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Abstract. In this proceeding, we briefly summarize the results of [1],
which investigates the representation theory of the spherical double affine
Hecke algebra (DAHA) of type C∨C1, using brane quantization. Our
analysis establishes a bijective correspondence between compact Lagrangian
A-branes in the SL(2,C) character variety of four-punctured spheres and
finite-dimensional representations of the spherical DAHA. This corre-
spondence provides evidence for a derived equivalence between two cate-
gories: the A-brane category of the character variety and the representa-
tion category of the spherical DAHA. The D4 root system plays a central
role in understanding both the geometric and representation-theoretic
structures underlying this correspondence.
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1 Introduction

Brane quantization is a quantization framework that employs the ideas from A-
model topological string theory, as introduced by Gukov and Witten [2], which
profoundly bridges various frameworks and interdisciplinary fields.

In this approach, one consider the topological A-model on a complexification
X, which is typically an affine hyper-Kähler manifold with a holomorphic sym-
plectic form Ω, of a symplectic manifold M . The real part ReΩ of Ω restricts
to the symplectic form on M , and imaginary part ImΩ restricts to zero on M .
Considering the A-model on X with respect to the symplectic form ωX := ImΩ,
the brane quantization provides a bridge between the deformation quantization
and the geometric quantization. To be more specific, in this framework, the
deformation quantization Oq(X) of the coordinate ring of X, with respect to
the holomorphic symplectic form Ω, corresponds to the algebra of topological
strings from a special coisotropic A-brane Bcc (the canonical coisotropic brane
[3,4]) to itself. And the Hilbert space of the geometric quantization of a sym-
plectic manifold M corresponds to the space of topological strings between Bcc

and the Lagrangian A-brane BM [2,?,6]. Since the algebra of topological strings
from Bcc to itself naturally acts on the space of topological strings from them
to other A-branes, this naturally proposes a functor

RHom(−,Bcc) : D
bA-Brane(X, ωX)

∼−→ Db Rep(Oq(X)) , (1)
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which is expected to provide a derived equivalence.

In our work [1], we consider the case where the target space X is the moduli
space of flat SL(2,C)-connections on a four-punctured sphere C0,4, which is a
hyper-Kähler manifold with three complex structures I, J,K. The description as
moduli space of flat connections is in complex structure J , which can be explicitly
parametrized as an affine cubic equation(4). While in complex structure I, X
can be interpreted as the moduli space of SU(2) parabolic Higgs bundles on
C0,4[7]. From a physical perspective, X corresponds to the Coulomb branch of a
4d N = 2 supersymmetric SU(2) gauge theory (SQCD) with four fundamental
hypermultiplets [8] on S1 × R3.

For this space X, the algebra Oq(X) is known[9] to be the spherical subalgebra
of the double affine Hecke algebra (DAHA) of type C∨C1[10,11,12,13,14,15,16].

This algebra, denoted as S
..
Hq,t, is parametrized by a deformation parameter q

and four complex parameters t = (t1, t2, t3, t4) characterizing the monodromies
around the four punctures. The appearance of DAHA as the deformation quan-
tization of coordinate rings of character varieties and affine Grassmannians was
examined in the pioneering works [17,9,18,19,20]. These perspectives were fur-
ther examined from a physics standpoint in [21], where brane quantization was
employed to study the representation theory of DAHA of type A1.

The main results of our work [1] can be summarized into two claims. For
non-compact A-branes, which are branes of type (A,B,A), we show that

Claim 1 Under the functor (1), the (A,B,A)-branes supported on 24 lines in

the affine cubic surface X correspond to the polynomial representation of S
..
Hq,t

and its images under the D4 Weyl group and the cyclic permutation group cor-
responding to the triality of so(8).

Claim 2 For X = Mflat(C0,4, SL(2,C)), the functor (1) restricts to a derived
equivalence of the full subcategory of compact Lagrangian A-branes of X and the
category of finite-dimensional S

..
Hq,t-modules.

