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Abstract. Despite extensive research on calculus, effective methods of teaching
derivatives to engineering students remain elusive. The present case study
addresses this problem by exploring students' cognitive growth as they learn the
Chain Rule, which utilizes Desmos Classroom (DC) as a generic organizer to
realize the ideas of the Three Worlds of Mathematics (TWM) framework.
Twenty-five first-year students taking Calculus and Analytical Geometry 1
responded to DC activities. Various thinking activities in the embodied,
proceptual, and axiomatic formal worlds represent students' cognitive growth. In
this study, students performed embodied operations, solved the Chain Rule
problems (thinking in the proceptual world), and proved the Chain Rule (thinking
in the axiomatic formal world). Utilizing DC can facilitate students' cognitive
growth in learning the Chain Rule. The quiz results showed that 96% of the
students could demonstrate thinking in axiomatic formal and perceptual worlds.
Approximately 80% of the students also succeeded in creating a graphical
representation of the problem. The results of this study imply that utilizing DC
as a generic organizer can be an alternative strategy to facilitate students'
cognitive growth in learning the Chain Rule.

Keywords: Cognitive Growth, Chain Rule, Desmos Classroom, Generic
Organizer.

1 Introduction

One of the primary challenges engineering students face is mastering the concept of
calculus. This fundamental and compulsory course serves as a prerequisite for other
courses in the engineering program curriculum [1]. A preliminary study conducted at
Sampoerna University revealed that students struggle to understand derivatives and
their rules. This finding aligns with previous research conducted by [2], [3], [4], and
[5], which collectively concluded challenges associated with learning calculus. The
consistency of these findings across multiple studies suggests a deeper, systemic
problem in the way students are taught or comprehend this critical mathematical
concept.
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To address these challenges, researchers have begun incorporating cognitive science
principles and technology-enhanced learning environments to teach calculus [6]. Ana-
lyzing students' cognitive growth can inform how knowledge develops during learning
[7]. The Three Worlds of Mathematics (TWM) framework illustrates a person's mental
process in learning mathematics, consisting of (1) the embodied world, which is the
conceptual understanding based on perception and reflection of object properties; (2)
the proceptual world, which is the world of computation and manipulation, where math-
ematical symbols (such as f'(x)) are seen as processes to be performed (such as differ-
entiation) or concepts to be thought about (such as derivative); and (3) the axiomatic
formal world, which is the world of axioms, definitions, or theorems [8]. The TWM
framework considers students' cognitive growth by proposing learning activities that
use an embodied approach. The embodied approach to calculus focuses on learning
activities that can elicit fundamental perceptual ideas before introducing students to
symbols and procedures in derivatives. Students are facilitated to physically experience
dynamic changes of the function's slope (embodied), calculate the rate of change (pro-
ceptual), and finally, obtain the limit definition of the derivative (axiomatic formal).

To realize the embodied approach according to the TWM framework, [9] proposed
utilizing a generic organizer. This computer program can plot graphs dynamically and
enlarge the function's graph and tangent line. Dynamic computer programs provide
clear visualization and precise numerical and symbolic computations for productive
mathematics learning [10]. Desmos Classroom (DC) is a dynamic computer program
that outperformed other programs in terms of accessibility, user-friendliness, intuitive-
ness, and graphing features [11]. Previous studies conducted by [11] and [12] have
concluded that DC can increase students' active participation and help them better un-
derstand mathematics. In this case study, the researcher developed learning activities
utilizing DC as a generic organizer by adapting the ideas proposed by [9]. We also
conducted an in-depth investigation of students' cognitive growth while learning the
Chain Rule utilizing DC by analyzing their responses to various activities in the DC
that involved their thinking process in the three mathematical worlds (embodied, pro-
ceptual, and axiomatic formal).

