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Abstract. Rheology has a significant impact on the long-term consolidation 
behaviors of clays. The rheological consolidation theory plays a vital role in the 
prediction of deformation of the clays. In this study, the fractional 
derivative-based Kelvin model (FKM) and the fractional derivative-based 
Merchant model (FMM) are used to simulate the rheological characteristics of 
clays, and the continuous drainage boundary condition is adopted to consider 
the temporal continuity of the pore-water pressure at the boundary. Based on 
this, a one-dimensional consolidation model for the clays subjected to a 
time-dependent load is established, and then the semi-analytical solutions of the 
excess pore-water pressure (EPP), the settlement and the degree of 
consolidation are derived. Two sets of rheological parameters are 
back-calculated using the nonlinear fitting methods. The influences of the 
fractional order, viscosity coefficient and interface parameter on the rheological 
consolidation behaviors are investigated in depth through systematic parametric 
studies.

Keywords: Continuous drainage boundary, Clay, Consolidation, Rheology.

1 Introduction

Rheology is one of important characteristics of clays, which frequently causes
long-term post-construction deformation and thus even jeopardises the stability of
structures built on the clays [1,2]. Therefore, the study on the rheological properties of
clays has long attracted academics.

Since Gemant [3] captured a fractional derivative-based constitutive relationship of
clays in experiments, various fractional derivative-based rheological models have
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been established and incorporated into the rheological model of clays [4-7]. In
recent decades, many scholars have been committed to taking the rheological
constitutive models into account in the consolidation theory. For instance, Yin et al. [8]
verified the rationality of the fractional derivative-based constitutive models in
describing the stress-strain, stress-time or strain-time characteristics of geomaterials;
in another study, Yin et al. [9] revealed the evolution of the fractional order during
creep via a series of tests, in order to characterize the evolution of soft soil mechanical
properties, a variable-order fractional model is proposed; Wang et al. [10] derived the
semi-analytical solutions for one-dimensional consolidation of the viscoelastic soils
simulated with a fractional Kelvin model under arbitrary loads; Zhou et al. [11]
incorporated the theory of fractionsl calculu into the elastic-viscoplastic model for the
analytical simulation of soil creep. However, to better predict the settlement and
deformation of ground, in addition to from considering rheological properties.

As well known, the consolidation behaviors of soils rely heavily on the boundary
condition which is usually quantified with pore pressure or stress in the consolidation
model. According to the classical Terzaghi's consolidation theory, the drainage
boundary is assumed to be completely permeable (EPP remains zero throughout the
consolidation process), which implies that EPP at the boundary caused by surcharge
load is fully dissipated at the loading moment. In reality, the soil boundary is no
exception to the truth that everything in the universe is in continuous flux. The EPP at
the boundary is also continuous in both temporal and spatial, and it diminishes with
the consolidation time according to the basic consolidation law. In light of this, Mei et
al. [12] innovatively proposed an exponentially time-growing drainage boundary, also
known as CDB (abbreviated as CDB), which is as follows:

top or bottom interface
e tu q 

(1)

where u presents EPP, β is an interface parameter that reflects the drainage capability
of the boundary, q is the initial EPP at the boundary. On the one hand, the CDB
satisfies the aforesaid continuous criteria. On the other hand, the CDB can simulate
varied drainage conditions by changing β. It was proven that Terzaghi’s consolidation
model is a special case of the consolidation model with the CDB [13]. To validate the
CDB condition, Zong et al. [14] performed a series of experiments using a
multi-functional large-scale oedometer and back-calculated the value of interfacial
parameter based on the measured data. Tian et al. [15] expanded the CDB to the
arbitrary time-dependent load cases and investigated one-dimensional consolidation
behaviors under a multistage load. Based on the CDB, a variety of analytical solutions
have been developed for the analysis of consolidation problems, where various factors
are taken into account [16-19]. To the best of authors’ knowledge, existing studies
have not yet incorporated the CDB into the rheological consolidation models, despite
the fact that ignoring the rheological properties may overestimate the consolidation
rate of clays.

The main objective of the present study is to establish the one-dimensional
consolidation model for the clay simulated with fractional derivative-based
viscoelastic constitutive methods (FKM and FMM) under continuous drainage and
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time-dependent loads. The corresponding semi-analytical solutions of EPP, the
settlement and the degree of consolidation are derived. Then, based on existing
experimental data, the model parameters in the consolidation model are determined
by employing the back-analysis method. Furthermore, the rheological consolidation
behaviors are investigated in depth through parametric studies.

