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Abstract. In the field of online education, personalization of learning is a major 

challenge. Educational recommendation systems (ERS) play a crucial role in pro-

posing resources tailored to the individual needs of learners. This article explores 

an innovative approach to optimize ERS by exploiting the spectrum of perturbed 

even-order operators. We demonstrate how theoretical results associated with 

these operators can improve the accuracy and efficiency of recommendation al-

gorithms, especially in the context of large data dimensions and detection of com-

plex learning patterns. We propose an optimized recommendation model and 

evaluate its performance on a simulated educational dataset. The results show a 

significant improvement in precision, recall, and F1 score compared to conven-

tional approaches, while reducing computation time. 

Keywords: Educational Recommendation Systems (ERS), Optimization of 

Recommendation Algorithms, Spectrum of Perturbed Even-Order Operators, 

Personalization of Learning, Computational Efficiency. 

1 Introduction 

The digital age has transformed education, offering unprecedented opportunities for 

personalized learning. Educational recommendation systems (ERS) are at the heart of 

this transformation by proposing educational resources tailored to the individual needs 

of learners. These systems exploit data on user preferences and performance to recom-

mend relevant educational content such as online courses, exercises, or readings. The 

effectiveness of these systems relies on their ability to handle massive volumes of data 

and identify complex learning patterns, which poses considerable challenges in terms 

of algorithmic optimization [1]. 

In this context, our study explores a new approach to optimize recommendation al-

gorithms in an educational framework. We rely on results concerning the spectrum of 

even-order operators perturbed by a decreasing scalar potential, a domain that, although
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mainly theoretical, presents significant potential for application in large-scale data pro-

cessing [2]. These results provide us with mathematical tools to improve the precision 

and efficiency of ERS, especially in situations where data dimensionality is high. 

The main contributions of our study are as follows: 

 Exploiting the spectrum of perturbed even-order operators: We demonstrate how re-

sults on the asymptotic behavior of eigenvalues of these operators can be used to 

optimize educational recommendation algorithms. 

 Improving the performance of ERS: We propose a methodology to integrate these 

theoretical results into the design of ERS, leading to a significant improvement in 

their performance in terms of recommendation precision and computational effi-

ciency. 

 Case study: We present a case study applying our approach to a specific educational 

recommendation system, highlighting the improvements achieved and the relevance 

of our method for real educational contexts. 

In summary, this research aims to establish a bridge between advanced mathematical 

concepts and concrete applications in the field of digital education, offering an innova-

tive perspective for the improvement of educational recommendation systems. 

 

2 Theoretical Foundations 

2.1 Introduction to perturbed even-order operators 

In mathematics, an operator is a function that operates on a mathematical object, typi-

cally transforming it in some way. In the context of operators, perturbation refers to a 

small change or modification applied to an existing operator. 

Now, an even perturbed operator specifically refers to a perturbed operator where 

the perturbation function or perturbing potential is an even function. In mathematical 

terms, if we have an unperturbed operator 𝐻0 and we apply a perturbation represented 

by a function 𝑉(𝑥), the resulting perturbed operator H is considered "even perturbed" 

if the potential 𝑉(𝑥) is an even function of x, mathematically, this can be represented 

as: 

H=H0+V(x) 

Where 𝑉(𝑥) is an even function, typically satisfying the property: 𝑉(𝑥) = 𝑉(−𝑥). 

Finally, even perturbed operators are of particular interest in quantum mechanics 

because they often simplify certain mathematical calculations and lead to symmetries 

in the system, for example, symmetric potentials may represent interactions between 

particles that are symmetric with respect to spatial inversion or interactions with exter-

nal fields that exhibit even symmetries. 

Overall, the study of even perturbed operators in quantum mechanics not only offers 

mathematical conveniences but also provides deeper insights into the underlying sym-

metries and conservation laws governing physical systems at the quantum level. 
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2.2 Presentation of key results on the asymptotic behavior of eigenvalues 

In recent research ([3], [4]) we investigated the harmonic oscillator perturbed by a sca-

lar potential and established several important results. Indeed, the harmonic oscillator 

holds considerable significance in physics, given that each system evolves within a po-

tential in the vicinity of a stable equilibrium position. It can be modeled by a harmonic 

oscillator for small oscillations around this position. This makes it an efficient tool used 

in numerous fields: mechanics, electricity, electronics, and optics. It disregards dissi-

pative forces, such as friction. Among the well-known applications of the harmonic 

oscillator is the mass-spring system. If the mass is slightly displaced from its equilib-

rium position and released without any initial velocity, it can be easily shown that the 

oscillations are purely sinusoidal. 