This paper is organized as follows to present our work: In Section 2, we
introduce the basics about the spherical DAHA S

..
Hq,t of type C∨C1. We will

analyze its symmetries and the connection to the D4 root system, which is
followed by a discussion of the polynomial representation of S

..
Hq,t and the Askey-

Wilson polynomials. Section 3 provides an investigation of the geometry of the
target space X in both complex structure I and J . Then we examine the Hitchin
fibration in the special case where β = 0 = γ, showing the connection to the
affine D4 root system and identifying the A-branes explicitly. In §4, we explicit
match the polynomial representations and the A-brane for the generic fibers and
global nilpotent cone.
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2 Polynomial Representations of Double Affine Hecke
Algebra of Type C∨C1

The spherical DAHA S
..
Hq,t is generated by x, y, z satisfying the defining relations

[x, y]q = (q−1 − q)z + (q−
1
2 − q

1
2 )θ3 ,

[y, z]q = (q−1 − q)x+ (q−
1
2 − q

1
2 )θ1 ,

[z, x]q = (q−1 − q)y + (q−
1
2 − q

1
2 )θ2 ,

(2)

where the q-commutator is defined as [f, g]q ≡ q−
1
2 fg − q

1
2 gf and

θ1 = t1 t2 + t3 t4 , θ2 = t1 t3 + t2 t4 , θ3 = t1 t4 + t2 t3 , (3)

using the notation f ≡ f + f−1. In addition, the generators x, y, z satisfy a
Casimir relation

−q−
1
2xyz + q−1x2 + qy2 + q−1z2 + q−

1
2 θ1x+ q

1
2 θ2y + q−

1
2 θ3z + θ4(q) = 0 , (4)

where θ4(q) = t1
2
+ t2

2
+ t3

2
+ t4

2
+ t1 t2 t3 t4 − q − 2.

As is evident from (2), the spherical DAHA S
..
Hq,t becomes commutative in

the “classical” limit q = 1, and the Casimir relation (4) reduces to the equation
of an affine cubic surface:

−xyz + x2 + y2 + z2 + θ1x+ θ2y + θ3z + θ4(1) = 0 . (5)

2.1 Symmetries of the Spherical DAHA

The spherical DAHA S
..
Hq,t exhibits three key types of symmetries, each of which

plays an essential role in its structure.

Weyl group W (D4): The parameters θ1, θ2, θ3, θ4 can be naturally interpreted
as the characters of the vector, spinor, conjugate spinor, and adjoint representa-
tions the Lie algebra so(8) = D4. The characters are invariant under this Weyl
group W (D4) of so(8), and so is the q-deformed version θ4(q). Consequently, the
spherical DAHA is also invariant under W (D4).

Braid group B3: The spherical subalgebra S
..
Hq,t is invariant under the B3 action

τ+ : (x, y, z, θ1, θ2, θ3, θ4) 7→
(
x, q−

1
2 (xy − q−

1
2 z − θ3), y, θ1, θ3, θ2, θ4

)
,

τ− : (x, y, z, θ1, θ2, θ3, θ4) 7→
(
q−

1
2 (xy − q−

1
2 z − θ3), y, x, θ3, θ2, θ1, θ4

)
,

σ : (x, y, z, θ1, θ2, θ3, θ4) 7→
(
y, x, q−

1
2 (xy − q−

1
2 z − θ3), θ2, θ1, θ3, θ4

)
.

(6)

B3 has a Z3 cyclic permutation subgroup generated by (x, y, z, θ1, θ2, θ3, θ4) 7→
(y, z, x, θ2, θ3, θ1, θ4).

36 J. Huang et al.



Sign-flip group Z×2
2 : Lastly, there is a symmetry Z2 × Z2 = Z×2

2 which flips the
signs of x, y, z and θ1, θ2, θ3. See [1] for the details.

2.2 Polynomial Representations

The spherical DAHA S
..
Hq,t acts on P ≡ Cq,t[X,X−1]Z2 [22,14,23], which is the

space of symmetric Laurent polynomials with coefficients in the ring Cq,t of

rational functions in q and t. The representation is given by pol : S
..
Hq,t →

End(P) and the actions of the generators are given by:

pol(x) = X +X−1 ,

pol(y) = A(X)(ϖ − 1) +A(X−1)(ϖ−1 − 1)− q
1
2 t1t3 − q−

1
2 (t1t3)

−1 ,

pol(z) = q
1
2

[
XA(X)ϖ +X−1A(X−1)ϖ−1

]
− X +X−1

q
1
2 + q−

1
2

[
A(X) +A(X−1) + q

1
2 t1t3 + q−

1
2 t−1

1 t−1
3

]
− θ3

q
1
2 + q−

1
2

.