Students' cognitive growth was evaluated through a post-lesson quiz. Following
[13], students' comprehension of calculus concepts should be constructed by facilitating
their experience of thinking in the embodied world and further developed through the
thinking process in the proceptual world. Non-mathematics undergraduate students are
expected to think flexibly in the proceptual world and grasp the limit definition of the
derivative. As posited by [14], an individual's capacity for flexible proceptual thinking
indicates their progress along the procept spectrum (see Fig. 1). Consequently, the quiz
consisted of a question measuring the procept spectrum referred to [14] and a question
about the proof of derivative using the limit definition of the derivative (thinking in the
axiomatic formal world). Students were also expected to create a graphical representa-
tion of the problem.
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Fig. 1. Spectrum of cognitive outcomes in the proceptual world.

This case study research aims to investigate the cognitive growth of students who
learn the Chain Rule using the DC as the generic organizer. The DC activities were
developed by adapting the TWM framework's ideas to facilitate students’ cognitive
growth. DC is a dynamic computer program with various latest features, making it su-
perior to the computer programs used in previous studies. DC allows the researcher to
collect students' responses representing the results of their thought processes in the three
mathematical worlds while learning derivatives. In this study, the researcher not only
analyzed the spectrum of students' cognitive outcomes while thinking in the proceptual
world but also their ability to prove derivatives using the limit definition of the deriva-
tive (thinking in the axiomatic formal world) and their ability to create the graphical
representation of the derivative problem. This study provides insight into students' cog-
nitive growth while learning the Chain Rule utilizing DC by adopting the ideas of the
TWM framework.

Given the detailed problem above, this research aims to address the following ques-
tions:

Research question 1: How is students’ cognitive growth process in learning the Chain
Rule utilizing DC as a generic organizer?

Research question 2: Can learning activities utilizing DC as a generic organizer fa-
cilitate students’ cognitive growth?

The first research question is answered by analyzing students' cognitive growth
within the learning process. This analysis is based on their responses to various DC
activities, which involved their thinking processes in the embodied, proceptual, and
axiomatic formal worlds. Meanwhile, the second question is answered by analyzing the
solutions produced by students in answering the questions on the quiz they did after
learning the Chain Rule utilizing DC as a generic organizer.
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2 Methods

This study employed a qualitative approach, to investigate the students' cognitive
growth while learning the Chain Rule utilizing DC as the generic organizer. The re-
search design was structured as a case study, focusing on a specific group of students
at Sampoerna University (SU). The study involved 25 first-semester students from the
Faculty of Engineering and Technology (FET) at SU, who were enrolled in the Calculus
and Analytical Geometry 1 course during the 2022-2023 academic year (Table 1). They
were freshmen with equivalent basic mathematics skills as they had passed the Trigo-
nometry Bypass Exam (TBE), a mandatory placement test for taking mathematics gen-
eral education courses at SU. This purposive sampling method ensured that participants
had the necessary background and were actively engaged in learning the Chain Rule.
The researcher's role was that of a participant-observer since the researcher was the
lecturer who facilitated the learning process and simultaneously observed and investi-
gated the phenomena that arose.

Table 1. Research participants.

Participant's Initial Study program

AK Industrial Engineering
RUB Industrial Engineering
YUN Industrial Engineering
BAB Industrial Engineering
SHAH Computer Science
WID Computer Science
ANG Computer Science
BRY Computer Science
AVEL Computer Science
JAM Computer Science
JOS Computer Science
NIS Computer Science
ERW Computer Science
MATHER Computer Science
VIN Computer Science
NIEL Computer Science
MAR Computer Science
KEN Computer Science
ASH Information System
IKH Information System

ZEA Information System
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AUR Information System
HR Information System
NAD Information System
KIR Information System

Previous studies by [15], [16], and [17] have recommended that case study research
uses various data collection methods to strengthen the substance and understanding of
the phenomenon being studied. The main research instrument in this study is the DC
activity, which was developed based on the TWM framework. The DC can be accessed
through https://student.desmos.com/join/xcud6w. The DC was validated by three ex-
perts: the expert in Mathematics Education, the expert in Pure Mathematics, and the
expert in Instructional Media. Based on the results of the expert validation test, it was
found that DC based on the TWM framework developed by the researcher was consid-
ered valid for use in this research. The following Table 2 represents the validation test
results and general comments from the expert validators.