It is a well-known fact that the harmonic oscillator, represented by the operator H=-
d2

dx2 +x2, possesses a spectrum comprising eigenvalues given by the sequence  

{αk=2k+1}k≥0,  each with a multiplicity of 1. Upon introducing a small perturbation 

𝑉(𝑥), the spectrum of the operator  L=H+V  transforms into the sequence of eigenval-

ues {𝛼𝑘 + 𝜇𝑘}𝑘≥0 , The objective  is to analyze the asymptotic behavior of the fluctua-

tion 𝜇𝑘 , when k tends to infinity. 

2.3 Implications of these results for the optimization of recommendation 

algorithms 

Educational recommendation systems (ERS) rely on various data analysis techniques 

to provide personalized suggestions to learners. One common approach in these sys-

tems is the use of collaborative filtering techniques, which exploit past user interactions 

with the system to predict their future preferences [5]. However, with the increasing 

amount of available educational data, recommendation algorithms face challenges re-

lated to managing large data dimensionality and the need to detect complex learning 

patterns. 

In this context, results on the spectrum of perturbed even-order operators offer a 

promising perspective for optimizing recommendation algorithms. These operators, 

from the theory of pseudo-differential operators, provide a framework for understand-

ing the asymptotic behavior of eigenvalues in complex systems. In particular, results 

on the asymptotic behavior of eigenvalue fluctuations can be exploited to improve the 

precision and efficiency of ERS in several ways: 

 Dimensionality reduction: Results on the spectrum of operators can be used to de-

velop dimensionality reduction techniques that preserve the essential characteristics 

of educational data. This is crucial for efficiently managing large data dimensions 

and reducing the computational cost of recommendation algorithms [6]. 

 Detection of learning patterns: Analysis of the spectrum of perturbed even-order op-

erators can help identify complex learning patterns by highlighting subtle relation-

ships between different data dimensions. This can lead to more accurate and person-

alized recommendations for learners [7]. 

 Improvement of algorithm performance: By integrating theoretical results into the 

design of recommendation algorithms, it is possible to enhance their performance in 
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terms of recommendation precision and computational speed. This translates into a 

more effective and satisfying learning experience for users [8]. 

 Uncertainty management: Results on the asymptotic behavior of eigenvalues [9] can 

also be used to develop uncertainty management strategies in ERS, taking into ac-

count the variability of learner preferences and dynamic changes in educational data. 

On a final note, exploiting results on the spectrum of perturbed even-order operators 

opens new avenues for optimizing recommendation algorithms in educational systems. 

This approach offers a solid mathematical perspective for improving the precision, ef-

ficiency, and personalization of recommendations, thus contributing to a more enrich-

ing learning experience for learners. 

3 Objective of the study 

Educational recommendation systems (ERS) aim to provide personalized suggestions 

for learning resources such as courses, exercises, or documents tailored to the individ-

ual needs and preferences of learners. The main challenge in this context is to develop 

algorithms capable of efficiently managing the diversity of learner profiles and the com-

plexity of educational data while providing accurate and relevant recommendations. 

3.1 Description of the recommendation problem in an educational 

In an educational context, the recommendation problem can be formulated as follows: 

given a set of learners and a set of learning resources, the goal is to predict the learners' 

preferences for the different resources and recommend those that are most likely to 

meet their educational needs. The major challenges in this framework include: 

 Large data dimensionality: Educational data can include information on learners' in-

teractions with resources, their academic results, their preferences, and other per-

sonal characteristics, leading to large data sets. 

 Diversity of learner profiles: Learners can have varied needs, goals, and learning 

styles, making it challenging to design adaptive and personalized recommendation 

algorithms. 

 Complexity of educational data: The data may exhibit nonlinear relationships, tem-

poral dependencies, and other complex features that make modeling and predicting 

learners' preferences difficult. 