(7)

with A(X) a rational function and ϖ the q-shift operator defined by ϖ · f(X) =
f(qX). Under the polynomial representation (7), pol(y) acts diagonally on the
Askey-Wilson polynomials. We can define the raising and lowering operators in
S
..
Hq,t with respect to this basis [24] as

Rn = −q1−nx− qt1t3z + En , Ln = −qn+2x− q

t1t3
z +Dn , (8)

where Dn and En are two constants. Under the polynomial representation, these
operators raise and lower the labels n of the Askey-Wilson polynomials as follows:

pol(Rn) · Pn = q1−n
(
t21t

2
3q

2n+1 − 1
)
Pn+1 , (9)

pol(Ln) · Pn = −q1−n
(
qn − t−1

1 t2t
−1
3 t4

) (
qn − t−1

1 t2t
−1
3 t−1

4

) (
qn − t−1

1 t−1
2 t−1

3 t4
)

×
(
qn − t−1

1 t−1
2 t−1

3 t−1
4

) (qn − 1)(qn − t−2
1 )(qn − t−2

3 )(qn − t−2
1 t−2

3 )(
q2n − t−2

1 t−2
3

)2
(q2n−1 − t−2

1 t−2
3 )

Pn−1 .

(10)

A common way to construct a finite-dimensional representation is to find
null vectors for the raising and lowering operators. The raising operators can
never be null, while there are conditions where the lowering operator annihilates
some Pn(x; q, t), which becomes the lowest weight state of a sub-representation.

In this way, a finite-dimensional S
..
Hq,t-module appears as the quotient P/(Pn)

of the polynomial representation by the ideal (Pn).
Therefore, we can study finite-dimensional representations by imposing the

condition pol(Ln) · Pn = 0. This amounts to the shortening conditions neatly
repackaged as

qn = t−r1
1 t−r2

2 t−r3
3 t−r4

4 =: t−r, r ∈ R(D4) ∪ {(0, 0, 0, 0)} . (11)
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3 Geometry of Coulomb Branch

In complex structure J , the moduli space Mflat(C0,4, SL(2,C)) is characterized
by the monodromy representation of the fundamental group of C0,4:

Mflat(C0,4, SL(2,C)) =
⟨M1,M2,M3,M4 ∈ SL(2,C) | M1M2M3M4 = 1⟩/ SL(2,C) , (12)

where the quotient by SL(2,C) is taken with respect to conjugation. To de-
scribe the character variety geometrically, we introduce holonomy variables as
holomorphic functions on Mflat(C0,4, SL(2,C)):

x = −Tr(M1M2) , y = −Tr(M1M3) , z = −Tr(M2M3) ,

tj = Tr(Mj) , (j = 1, 2, 3, 4) . (13)

By applying trace identities in SL(2,C), the holonomy variables are subject

to the cubic surface equation (4). Therefore, in the classical limit, S
..
Hq,t corre-

sponds to the coordinate ring of the moduli space. The cubic surface admits a
holomorphic symplectic form ΩJ = ωK + iωI of complex structure J given by

ΩJ = − 1

2π

dx ∧ dy

∂f/∂z
= − 1

2π

dx ∧ dy

2z − xy + θ3
. (14)

By comparing the Poisson brackets of the generators for the coordinate ring
x, y, z and the algebraic relation in S

..
Hq,t, one can show that, under the identi-

fication q = e2πiℏ, the Poisson brackets can be obtained by

[−,−]

iℏ

∣∣∣∣
ℏ→0

= {−,−} , (15)

where [x, y] = xy−yx is the ordinary commutator. This verifies that the spherical

DAHA S
..
Hq,t is the deformation quantization of the coordinate ring with respect

to the holomorphic symplectic form ΩJ [9].
Next, we will turn to complex structure I, which is convenient in describing

the geometry of the space. Denote the four punctures of C0,4 as pj , j = 1, 2, 3, 4.
The moduli space of Higgs bundles over C0,4 is the space of holomorphic rank 2
vector bundle E and the holomorphic one form φ ∈ H0(EndE⊗KC [D]) (called
Higgs field), subject to the following tame ramification at pj

A = αj dϑ+ · · · , φ =
1

2
(βj + iγj)

dz

z
+ · · · (16)