Table 2. The validation test results.

Expert validator  Validation result General comment
Validator 1 Valid for the research ~ This DC has covered all aspects of the computer
use environment for cognitive development and

effective mathematical pedagogy. DC is a good
learning environment to support students'
cognitive development. Graphical visualization is
very dominant in this DC. It is good for bringing
students to the concept. Graphic visualization or
other methods may provide a stimulus for students
to prove the theorem independently. This DC has
a good math language. The communication style
displayed in the first DC is very interesting and can
provide a useful stimulus for the next DC
activities. The emphasis on figurative language as
in the first section may make it easier for students
to get closer to the language of formal
mathematics. This DC can provide a stimulus for
students to explore mathematical concepts and
make connections with mathematical concepts.
This DC also tries to control student activities with
various questions that are good for students'
cognitive and affective development.
Validator 2 Valid for the research ~ All activities given in the DC can provoke students
use to think deeply about the derivatives. This DC can
be used in the real class situation and I believe it
can support students to think mathematically
based on the TWM framework.
Validator 3 Valid for the research ~ Desmos is indeed an interesting and also engaging
use app for teachers (especially math teachers) to
create interactive and rich mathematics activities.
It allows the lecturer to develop tasks which can
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facilitate  students' learning  experience,
particularly in online mode. It is interesting to
know that the researcher is exploring her expertise
by evaluating the functions offered in this app. The
fact that this app can stimulate the students to think
about mathematical facts, concepts, principles and
procedures, in particular, to find the connection
between mathematical ideas and the applications
of mathematics in students' daily lives. In other
words, the tasks available will provide the students
with an environment which allows them to
practice particular mathematical skills.

Students' responses to the DC were used to investigate certain mental constructs that
provide insight into knowledge and skills about the derivative concept, specifically the
Chain Rule. After students experience learning activities utilizing DC, each student's
cognitive outcomes are measured through the solutions they produce when answering
questions on the quiz. The quiz consisted of two items targeting different spectrums of
cognitive outcomes. The two questions are presented in the following Table 3.

Table 3. The quiz problems.

Problems The expected cognitive
outcomes

Problem 1: Axiomatic Formal

Prove the following differentiation rule:

i[cscx] = —cotxcscx

dx

Problem 2: Procept

Determine the point(s) at which the graph of

f) =

X

V2x-1

has a horizontal tangent line.

Find the equation of a horizontal tangent line to the graph

of f(x)

Sketch the graph of f(x) and its horizontal tangent line.

A deductive approach using content analysis was employed to analyze the qualita-
tive data, as described by [18] and [19]. This method involved: (1) coding students'
responses to DC activities and quiz solutions based on predetermined categories de-
rived from the TWM framework and the cognitive outcome spectrum developed by
[20]; (2) identifying patterns, concepts, and themes within the coded data; and (3) in-
terpreting the findings in relation to the research questions and theoretical framework.
A quantitative analysis of quiz scores and performance metrics was also conducted to
support the qualitative findings.
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3 Result and Discussion

3.1 Research Question 1: How is students’ cognitive growth process in learning
the Chain Rule utilizing DC as a generic organizer?

Students demonstrated cognitive growth in learning the Chain Rule through various
thinking activities across the embodied, proceptual, and axiomatic formal worlds. At
the beginning of learning activities, students revisited the basic differentiation rules
they had learned and the concept of composite function. Students were given the option
to choose various f(x) and g(x), and DC automatically generates the composition
function (f o g)(x) according to their own choice (see Fig. 2).

Build some Compositions

Recall that a composition is essentially nesting one function inside another. Select various choices for f and g to see the composition function f(g{x)) below.
f(x) g(x)
® sinx

sinx Inx

Sflglx)) = cos( sinx)

Fig. 2. Review activity on building composite functions.

