis

Table 2 shows the comparison with different methods. RESAAG and AK-MCS
exhibit good computational efficiency and prediction accuracy compared to other
methods for Case 1. However, AC-MCS generates significant errors in estimating
highly nonlinear problems in Case 2. For Case 3 and Case 4, RESAAG demonstrates
higher computational efficiency and prediction accuracy compared to DS, and higher
prediction accuracy compared to ADIS under similar computational efficiency
conditions. It is important to note that RESAAG cannot make predictions for parts of
LSS that are not smooth enough.

Fig 2. Sampling results of RESAAG: (a)Case 1; (b)Case 2; (c)Case 3; (d)Case 4

Table 2. Comparison of different methods for reliability estimation

Method Case Sample Size Failure probability Absolute Error Relative Error

MCS 1 1×107 2.223×10-3 - -

IS[3] 1 4750 2.200×10-3 2.30×10-5 1.03%
DS[3] 1 9192 2.600×10-3 37.70×10-5 16.96%
SS[5] 1 2.8×105 2.225×10-3 0.20×10-5 0.09%
LHS[2] 1 2597 2.330×10-3 10.70×10-5 4.81%
DRL[2] 1 2597 2.314×10-3 9.10×10-5 4.09%
AK-MCS[3] 1 96 2.233×10-3 1.00×10-5 0.45%
RESAAG 1 353 2.230×10-3 7.63×10-5 3.44%

MCS 2 1×107 2.246×10-3 - -

SS[2] 2 4.4×104 2.460×10-3 21.43×10-5 9.54%
LHS[2] 2 2706 2.684×10-3 43.83×10-5 19.51%
DRL[2] 2 2706 2.318×10-3 7.23×10-5 3.21%
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AK-MCS[2] 2 519 1.182×10-3 106.37×10-5 47.37%
RESAAG 2 353 2.299×10-3 5.33×10-5 2.37%

MCS 3 1×107 4.21×10-3 - -

DS[4] 3 3740 - - <10.00%
ADIS[4] 3 251 4.040×10-3 17.22×10-5 4.09%
RESAAG 3 116 4.271×10-3 5.87×10-5 1.39%

MCS 4 1×107 34.417×10-3 - -
DS[4] 4 1270 - - <10.00%

ADIS[4] 4 355 36.700×10-3 228.31×10-5 6.63%

RESAAG 4 236 35.094×10-3 67.71×10-5 1.97%

4 Reliability Analysis of Ship Structural Components

4.1 Description of Engineering Issues

The boat structure mainly consists of concrete foundation, superstructure , rubber
fenders, and steel pipe structures. The engineering practice indicates that the steel pipe
structure is the most vulnerable, so this section estimates the reliability of the steel
pipe structure without considering the reliability of other parts.For a conservative
estimate, this structure can be simplified as a double cantilever four-span simply
supported continuous beam under the action of ship impact loads and gravity. The
longitudinal length, horizontal outer radius, and wall thickness of the steel pipe are
18.0m, 1.0m, and 24mm respectively. Due to the cushioning effect of the rubber
fender, the ship impact load can be equivalent to two static line loads uniformly
distributed from 2.5m below the river surface to 1m above the river surface based on
the principle of energy conservation[5]. From the diagram, it is evident that when the
water level is below 146.5m, the ship impact load will be redistributed uniformly; if
the water level is above 164.5m, the steel pipe will not bear the impact load.
Therefore, the ship impact line load q can be expressed as follows:

/ 2 143 164.5
0 164.5

F l w
q

w
 

  
(10)

In this equation, w represents the water level of the river, and F represents the
equivalent berthing impact load. The effective length l of the berthing impact line load
can be expressed as:

143 143 146.5
3.5 146.5

w w
l

w
  

  
(11)

4.2 Description of Engineering Issues

To assess the failure probability of a mooring structure, the yield stress fy of the steel
pipe, the equivalent mooring impact load F, and the river water level w are
transformed into standard normal variables x1、x2, and x3. The reliability error of the
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algorithm is set to 1×10-4, and the precision of the reliability index is set to 0.05.
Two algorithms are implemented in MATLAB and finite element analysis is

conducted by passing parameters through calling the built-in Python script in
ABAQUS 2020. The specific steps are as follows:

(1) Pass x1, x2, and x3 values to the Python script when calling PF through
MATLAB program. (2) Python modifies ABAQUS input file and guides it to perform
finite element analysis.

(3) MATLAB program obtains the maximum negative plastic strain, uses it as an
output for further reliability calculations.

5 Conclusion

This article proposes two active learning algorithms based on adaptive grids, namely
the Adaptive Grid Algorithm supervised by reliability error and the Adaptive Grid
Algorithm supervised by reliability index accuracy. These algorithms achieve a
thorough search of the entire input space through adaptive grid partitioning and
greatly reduce sampling costs through active learning. They calculate reliability and
reliability index respectively under a given accuracy, and validate the accuracy,
efficiency, and practicality of the proposed algorithms through comparisons with
other methods and applications in engineering. In conclusion:

(1) Achieve comprehensive coverage of the input range through global grid
partitioning.

(2) Improve the accuracy of reliability and credibility measurements at each
refinement level of the grid, supported by BFS.

(3) Significantly decrease sampling expenses by implementing pruning algorithms
and linear interpolation techniques.

(4) Address complex nonlinear probability functions using positive and negative
processing approaches.

(5) Although this approach is effective for challenges involving smoothly evolving
LSS, additional investigation is required for scenarios with abrupt LSS transitions.
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