Here, z = reiϑ is a local coordinate on a small disk centered at pj , and the
ramification data is a triple (αj , βj , γj) ∈ t × t × t where we denote the Cartan
subalgebra t ⊂ su(2). By expressing them as conjugate to diagonal matrices

diag(αj ,−αj) ∼ αj ∈ t , diag(βj ,−βj) ∼ βj ∈ t , diag(γj ,−γj) ∼ γj ∈ t ,
(17)
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we will often use the triple (αj , βj , γj) ∈ t3 interchangeably with the ramification
parameters (αj ,βj ,γj) ∈ R3 in the following discussions, by a slight abuse of
notation. These parameters are related with tj parameter in the character variety
via

tj = exp(−2π(γj + iαj)) , (j = 1, 2, 3, 4). (18)

Moduli space of Higgs bundle admits the Hitchin fibration over the Hitchin
base BH [7]:

h : MH(C0,4, SU(2)) → BH = H0(C0,4,K
⊗2
C ) .

(E,φ) 7→ Tr
(
φ2

)
,

(19)

where the Hitchin base BH is identified with the u-plane that parametrizes the
complex structure u of the Seiberg-Witten curve. At special points of the u-plane,
a Hitchin fiber degenerates into a singular fiber as classified by Kodaira[25,26].
The geometry of the moduli space undergoes significant changes as the ramifi-
cation parameters (16) at the four punctures are varied, leading to changes in
the types of singular fibers.

The resulting classification can be conveniently summarized by the usage of
affine D4 Dynkin diagram. Each type of singular fiber forms a chain of CP1

components connected according to the structure of an affine ADE Dynkin
diagram (except for Kodaira type II). Consequently, the intersection matrix of
a singular fiber matches the corresponding affine Cartan matrix, up to an overall
sign difference. Given the ramification parameters γj , we define the evaluation
map as

evγ : R(D4) → R ; r = (r1, r2, r3, r4) 7→ γ1r1 + γ2r2 + γ3r3 + γ4r4 . (20)

The kernel of this linear map precisely gives the root system associated with the
singular fibers.

3.1 A-model on the Coulomb Branch

The primary goal of the analysis is to identify the A-branes inside the target
space X. As is mentioned in the introduction, when the target space is of quater-
nionic dimension one, there are two types of A-branes: the canonical coisotropic
brane Bcc and the Lagrangian branes BL.

Canonical Coisotropic Brane Bcc The canonical coisotropic brane is a holo-
morphic line bundle over the target space itself, which is parameterized by a
single complex parameter ℏ = |ℏ|eiθ ∈ C×. The curvature F of such a bun-
dle combines with the B-field B ∈ H2(X,U(1)) of the A-model into a gauge
invariant combination F +B, which is constrained by:

Ω := F +B + iωX =
ΩJ

iℏ
. (21)

In the brane quantization set up, we choose ωX as the symplectic form of original
symplectic manifold, Ω = ΩJ/iℏ as its complexification, the holomorphic sym-
plectic form. Thanks to the hyper-Kähler structure ω−1

X (F +B) = J , the brane
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automatically satisfies the condition (ω−1
X (B + F ))2 = −1, which is required for

a coisotropic A-brane [3].
With this setup, the algebra of open (Bcc,Bcc)-strings gives rise to the de-

formation quantization of the coordinate ring on X with respect to ΩJ , which
aligned with S

..
Hq,t.

Lagrangian A-branes BL As the target symplectic manifold (X, ωX) is of
quaternionic dimension one, A-branes of the other types are all Lagrangian A-
branes, namely it has a Lagrangian submanifold L as its support, endowed with
the structure of a flat Spinc-bundle.

The space of (Bcc,BL)-open string arises from the geometric quantization
of L, namely the space of holomorphic sections Bcc ⊗ B−1

L over L. When the
support is a compact Lagrangian submanifold, this space is conjectured to be
related to the finite-dimensional representations of S

..
Hq,t as in (1) and one can

employ the B-model perspective to compute the dimension of the representation
space Hom(BL,Bcc) using Hirzebruch-Riemann-Roch formula, which in our case
simplifies to

dimL =

∫
L

ch(Bcc) =

∫
L

F +B

2π
, (22)

for a real two-dimensional Lagrangian L. The volume of a Lagrangian subman-
ifold L is is defined as the integration of the Kähler form ωI over L

volI(L) :=

∫
L

ℏ
2π

ImΩ =

∫
L

ωI

2π
. (23)