Students were asked to move the tangent line so that it touched the function f(x) =
2e'"*"at the tangency point (1,2). As they did this, the function's graph zoomed in,
allowing them to visualize more clearly. The DC automatically informed the slope
value at the tangency point (see Fig. 3). This activity helped students develop their
embodied understanding of tangent lines and their slopes.

Move the black paint, What do you notice?

+ - @ « .‘\‘.
Find an equation of the tangent line to the graph of
flx)=2¢ "% at (1,2)

(You can move the purple line to see the visualization of
the tangent line) Sl of Bacand L ()

Fig. 3. Graphical exploration of the function f(x) = 2e2** and its tangent line at

(1,2).
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In the proceptual world, students applied the Chain Rule to obtain the derivative of
flx) = 2e1™** and determined the equation of its tangent line (see Fig. 4). In addition
to that, students also verified the Chain Rule on polynomial functions represented as
composite functions. They applied the Chain Rule to solve various problems, including
finding derivatives and solving various problems related to tangent lines and rates of
change. In the axiomatic formal world, students proved the Chain Rule using the limit
definition of the derivative, demonstrating more abstract mathematical thinking (see
Fig. 5).

n‘} SRRl - ) / T|#| & °w %

flx) =2 y = f(1) =21 , fle(x))=r(gle)) [e(x)-ele)]
i am =
(1-27) 2 r= x )

el - fle(x))-rlelc)) [elx)-g(c)]

glx)—glc) X

fle(x))—1(g(c)) ](w. ) J(.\w (J

glx)—gle)

f'(g(c))e(e)

Fig. 4. ERW’s responds. Fig. 5. The proof of the Chain Rule by
ZEA.

Students' cognitive growth process while learning the Chain Rule utilizing DC as a
generic organizer involves various learning activities that facilitate them to think in the
three different mental worlds of mathematics. In the embodied world, students were
involved in various graphic exploration activities to make sense of the derivatives. As
for the example, students moved the tangent line all over the function's domain while
zooming in on the DC screen to sense the dynamic changes in the tangent lines’ slopes
along the function’s graph. Learning activities that facilitate students' thinking in the
embodied world can assist students in developing fundamental concepts [9].

In this study, students were prompted to explore the tangent line problem graph-
ically; then, numerical information related to the tangent point and the tangent line’s
slope at that point was automatically provided by DC. Finally, students applied the
Chain Rule to solve the related problem, which implies that they performed the thinking
process in the proceptual world. Successfully solving problems that demand thinking
in the proceptual world allows students to deepen their understanding of the derivative
and its rules, including the Chain Rule.
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One key aspect of thinking in the axiomatic formal world is the emphasis on proving
differentiation rules using the definition of the derivative as a limit. Students were fa-
cilitated to apply the limit definition of the derivative to prove the Chain Rule. This
approach deepens their understanding of the Chain Rule and enables them to prove it.
Therefore, learning activities utilizing DC can help students comprehend the essence
of derivatives and the Chain Rule, encouraging students to take charge of their learning
process and succeed in solving related problems.

A dynamic program as a generic organizer can build calculus ideas and facilitate
students’ cognitive growth [9]. In this study, students' cognitive growth process is rep-
resented by various activities utilizing DC as a generic organizer that facilitates students
to think in the three worlds of mathematics. Students think in the embodied world when
working on the graphical exploration of derivative problems. They also think in the
proceptual world when applying the Chain Rule and other rules to solve related prob-
lems. Finally, they engage in thinking within the axiomatic formal world by proving
the Chain Rule using the definition of the derivative as a limit.

3.2 Research Question 2: Can the learning activities utilizing DC as a generic
organizer facilitate students’ cognitive growth?

Utilizing DC as a generic organizer can facilitate students’ cognitive growth when
learning the Chain Rule. The spectrum of students' cognitive outcomes in answering
quiz questions confirmed this statement. Nearly all students (96%) demonstrated the
ability to think in the axiomatic formal world by proving the derivative of the trigono-
metric function f(x) = cscx (problem 1). Students used three different strategies to
prove it (see Fig. 6-8), i.e.: the Quotient Rule (17 people), the Chain Rule (6 people),
and the limit definition of the derivative (1 person). Meanwhile, one student (IKH)
made a careless error because he did not prove the derivative of f(x) = csc x; instead,
he proved another function, f(x) = cotx using the Quotient Rule (see Fig. 9).