2 Fractional derivative-based constitutive models

For purpose of simulating the constitutive relationship of a viscoelastic material
intermediate between an ideal solid and a Newtonian fluid, Smit and De [4] proposed
a spring-pot which contains a fractional derivative calculus with an order of α, and the
constitutive law of the spring-pot can be formulated as:

( )= ( )t E D t    , 0 1  (2)

Where,θ is characteristic time, which is defined as θ=η/E, E represents the modulus of
elasticity, Dα denotes α-order fractional derivative operator.

The spring-pot includes two limiting cases, that is, it refers to an ideal solid with
perfect memory for α = 0, and it denotes a Newtonian fluid with no memory for α = 1.
When 0<α<1 the spring-pot exhibits the memory that are between the two limiting
cases [7]. Given this, the spring-pot can continuously describe the material properties
from solid state to fluid state by adjusting the order of fractions.

A fractional derivative-based constitutive model is constructed by replacing the
dashpot with the spring-pot in the classical viscoelastic models. As shown in Fig.1 a
result, a fractional derivative-based Kelvin model (FKM) is established by paralleling
a spring-pot and a standard spring element, and a fractional derivative-based
Merchant model (FMM) is built by connecting a fractional derivative-based Kelvin
model with a standard spring element in series.
For FKM, the correlation of stress and strain can be written as:

=E E D      (3)

(a) (b)

Fig. 1. Fractional derivative-based constitutive models: (a) FKM; (b) KMM

Applying Laplace transform to Eq. (3), the constitutive relation of FKM in the
Laplace domain can be stated as follows:
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( )( )
(1 )

ss
E s 








(4)

In the same way, the FMM constitutive relation in the Laplace domain is expressed as
follows:

0 1

1 1( ) ( )
(1 )

s s
E E s  


 

   
(5)

where E0 and E1 are the elastic moduli of the two spring elements in FMM,
respectively, as shown in Fig. 1(b). It is easy to understand that when E0 approaches
infinite, FMM degenerates to FKM. Thus, only the solution procedure based on FMM
will be detailed in the following section.

3 Governing equation and solutions

3.1 Governing equation

The one-dimensional consolidation of a saturated clay is described in Fig. 2, where H,
q(t) represents the thickness of clay and applied load, respectively. Both top and
bottom of the soil layer are continuous drainage boundaries where EPP can be
expressed by Eq. (1), and the interface parameters of the top and bottom boundaries
are b and c, respectively.

Fig. 2. Sketch of one-dimensional consolidation of saturated clay

According to Terzaghi one-dimensional consolidation theory, the general governing
equation for the one-dimensional consolidation of a saturated soil is written in the
following form:

2
v

2
w

( , ) ( , )kz t z t
t z

 


 


 
(6)

where, ε is the vertical strain of soil, kv is the coefficient of vertical permeability of the
soil, γw denotes the unite weight of pore water, σ' is the effective stress of the soil, z
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represents the distance from the top surface of the soil.
3.2 Solutions under instantaneous load

Under an instantaneous load of q (i.e., q(t)=q), based on the effective stress principle,
the CDB conditions can be expressed in terms of the effective stress (σ' = � − � ),
shown as follows:

v

v

0 (1 e )

(1 e )

bT
z

cT
z H

q

q











   


  
(7)

where, b, c are interface parameters of the top and bottom boundaries, respectively;
Tv=Cvt/H2is the dimensionless consolidation time factor, in which Cv=kvEs/γw denotes
the coefficient of consolidation, and Es is defined as the coefficient of compressibility
which determines the final settlement of soil when subjected to a given load, and
Es=E for FKM and Es=E0E1/(E0+E1) for FMM.

Performing Laplace transform about t in Eq. (7), the CDB conditions in the
Laplace domain can be written as:

1

2

(0, ) ( )

( , ) ( )

s qQ s

H s qQ s





  


 
(8)

where, v
1 2

v

( )
( )

bCQ s
s bC H s




, v
2 2

v

( )
( )

cCQ s
s cC H s




.

Applying Laplace transform to Eq. (6) gives:
2

v
2

w

( , )( , )=
k z sz s

s z






(9)

Substituting Eq. (5) into Eq. (9), the general solution of σʹ can be obtained as:

1 2( , ) e emz mzz s C C    (10)

where, C1 and C2 are undetermined coefficients with respect to s and are determined
using the boundary conditions, and

w

v 0 1

1 1
(1 )

sm
k E E s 




 
   

(11)

Substituting Eq. (8) into Eq. (10), the coefficients C1 and C2 can be given by

1 2
1

( )e ( )
e e

Hm

Hm Hm

qQ s qQ sC









,
1 2

2
( )e ( )
e e

Hm

Hm Hm

qQ s qQ sC 






.