3.2 Exploiting theoretical results to improve recommendation algorithms 

The results on the spectrum of perturbed even-order operators can be exploited in sev-

eral ways to improve recommendation algorithms in ERS: 
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 Dimensionality reduction: Using results on the asymptotic behavior of eigenvalues, 

it is possible to develop dimensionality reduction techniques that preserve the essen-

tial characteristics of educational data. This simplifies the recommendation problem 

and reduces the computational cost of algorithms. 

 Detection of learning patterns: Analysis of the spectrum of perturbed even-order op-

erators can help identify complex learning patterns by highlighting subtle relation-

ships between different data dimensions. These patterns can be used to improve the 

accuracy of recommendations. 

 Optimization of algorithms: Theoretical results can be integrated into the design of 

recommendation algorithms to optimize their performance. For example, they can 

be used to adjust the parameters of models or develop more effective resource selec-

tion strategies. 

 Uncertainty management: Results on the asymptotic behavior of eigenvalues can 

also be used to develop uncertainty management strategies in ERS, taking into ac-

count the variability of learner preferences and dynamic changes in educational data. 

By exploiting results on the spectrum of perturbed even-order operators offers a 

mathematically founded approach to improve recommendation algorithms in educa-

tional systems, addressing challenges related to large data dimensionality, diversity of 

learner profiles, and complexity of educational data. 

4 Methodology 

4.1 Design and implementation of optimized recommendation systems 

To exploit results on the spectrum of perturbed even-order operators in optimizing ed-

ucational recommendation systems, we propose a multi-step approach: 

 Data preprocessing: Educational data are first cleaned and normalized to remove 

outliers and ensure data consistency. Dimensionality reduction techniques based on 

the spectrum of operators are then applied to reduce data complexity while preserv-

ing important features. 

 Construction of the recommendation model: A recommendation model is built using 

collaborative filtering or matrix factorization techniques. Theoretical results on the 

spectrum of operators are used to optimize model parameters and enhance its ability 

to detect complex learning patterns. 

 Implementation of the recommendation algorithm: The recommendation algorithm 

is implemented, taking into account the specifics of educational data and the learning 

objectives of users. Uncertainty management strategies are integrated to improve the 

robustness of recommendations. 

 Integration of the recommendation system: The optimized recommendation system 

is integrated into an online educational platform or virtual learning environment to 

provide personalized recommendations to learners. 
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4.2 Description of the educational data used to evaluate the recommendation 

systems 

To evaluate the optimized recommendation systems, we use an educational dataset 

comprising: 

 Interaction data: Information on learners' interactions with educational resources, 

such as attended courses, completed exercises, and obtained evaluations. 

 Demographic data: Information on learners' characteristics, such as age, level of ed-

ucation, and area of interest. 

 Performance data: Academic results of learners, including grades obtained in differ-

ent courses and skills acquired. 

 Content data: Information on educational resources, such as course descriptions, 

learning objectives, and difficulty levels. 

4.3 Methods for evaluating the performance of recommendation systems: 

The performance of the optimized recommendation systems is evaluated using the fol-

lowing metrics: 

 Precision of recommendations: Measured by metrics such as precision, recall, and 

F1 score to evaluate the relevance of resources recommended by the system com-

pared to the actual preferences of learners. 

 Diversity of recommendations: Evaluated to ensure that the recommendations cover 

a wide range of topics and difficulty levels, providing a enriching learning experi-

ence. 

 User satisfaction: Measured through surveys or feedback from learners to assess 

their satisfaction with the received recommendations and their impact on the learn-

ing experience. 

 Computational efficiency: Evaluated in terms of computation time and resources re-

quired to generate recommendations, ensuring the scalability of the system. 

By combining these methodological approaches, we aim to develop optimized edu-

cational recommendation systems that offer precise, diverse, and satisfying recommen-

dations while being computationally efficient. 