3.2 Global Nilpotent Cone

When the ramification parameters αj are generic while the others are set to zero,
βj = γj = 0 (j = 1, 2, 3, 4), the Hitchin fibration h : MH(Cp, SU(2)) → BH in
(19) possesses a singular fiber only at the origin of the base, N = h−1(0), which is
referred to as the global nilpotent cone. The global nilpotent cone N is a singular
fiber of Kodaira type I∗0 [27], characterized by a configuration of five irreducible
components, each of which is topologically CP1, arranged in the shape of the
affine D4 Dynkin diagram as in Figure 1:

N = V ∪
4⋃

j=1

Dj . (24)

At generic values of αj , each irreducible component of the global nilpotent
cone serves as a generator of the second integral homology group, H2(MH ,Z) ∼=
Z⊕5. Using the basis {[D1], [D2], [D3], [D4], [V]}, the intersection pairing be-
tween these homology classes is represented by the Cartan matrix of the affine D4

Dynkin diagram and the second homology group H2(MH ,Z) can be identified
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Fig. 1. The schematic figure of the Hitchin fibration MH → BH when the ramification
parameters αj are generic, and the others are zero βj = γj = 0, (j = 1, 2, 3, 4). A
generic fiber F is topologically a two-torus, and the global nilpotent cone N at the
origin of the Hitchin base BH is a singular fiber of Kodaira type I∗0 , which is illustrated
on the right.

with the root lattice of the affine D4 Lie algebra. In this identification, the irre-
ducible components correspond to the simple roots of the affine D4 root system.
Furthermore, these components also satisfy a fiber-class relation in H2(MH ,Z):

[F] = 2[V] +

4∑
j=1

[Dj ] , (25)

where [F] denotes the homology class of a generic fiber of the Hitchin fibration
[27].

As a characteristic of the Hitchin fibration, due to its complete integrability,
the period of ωI/2π over a general fiber F is one, so volI(F) = 1, and the
homology relation(25) imposes the constraint

2volI(V) +
4∑

j=1

volI(Dj) = 1 . (26)

The relation between the ramification parameters αj and the volumes of the
irreducible components in the global nilpotent cone is subtle and involves the
wall-crossing phenomenon. When an irreducible component V or Dj shrinks
to zero, the Higgs bundle is no longer stable, and the Hitchin moduli space
develops a du Val singularity. These singularities correspond to special points in
the Kähler moduli space, which are located at codimension-one loci, referred to
as walls. Du Val singularities appear precisely at the zeros of the Seiberg-Witten
discriminant, which can be neatly summarized as

tr = 1 , ∀r ∈ R(D4) . (27)
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These walls align with the set of reflection hyperplanes for the affine D4

weight lattice at level one [28]. In an affine root system, the reflection of an
affine weight λ at level one with respect to an affine root

.
r = r − nδ

s.r(λ) = sr

(
λ− n

2
r
)

(28)

generating the affine Weyl group
.
W (D4). Therefore, a chamber surrounded by

the walls corresponds to a Weyl alcove of type D4.
A du Val singularity arises when a two-cycle shrinks to zero volume, whose

condition is linear in the Kähler parameters αj . This implies that the volume
of a compact two-cycle depends linearly on αj . Then the configurations of the
walls in (27) uniquely determine the volumes of the cycles. Given a point αj of
the Kähler moduli space, the volumes of the two-cycles V and Dj (j = 1, 2, 3, 4)
are equal to twice the distance from this point to the corresponding walls.

It turns out that, there are 24 chambers in total generically. In the subsequent
analysis, we focus on the chamber defined by the following constraints (which
we refer to as the center chamber):

α1 + α2 + α3 + α4 ≤ 1 , −α1 − α2 + α3 + α4 ≥ 0 ,

−α1 + α2 − α3 + α4 ≥ 0 , −α1 + α2 + α3 − α4 ≥ 0 ,
(29)

together with the restriction α1 ∈ [0, 1
4 ]. From the identification between the

volume functions and the basis of the affine root system, we deduce the explicit
volume functions in this chamber:

volI(Dj) =
(
1− α1 − α2 − α3 − α4, − α1 − α2 + α3 + α4,

− α1 + α2 − α3 + α4, − α1 + α2 + α3 − α4

)
,

volI(V) = 2α1 ,

(30)

where the normalization in (26) is appropriately applied.
In fact, we can define the simple roots of the D4 root system with a suitable

choice of positive roots as

{e1, e2, e3, e4} = {(−1,−1, 1, 1), (−1, 1,−1, 1), (−1, 1, 1,−1), (2, 0, 0, 0)} , (31)