Substituting C1 and C2 into Eq. (13), the effective stress in the Laplace domain can be
represented as:
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2 1( , ) { ( )sinh( ) ( )sinh[ ( )]}
sinh( )

qz s Q s mz Q s m z H
Hm

     (12)

As per the effective stress principle, the EPP in the Laplace domain can be obtained
as:

2 1( , ) { ( )sinh( )  ( )sinh[ ( )]}
sinh( )

q qu z s Q s mz Q s m z H
s Hm

    (13)

The ground settlement is calculated by:

0
( ) ( , )d

H
S t z t z  (14)

Substituting Eq. (5) into Eq. (14), the solution of settlement in the Laplace domain
can be derived as follows:

1 2
0 1

1 1 1( ) [ ( ) ( )] tanh( )
(1 ) 2

HmS s q Q s Q s
m E E s 
 

    
(15)

In the light of the effective stress principle, the final effective stress increment σ∞'
equals q. Hence the final settlement can be obtained as:

0 1

0 1

( )qH E ES
E E


 (16)

The degree of consolidation defined by the settlement can be expressed as:

s
( )= S tU

S

(17)

Performing Laplace transform to Eq. (17), then substituting Eqs. (15) and (16) into it
yields:

s
(2 )tanh{ [ 1 (1 )] (1 )} 1

1 (1 )(1 )( )( ) [ 1 (1 )] (1 )

bc bs cs s R V s R RU
R R V ss b s c s s R V s R

 

  

      
           (18)

where, 1 0R E E , 2
v w (1 )V k H R   .

The degree of consolidation in terms of EPP can be expressed as:

p 0

11 ( , )d
H

U u z t z
Hq

   (19)

Substituting the dimensionless parameters into Eqs. (19) gives:
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p

1(2 ) tanh{ [ 1 (1 )] (1 )}
2

( )( ) [ 1 (1 )] (1 )

bc bs cs s R V s R
U

s b s c s s R V s R

 

 

    


    
(20)

According to the previous studies [12,15], When the interface parameters are b = c,
the EPP is distributed symmetrically along the depth around z = H/2, so the plane at z
= H/2 is named as undrained symmetric plane. In this case, the upper half of the soil
layer (0≤z≤H/2) is in single-sided drainage state. Therefore, by letting b = c and
replacing H with 2H in Eqs. (12) and (13), the solutions of the effective stress and
EPP under the single-sided drainage condition can be obtained.
3.3 Solutions under time-dependent load

The EPP under a time-dependent load, q(t), can be calculated with the superposition
formula [15], shown as following:

t 0 u0
u

1( , ) ( , ) d
t qu u z t u z t

q
 




  
 (21)

where, ut denotes EPP under the time-dependent load; u0 and uu are EPP due to the
initial load q0 and ultimate load qu , respectively, and they are calculated using Eq.
(13).

A typical ramp load (construction load) is considered here, where the initial load is
zero and the ultimate is qu. The ramp load is represented as follows:

u
0

0

u 0

    0
( )

q
t   t t

tq t
q            t t

   
 

(22)

Performing Laplace transform to Eq. (22) by employing the convolution integral,
yields:

u
u

1( , ) ( ) ( , )tu z s sq s u z s
q

 (23)

where, 0u
2

0

( ) [ ( )] (1 e )stqq s L q t
t s

   .

Substituting Eq. (13) into Eq. (23), the EPP under the ramp load can be obtained in
the Laplace domain as:

0 0u u
2 12

0 0

1( , ) (1 e ) (1 e ) { ( )sinh( )  ( )sinh[( ) ]}
sinh( )

st st
t

q qu z s Q s zm Q s z H m
t s t s Hm

       (24)

Then, the solutions of the ground settlement and degree of consolidation in the
Laplace domain can be derived in the following way, respectively:

0u 1 2

0 0 1

( ) ( ) 1 1( ) (1 e ) tanh( )
(1 ) 2

st
t

q Q s Q s HmS s
t s m E E s 

  
    

(25)
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v0

1 2(1 e )
( )( ) [ 1 (1 )] (1 )