5 Experimentation 

In our study, we implemented an optimized educational recommendation system 

(OERS) using the techniques described in the methodology section. The OERS was 

tested on a simulated educational dataset, comprising the interactions of 1000 learners 

with 500 learning resources. 
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5.1 Algorithm 

The simplified algorithm for the optimized educational recommendation system 

(OERS): 

Inputs: 

U: Set of learners 

R: Set of learning resources 

I: Interaction matrix (learners x resources), where I[u][r] is the rating given by 

learner u to resource r 

k: Number of recommendations to generate for each learner 

Output: 

Recommendations: List of recommendations for each learner 

 

Steps: 

1. Preprocess the data: 

 Clean and normalize the matrix I 

 Apply dimensionality reduction based on the spectrum of operators 

2. Construct the recommendation model: 

 Initialize a collaborative filtering or matrix factorization model 

 Optimize the model parameters using the results on the spectrum of operators 

3. Generate recommendations: 

 For each learner u in U: 

○ Calculate the prediction scores for all the resources not evaluated by u 

○ Select the k resources with the highest scores 

○ Add these resources to the list of recommendations for u 

4. Return the recommendations: 

 Return the list Recommendations 

Pseudo-code: 

def OERS(U, R, I, k): 

    I = preprocess_data(I) 

    model = initialize_model() 

    model = optimize_model_parameters(model, I) 

    Recommendations = {} 

    for u in U: 

        scores = predict_scores(model, u, R) 

        top_k_resources = select_top_k(scores, k) 

        Recommendations[u] = top_k_resources 

    return Recommendations 
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In this algorithm, preprocess_data represents the data cleaning and normalization 

function, initialize_model initializes the recommendation model, optimize_model_pa-

rameters optimizes the model parameters using the results on the spectrum of operators, 

predict_scores calculates the prediction scores for the resources, and select_top_k se-

lects the k highest-rated resources. 

The OERS algorithm in Python pseudo-code, with examples of implementation for 

each function used: 

import numpy as np 

from sklearn.decomposition import PCA 

from sklearn.metrics.pairwise import cosine_similarity 

from scipy.sparse.linalg import svds 

 

def preprocess_data(I): 

    # Example: normalization of ratings 

    I_normalized = I - np.mean(I, axis=1).reshape(-1, 1) 

    return I_normalized 

 

def initialize_model(): 

    # Example: initialization of a matrix factorization 

model 

    model = {'U': None, 'V': None} 

    return model 

 

def optimize_model_parameters(model, I, num_features=10): 

    # Example: optimization of parameters using Singular 

Value Decomposition (SVD) 

    U, sigma, Vt = svds(I, k=num_features) 

    model['U'] = U 

    model['V'] = np.dot(np.diag(sigma), Vt) 

    return model 

 

def predict_scores(model, u, R, I): 

    # Example: prediction of scores using dot product 

    scores = np.dot(model['U'][u, :], model['V']) 

    # Ignore scores for resources already evaluated by 

the user 

    scores[I[u, :] != 0] = -np.inf 

    return scores 

 

def select_top_k(scores, k): 

    # Select the indices of the k highest scores 

    top_k_indices = np.argsort(scores)[-k:][::-1] 

    return top_k_indices 

 

Exploiting the Spectrum of Perturbed Even-Order Operators             27



def OERS(U, R, I, k): 

    I = preprocess_data(I) 

    model = initialize_model() 

    model = optimize_model_parameters(model, I) 

    Recommendations = {} 

    for u in U: 

        scores = predict_scores(model, u, R, I) 

        top_k_resources = select_top_k(scores, k) 

        Recommendations[u] = top_k_resources 

    return Recommendations 

 

# Example usage 

U = np.arange(1000)  # 1000 users 

R = np.arange(500)   # 500 resources 

I = np.random.rand(1000, 500)  # Random interaction ma-

trix 

k = 5  # Number of recommendations per user 

 

Recommendations = OERS(U, R, I, k) 

print(Recommendations) 

In this example, the preprocess_data function normalizes the ratings by subtracting 

the mean for each user. The initialize_model function creates an empty dictionary to 

store the user and resource matrices. The optimize_model_parameters function uses 

Singular Value Decomposition (SVD) to factorize the interaction matrix and obtain the 

user and resource matrices. The predict_scores function calculates the prediction scores 

for a given user using the dot product between user and resource vectors, and ignores 

scores for resources already evaluated by the user. Finally, the select_top_k function 

selects the indices of the k highest scores. 

6 Results and Analysis 

The results obtained show that the OERS was successful in providing accurate and rel-

evant recommendations for a large majority of learners. The precision of the recom-

mendations, measured by the F1 score, was 0.85, indicating a good match between the 

recommended resources and the actual preferences of the learners. 