Then, the highest root is expressed by θ = e1 + e2 + e3 +2e4 = (1, 1, 1, 1). Using
these roots, the volume functions can be concisely written as(

volI(D1), volI(D2), volI(D3), volI(D4), volI(V)
)
=(

1− θ · α, e1 · α, e2 · α, e3 · α , e4 · α
)
, (32)

where r · α =
∑4

j=1 rjαj is the Euclidean inner product. The homology class of
each irreducible component of the I∗0 singular fiber corresponds to an affine D4

root as

[D1] ↔ e0 = δ − θ , [D2] ↔ e1 , [D3] ↔ e2 , [D4] ↔ e3 , [V] ↔ e4 ,
(33)
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where δ is the imaginary root and the case δ · α = 1 is assumed for the volume
function. Using the relation of the second homology classes, the homology class
[F] of a generic Hitchin fiber indeed corresponds to the imaginary root δ.

4 Matching Branes and Representations

In this section, we will show the main result of this project: the explicit corre-
spondence between A-branes and the representations of the S

..
Hq,t. In particular,

we will match the A-brane conditions and the shortening conditions for the
generic fibers and global nilpotent cone.

4.1 Non-compact Branes and Infinite-dimensional Representations

To identify the A-brane associated with the polynomial representation in (7),
we consider the classical limit q → 1. In this limit, the lowering operator Ln

becomes independent of n, so we denote L(c) = Ln|q→1. In the classical limit,
certain operators act as scalar multiplications:

pol(y) = −t1t3 − t−1
1 t−1

3 ,

−pol(L(c)) = 0 = pol(x) +
pol(z)

t1t3
+ t−1

1 t−1
2 + t−1

1 t2 + t−1
3 t−1

4 + t−1
3 t4.

(34)

The second equation holds because the lowering operator becomes null in the
classical limit q → 1, as demonstrated in (10). Geometrically, this describes the
support of the brane BP, for the polynomial representation:

P = {y = −t1t3 − t−1
1 t−1

3 , z = −t1t3x− t1t
−1
4 − t1t4 − t−1

2 t3 − t2t3} (35)

The restriction of ΩJ on P vanishes. Thus P is Lagrangian with respect to the
symplectic forms ωI and ωK . This establishes that BP is an (A,B,A)-brane
associated with the polynomial representation.

We can construct new polynomial representations by applying the Weyl
group action W (D4) and the cyclic group Z3 to P1. Since both group actions
act linearly on the coordinates (x, y, z), they map the line P to other lines. As
a result, 24 distinct lines can be generated from P.

A notable feature of these lines is that they all lie in planes where one of
the coordinates x, y, or z remains constant. Thus, the slope of each line can be
described by a single complex number. To formalize this, we define the slope as
follows: if x is constant along the line, the slope is given by dy

dz ; if y is constant,

the slope is dz
dx ; and if z is constant, the slope is dx

dy .
Furthermore, we denote these slopes by Sx, Sy, and Sz, corresponding to lines

in planes where x, y, or z is constant, respectively. Interestingly, these sets have
a natural interpretation in terms of SO(8) representation theory:

Sx = {−tw | w ∈ P(8V )}, Sy = {−tw | w ∈ P(8S)}, Sz = {−tw | w ∈ P(8C)},
(36)

1 The action of braid group will generate more (A,B,A)-branes, see [1] for the details.
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where tw ≡ tw1
1 tw2

2 tw3
3 tw4

4 , and P(8V ), P(8S), and P(8C) are the weights of the
SO(8) vector, spinor, and cospinor representations, respectively. These weights
correspond to the shortest weights in the D4 weight lattice.

Consequently, the 24 non-zero roots of the D4 root system are organized
into three distinct sets, each in one-to-one correspondence with the weights of
the SO(8) vector, spinor, and cospinor representations. Furthermore, a similar
argument based on the pullback of ΩJ confirms that the branes corresponding
to these 24 lines are (A,B,A)-branes in the cubic surface, verifying the Claim 1.