1 1  tanh{ [ 1 (1 )] (1 )}
1 (1 )(1 ) 2

T s bc bs csU
T s s b s c s s R V s R

R s R V s R
R R V s

 

 
 

  
 

    

 
       

(26)

v0p

v0

1 2(1 e ) tanh{ [ (1 )] (1 )}
( )( ) [ (1 )] (1 )

T s bc bs csU s R s V s R
T s s b s c s s R s V s R

 

 

  
    
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(27)

It is impossible to achieve a direct inverse of Laplace transform into the time domain
for the above solutions. Therefore, a numerical inversion technique from Crump [20]
is used to calculate the associated solutions in the time domain, which is expressed as
follows:

1

e π π π π 1( ) { Re[ ( )]cos Im[ ( )]sin ( )}
2

at

k

k i k t k i k tf t F a F a F a
T T T T T





      
 

 (28)

where, a and T are calculation parameters, i denotes an imaginary number, k is a
positive integer. Based on a large number of checking computations [20], it has been
suggested that when T takes two times as much as the inversion interval and
ɑ=3ln10/(2T), the inversion results would get a satisfactory convergence with relative
error of 0.001.

4 Parametric analyses

4.1 Determination of rheological parameters

Li [21] carried out a rheological consolidation test on Xiaoshan soft clay subjected to
multistage load under the single-sided drainage condition using GDS advanced
consolidation test system. The vertical deformations of Samples 1-1 and 1-2, each
with a thickness of 20mm, were measured after they were consolidated by each stage
load. In this analysis, the relevant rheological parameters are back-calculated for
FKM and FMM by means of the nonlinear fitting tool ‘lsqcurvefit’ from MATLAB.
Since the drainage boundary remains fully pervious throughout the consolidation test,
the interface parameter, b, is assigned to a suitably large value, 103, to simulate the
fully pervious boundary. The back-calculated parameters of Samples 1-1 and 1-2
under the last load increment (800kPa to 1600kPa) are tabulated in Table 1. Even
though the samples 1-1 and 1-2 were consolidated under almost identical test settings,
there are some inconsistencies in the rheological parameters whether for the same
sample simulated by different viscoelastic models or for the same model simulating
different samples. A possible explanation is that the rheological parameters are
affected by the basic physical properties of soil, loading conditions, type of
viscoelastic models, and other factors [2,9].
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Table 1. Rheological parameters of FKM and FMM

Sample Model kv

(10-10m/s)
E0

(104kPa)
E1

(104kPa) θ (103s) α

1-1 FKM 1 -- 1.16 1.5 0.35
FMM 1 3.45 2.35 4.35 0.78

1-2 FKM 32 -- 1.04 1.25 0.44
FMM 2.3 2.42 2.2 4.75 0.8

Fig. 3. Comparison between predictions from FKM and FMM and experimental results: (a)
Sample 1-1; (b) Sample 1-2

The settlement predictions are calculated by substituting the back-calculated
parameters into the present solution (Eq. (15)) and are shown in Fig. 3. There is a
good agreement between the predictions and experimental results for both FKM and
FMM, which verifies the predictive ability of the present solutions. As indicated by
Zhu et al. [2] that the fractional derivative-based viscoelastic models better fit
experimental results than the conventional viscoelastic models. Even though FKM has
advantage of fewer model parameters over FMM, the comparison of the fitting
goodness between FKM and FMM does not appear to be conclusive. For convenience,
only solution based on FMM is used to carry out the following parametric analyses.
4.2 Effect of fractional order α

The influence of the fractional order α on the consolidation behaviors is presented in
Fig. 4, where Us represents the degree of the settlement development, Up reflects the
dissipation degree of EPP. It is of interest in Fig. 4(a) that Us curves under different α
intersect at the same point during the consolidation process; before the intersection
point, the settlement growth becomes slow with the increase in α; after the
intersection point, the settlement growth accelerates with the increase in α. Up curves
with different α also intersect at one point in Fig. 4(b); and as α increases, the
dissipation of EPP gradually speeds before the intersection point while slows after the
intersection point. Overall, the smaller the fractional order α, the slower the settlement
grows and the sooner the EPP is completely dissipated. The fractional order is a
quantitative indicator of the creep amplitude [2], and a smaller α means a smaller
amplitude of creep deformation for a certain effective stress and a longer creep
duration, as shown in the later phase of Fig. 4(a). In addition, under the same
coefficient of compressibility Es, Us from present solution is always smaller than from
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Terzaghi's one-dimensional consolidation solution, whereas Up curve from the present
solution is intersective with that from Terzaghi's one-dimensional consolidation
model.