7)”:_-7 cscx gﬁ_k.

csex = —— 2 Prof 2[5 e
= dx
bp & oo = d L
dx dx ginx
= —mx A
8in? A 1 )
~_ ! Cos K
sk Sin X =
= - C5Cx CMK// L _eptNE QUGRE X

Fig. 6. NIS’s solution for problem 1. Fig. 7. ERW’s solution for problem 1.
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Fig. 8. MATHER’s solution for problem 1. Fig. 9. IKH’s solution for problem 1.

Furthermore, the study found that nearly all students reached the procept. This is
represented by their success in solving the horizontal tangent line to the function
fx)= \/% (see Fig. 10). Interestingly, one student (RUB) who was unable to reach

the procept spectrum could think in the axiomatic formal world (see Fig. 11). While
this student correctly applied the Quotient Rule and the Chain Rule to find f'(x), he

—(2;:;3 7 = 0. This indicates that

success in formal thinking does not necessarily guarantee success in proceptual think-
ing.

was unable to solve the resulting rational equation

Fig. 10. ERW’s solution for problem 2.
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Fig. 11. RUB’s solution for problem 2.

Most students (20 out of 25 or about 80%) also successfully drew a graphical repre-
sentation of the tangent line problem (problem 2). However, five students were unsuc-
cessful, and four of them (YUN, AVEL, MATHER, and FAK) obtained the equation
of the tangent line correctly (see Fig. 12). This means that students' success in thinking
in the proceptual world does not imply their success in drawing graphical representa-
tions of the given problem. This indicates that proficiency in proceptual thinking does
not necessarily translate to success in graphically representing the given problem.
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Fig. 12. YUN’s solution for problem 2.

According to [21] and [22], the DC benefits students' growth in learning derivatives.
The results of this study also confirmed that learning derivatives utilizing DC as a ge-
neric organizer can facilitate students’ cognitive growth. The majority of students (19
students, approximately 76%) consistently demonstrated success in thinking across the
proceptual world, the axiomatic formal world, and producing graphical representations
when answering questions on the quiz. This is evidenced by most students successfully
achieving the expected cognitive spectrum by solving questions on the quiz.
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4 Conclusion

In this study, students’ thinking activities in the three mathematics worlds represent
students' cognitive growth in learning the Chain Rule utilizing DC as a generic organ-
izer. Students think in the embodied world by doing a graphical exploration of the func-
tion's graph and its tangent line and zooming their display to sense the change of the
slope’s function dynamically. The embodied activities are connected to the proceptual
calculation (numerical and algebraic) so that students can build ideas about the tangent
line's slope and the derivative. Students think in the proceptual world by applying the
Chain Rule and other differentiation rules to solve problems. Furthermore, students
think in the axiomatic formal world by proving the Chain Rule. As evidenced by 96%
of students demonstrating success in the axiomatic formal world and reaching the pro-
cept spectrum, the majority (80%) could also create a graphical representation of the
problem. Overall, 76% of students consistently demonstrated success across different
cognitive spectrums.

This research indicates that utilizing DC as a generic organizer can be an alternative
strategy for supporting students' cognitive growth. It enables students to understand
derivatives and their rules better, including the Chain Rule. Therefore, educators may
consider employing DC for teaching derivatives. As a generic organizer, DC can be
applied to teach other Calculus topics, such as limits and integrals. Further research is
needed to investigate how DC can help students think within the three mathematical
worlds when learning these topics. Recommendations for future research include using
a larger sample size and examining the impact of utilizing DC to teach functional de-
rivatives on students' cognitive growth over a more extended period. The findings from
this subsequent study will offer a more comprehensive understanding of the potential
and limitations of utilizing DC as a general tool in a broader mathematics learning con-
text.
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