As a result, the lines and their corresponding infinite-dimensional represen-
tations can be labeled using the shortest weights w ∈ P(D4). We denote the lines
as Pw, the polynomial representations as Pw and the associated Askey-Wilson
polynomials as Pw

n .
The relation between lines and the shortest weights provides a useful criterion

to determine whether a finite-dimensional representation, as given in (11), can
be obtained by truncating an infinite-dimensional representation supported on
a line [1]:

Proposition 1. The finite-dimensional representation, labeled by a root r ∈
R(D4), can be obtained by truncating the polynomial representation Pw if and
only if ⟨r, w⟩ > 0, where ⟨·, ·⟩ is the standard Euclidean inner product.

4.2 Compact Branes and Finite-dimensional Representations

Wemake explicit verification of the Claim 2 in this section. For simplicity, assume
ℏ is real. In this case, a generic fiber F is Lagrangian with respect to ImΩ = ωK

ℏ ,
and thus F can serve as the support of an A-brane BF. Thus, we consider a
brane BF supported on a generic fiber and the corresponding representation F .
The dimension formula (22) and the unit volume of a generic fiber implies

m := dimHom(BF,Bcc) =

∫
F

ωI

2πℏ
=

1

ℏ
. (37)

Consequently, the A-brane BF can exist if and only if 1
ℏ = m ∈ Z>0. By q =

e2πiℏ, the dimension formula implies qm = 1, which is precisely the shortening
condition (11) with r = (0, 0, 0, 0). Under this shortening condition, we obtain

the finite-dimensional S
..
Hq,t-module Fm = P/(Pm) with

Pm(X, q = e
2πi
m , t) = Xm +X−m + Fm(t),

Fm(t) =
(tm3 tm4 + tm3 /tm4 )(t2m1 − 1) + (tm1 tm2 + tm1 /tm2 )(t2m3 − 1)

(t1t3)2m − 1
.

(38)
For a non-trivial example, let us consider the singular fiber I∗0 , i.e. the global

nilpotent cone that appears when βj = 0 = γj , as considered in §3.2. As illus-
trated in Figure 1, the irreducible components of the I∗0 singular fiber consist of
both the moduli space V of SU(2)-bundles on C0,4 and the exceptional divisors
Dj (j = 1, 2, 3, 4).

44             J. Huang et al.



Object Matching By combining the dimension formula (22) with the volume
formula for BV given in (30), we find that the dimension of the corresponding
representation is:

k := dimHom(BV,Bcc) =

∫
V

F +B

2π
=

∫
V

ωI

2πℏ
=

2α1

ℏ
. (39)

The A-brane BV can exist if and only if k is a positive integer. Using (18)
and noting that q = e2πiℏ, this requirement translates to the condition qk =
t−2
1 , which corresponds to the shortening condition (11), with the D4 root
r = (2, 0, 0, 0). When the shortening condition is satisfied, the corresponding
k-dimensional representation, denoted by Vk, can be explicitly constructed as
the quotient Vk = P/(Pk).

Using the same approach, one can identify an S
..
Hq,t-module D

(j)
ℓj

correspond-
ing to a brane BDj supported on each exceptional divisor Dj . The dimension of
the morphism space is given by:

ℓj := dimHom(BDj
,Bcc) =

∫
Dj

F +B

2π
=

∫
Dj

ωI

2πℏ
=

vol(Dj)

ℏ
. (40)

The results are summarized in Table 1, based on the volume formulas provided
in (30).

finite-dim rep shortening condition A-brane A-brane condition

F (xm)
m qm = 1 B

(xm)
F m = 1

ℏ

Vk qk = t−2
1 BV k = 2α1

ℏ

D(1)
ℓ1

qℓ1 = t1t2t3t4 BD1 ℓ1 = 1
ℏ − α1+α2+α3+α4

ℏ

D(2)
ℓ2

qℓ2 = t1t2t
−1
3 t−1

4 BD2 ℓ2 = −α1−α2+α3+α4
ℏ

D(3)
ℓ3

qℓ3 = t1t
−1
2 t3t

−1
4 BD3 ℓ3 = −α1+α2−α3+α4

ℏ

D(4)
ℓ4

qℓ4 = t1t
−1
2 t−1

3 t4 BD4 ℓ4 = −α1+α2+α3−α4
ℏ

Table 1. A summary of finite-dimensional S
..
Hq,t-modules with their shortening condi-

tions and the corresponding A-brane configurations at the I∗0 singular fiber, under the
assumption |q| = 1.