Fig. 4. Curves of the degree of consolidation for different fractional orders α (V=0.15, R=0.68,
b=103): (a) curves of Us; (b) curves of Up

During the rheological consolidation of clays, the dissipation of EPP and the
settlement occur simultaneously but not in synchrony. It can also be found from Fig. 4
that the development of settlement lags behind the dissipation of EPP in the entire
consolidation process, and the former proceeds due to the creep effect after when the
latter is completed. As the consolidation progresses, the gap between Up and Us

increases at first and then decreases.
4.3 Effect of viscosity coefficient η

Fig. 5 depicts the influence of viscosity coefficient on Us and Up, where the value of
viscosity coefficient η is proportional to the value of the dimensionless parameter V
for other parameters keeping constant. It is evident from Fig. 5(a) that the larger the
viscosity coefficient η, the slower the settlement develops; when V=0, it was
demonstrated that the FMM collapses to the classical elastic model which was
employed in the Terzaghi one-dimensional consolidation theory, in this case the
settlement grows at the fastest rate. From Fig. 5(b), the EPP tends to dissipate quickly
with the increase in viscosity coefficient η in majority of consolidation time, whereas
an opposite pattern is observed in the later stage. The viscosity coefficient η is related
to the thickness of adsorbed water film enwrapped around soil particles, and a larger
viscosity coefficient signifies a thinner adsorbed water film [10], which results in
greater resistance to movement of the soil particles and faster drainage of the free
water in the soils. This may provide an well explanation for that the settlement is
slowed down and the dissipation of EPP during the majority of the consolidation
period accelerates with an increase in the viscosity coefficient.
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Fig. 5. Curves of the degree of consolidation at different viscosity coefficients η (α=0.78,
R=0.68, b=103): (a) curves of Us; (b) curves of Up

4.4 Effect of interface parameter b

Figs. 6(a) and 6(b) show that increasing the interface parameter b causes the degree of
consolidation (Us and Up) to develop more quickly. That is because that a larger
interface parameter b indicates a stronger drainage capacity of the boundary [12,13],
causing a higher the settlement development rate and a quicker dissipation rate of EPP.
It can also be observed that Up is slightly more impacted by the interface parameter
than Us is; and as the interface parameter decreases, the mean discrepancy between Up

and Us diminishes. In addition, the degree of consolidation under the CDB gradually
approaches that under the conventional pervious boundary as the interface parameter
increases. The CDB will be reduced to the pervious boundary when b approaches
infinity. This analysis also confirms that various drainage capacities of the boundary
can be simulated by adjusting the interface parameter, and Terzaghi’s solution is a
special case of the general solutions based on the CDB.

Fig. 6. Curves of the degree of consolidation at different interface parameters b (α=0.78,
V=0.01, R=0.68) : (a) curves of Us; (b) curves of Up

5 Conclusions

The semi-analytical solutions for the one-dimensional consolidation of saturated clay
simulated with fractional derivative-based constitutive models were derived based on
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the CDB under the instantaneous load and time-dependent load, respectively. Two
sets of rheological parameters for FMM and FKM were back-calculated using the
nonlinear fitting methods. Meanwhile, the predictive ability of present solutions was
verified by a satisfactory agreement between predicted and experimental settlements.
The consolidation behaviors of clay simulated with FMM were investigated through
systematic parametric studies. The main findings can be concluded as follows:

(1) The dissipation of EPP and the settlement occur in the rheological
consolidation process simultaneously but not in synchrony, and the latter always lags
behind the former.

(2) The fractional order has considerable influences on the consolidation behaviors
of clays. The curves of the degree of consolidation under different fractional orders
intersect at one point, and the intersection points existing in Us, Up curves are
different from each other. The variation pattern of the degree of consolidation with
the fractional order before the intersection point is opposite to that after the
intersection point. On the whole, as the fractional order reduces, the settlement rate
declines while the dissipation of EPP accelerates.

(3) A bigger viscosity coefficient causes the settlement to slow down and leads to
EPP dissipating more quickly in the early stage while more slowly in the later stage.

(4) An increase in the interface parameter causes an acceleration in the
development of the degree of consolidation, and the interface parameter has slightly
more significant impact on Us than it does on Up. Moreover, different drainage
capacities of the boundary can be simulated by adjusting the interface parameter.
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