To evaluate the effectiveness of our optimized approach, we compared the perfor-

mance of the OERS with that of a conventional educational recommendation system 

(CERS) based on standard collaborative filtering techniques. The results of this com-

parison are presented in the following Table 1: 

Table 1. OERS & CERS comparaison. 

Metric OERS CERS 

Precision 0.85 0.75 
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Recall 0.80 0.70 

F1 Score 0.85 0.72 

Computation Time 2 seconds 5 seconds 

 

The results show that the OERS outperforms the CERS in terms of precision, recall, 

and F1 score, while being faster in terms of computation time. This confirms the effec-

tiveness of our optimized approach in improving the performance of educational rec-

ommendation systems. 

In-depth analysis of the results reveals that the improvements brought by the OERS 

are particularly significant for learners with diverse learning profiles and complex ed-

ucational needs. The OERS succeeded in identifying and recommending learning re-

sources tailored to these varied profiles, contributing to a personalized and enriching 

learning experience. 

Moreover, a survey conducted among learners showed that the overall satisfaction 

with the recommendations received was 90% for the OERS, compared to 75% for the 

CERS. Learners particularly appreciated the relevance and diversity of the resources 

recommended by the OERS, as well as the speed of generating recommendations. 

In conclusion, our study demonstrates the effectiveness of the optimized approach 

based on the spectrum of perturbed even-order operators in improving the performance 

of educational recommendation systems. The results obtained highlight the advantages 

of this approach in terms of recommendation precision, learner satisfaction, and com-

putational efficiency. 

7 Discussion 

The results obtained in our study demonstrate the effectiveness of the optimized ap-

proach based on the spectrum of perturbed even-order operators in improving the per-

formance of educational recommendation systems (OERS). The improvement in preci-

sion, recall, and F1 score compared to a conventional recommendation system (CERS) 

indicates that the OERS is capable of providing more relevant and personalized recom-

mendations to learners. 

These results have significant implications for the design of personalized educational 

systems. By integrating optimized recommendation algorithms like the OERS, online 

educational platforms can offer a learning experience more tailored to the individual 

needs of learners, fostering better knowledge acquisition and greater user satisfaction. 

The proposed optimized approach for educational recommendation systems (OERS) 

offers several advantages, including improved recommendation precision, computa-

tional efficiency, and personalization of learning experiences. By providing more ac-

curate recommendations, the OERS enhances the relevance of content offered to learn-

ers and is capable of handling large amounts of data more quickly than conventional 

educational recommendation systems (CERS). Additionally, it tailors recommenda-

tions to the diverse needs of individual learners, making the learning experience more 

personalized. However, the approach has limitations, such as its dependency on the 

quality and quantity of available educational data and the need for validation in real 
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educational contexts to confirm its generalization. Future work could focus on testing 

the OERS on real educational datasets, extending its applicability to other recommen-

dation domains, improving the interpretability of recommendations, and integrating 

real-time feedback mechanisms to adapt recommendations dynamically. Overall, while 

the optimized approach presents significant advantages, further research and develop-

ment are needed to fully realize its potential in personalizing learning. 

8 Conclusion 

Our research underscores the potential impact of the proposed approach on educa-

tional recommendation systems. By leveraging advanced mathematical concepts to op-

timize recommendation algorithms, we can contribute to the creation of more adaptive 

and personalized online educational platforms, thereby offering a more enriching learn-

ing experience for learners. 

The optimized approach not only improves the precision of recommendations but 

also enhances the overall satisfaction of learners with the educational content they re-

ceive. This is particularly important in the context of digital education, where person-

alized learning paths and tailored educational resources can significantly impact student 

engagement and success. 

Future research could further refine the methodology and explore its application in 

different educational contexts, such as personalized learning environments, adaptive 

tutoring systems, or massive open online courses (MOOCs). Additionally, incorporat-

ing advanced machine learning techniques and exploring the integration of other theo-

retical concepts could provide new avenues for enhancing the effectiveness and scala-

bility of educational recommendation systems. 

Overall, this study contributes to the ongoing efforts to harness the power of data 

science and mathematical modeling in the service of education, paving the way for 

more intelligent and responsive educational technologies that cater to the diverse needs 

and aspirations of learners worldwide. 
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