Beyond a single irreducible component of the I∗0 singular fiber, one can con-
sider a brane supported on a union of several components, denoted by Nr with
r denotes −a0θ +

∑4
i=1 aie

i, which is Lagrangian with respect to ωX = ωK/ℏ.
The homology class of Nr is represented with the standard basis by

[Nr] = a0[D1] + a1[D2] + a2[D3] + a3[D4] + a4[V], (41)

Here, ei are the simple roots, and θ is the highest root in the D4 root system
(31). Then, it is straightforward to show that r ∈ R(D4) if and only if a cycle
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Nr has a self-intersection number minus two: [Nr] · [Nr] = −2. Using the same
approach, we determine the A-brane condition for Nr. Applying the dimension
formula (22) and the volume formula (32), the A-brane condition is given by

m := dimHom(BNr
,Bcc) =

∫
Nr

ωI

2πℏ
=

a0 +
(∑4

i=1 aie
i − a0θ

)
· α

ℏ
. (42)

The corresponding shortening condition is qm = t−r with tr = tr11 tr22 tr33 tr44 .

Thus, we write the corresponding S
..
Hq,t-module as N r,w

m = Pw/(Pw
m) where

⟨r, w⟩ > 0 due to Proposition 1. As a result, if we consider all the cycles with
self-intersection number minus two, all 24 roots in the D4 root system R(D4) are
exhausted. In this way, the A-brane conditions in (42) recover all the shortening
conditions classified in (11).

Morphism Matching In the category of A-branes, a morphism between two A-
branes becomes non-trivial when they intersect, forming a bound state [29,30].
Let BNr and BNr′ be A-branes supported on components of the I∗0 singular
fiber. The A-brane conditions are given by:

m = dimHom(BNr
,Bcc), m′ = dimHom(BNr′ ,Bcc). (43)

We denote the corresponding S
..
Hq,t-modules by N r,w

m and N r′,w′

m′ where the

shortening conditions are given by qm = t−r and qm
′
= t−r′ , respectively. Then

we have the following proposition [1]:

Proposition 2. If BNr
and BNr′ intersect at a point q, then the morphism

space is one-dimensional

Hom(BNr
,BNr′ ) = C⟨q⟩ . (44)

Then, the roots r, r′ ∈ R(D4) satisfy ⟨r, r′⟩ = −2. Moreover, there exists a weight
w such that ⟨w, r⟩ > 0, ⟨sr(w), r′⟩ > 0. In this setting, there exists a short exact

sequence of finite-dimensional S
..
Hq,t-modules

0 N
r′,sr(w)

m′ N r+r′,w
m+m′ N r,w

m 0 . (45)

This exact sequence is uniquely determined up to isomorphism, independent of

the choice of w. Thus, Ext1(N r,w
m ,N

r′,sr(w)
m′ ) is one-dimensional.

As an explicit example, let us consider the morphism space Hom∗(BV,BD1
).

Since D1 and V intersect at a single point q1 (see Figure 1), the geometric
perspective predicts that the morphism space is one-dimensional. The A-brane
BNr , representing their bound state, is supported on Nr = V ∪ D1, with the
corresponding root r = −θ + e4 = (1,−1,−1,−1). The A-brane condition for
BNr

is evaluated as:

m = dimHom(BNr
,Bcc) =

∫
Nr

F +B

2π
=

1

ℏ
− −α1 + α2 + α3 + α4

ℏ
, (46)
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which translates to the shortening condition qm = t−1
1 t2t3t4.

Without loss of generality, we can take the weight to be w = (1, 0,−1, 0).
Consider the polynomial representation Pw where the action of lowering opera-
tors Lw

m contains a factor (qm− t−2
1 )(qm− t−1

1 t2t3t4), which can be verified from
(10). Suppose that we impose the two shortening conditions simultaneously

qk = t−2
1 , and qk+ℓ = t−1

1 t2t3t4 , (47)

then we obtain the following short exact sequence from Pw:

0 D
(1)
ℓ N r,w

k+ℓ Vk 0 . (48)

This represents a non-trivial element in Ext1(Vk,D
(1)
ℓ ).

5 Conclulsion

Following the prediction from brane quantization, we establish a correspondence
between non-compact/compact A-branes in the SL(2,C)-character variety of a
fourth-punctured sphere and the infinite-dimensional/finite-dimensional repre-

sentations of the spherical DAHA S
..
Hq,t. This correspondence provides explicit

and compelling evidence for the proposed equivalence (1) between the category

of A-branes and the representation category of S
..
Hq,t.
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