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Abstract. The analysis of geometric nonlinearity in structural engineering has 

gained increasing attention due to the growing complexity of modern structures, 

such as high-rise buildings, bridges, and aerospace components, which are often 

subjected to large displacements and rotations under extreme loading conditions. 

Spatial beam elements, in particular, play a critical role in these systems, yet their 

behavior remains challenging to model accurately because of the difficulty in 

distinguishing rigid body motion from actual deformation. This paper investi-

gates the geometric nonlinearity of spatial beam elements, with a specific focus 

on structures experiencing significant displacements and rotations. To tackle this 

challenge, a co-rotational coordinate system is employed to isolate and compute 

the true deformation by subtracting rigid body translations and rotations, while a 

moving reference point method is introduced to efficiently handle coordinate 

transformations. Building on this theoretical foundation, a nonlinear structural 

analysis program (NSAP) was developed and rigorously validated through a test 

case involving a 45-degree spatial curved beam subjected to concentrated load-

ing. The results demonstrate strong agreement with established commercial soft-

ware such as ADINA and ANSYS, confirming the accuracy and reliability of the 

proposed approach. This work not only advances the understanding of geometric 

nonlinearity in spatial beam elements but also provides a novel and robust frame-

work that can support future research and practical applications in nonlinear 

structural analysis. 
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1 Introduction 

The study of nonlinear behavior in three-dimensional (3D) beam structures has gar-

nered significant attention in recent decades due to its critical relevance in modern en-

gineering applications, such as high-rise buildings, long-span bridges, and flexible me-

chanical systems. Unlike linear analysis, which assumes small deformations and sim-

plifies structural responses, nonlinear analysis accounts for large displacements, finite  

  
rotations, and material or geometric nonlinearities, providing a more accurate 
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representation of real-world structural behavior under extreme loading conditions. The 
complexity of spatial beam kinematics and the coupling of effects such as shear defor-
mation, cable sag, and beam-column interactions necessitate advanced computational 
models and robust numerical methods to capture these phenomena effectively. 

Recent advancements in nonlinear dynamics have provided valuable insights into 
the behavior of beam systems under complex conditions. For instance, Zhang et al. [1] 
explored the vibration reduction potential of an elastic beam coupled with an extension 
beam and a boundary nonlinear connector, highlighting the key role of nonlinear stiff-
ness in controlling vibration responses. Their work demonstrated that a carefully de-
signed nonlinear connector can effectively redistribute vibrational energy, offering a 
promising approach for engineering applications. Similarly, Chen et al. [2] investigated 
the forced vibration of a beam-plate system coupled through multiple nonlinear single-
degree-of-freedom (SDOF) systems, revealing how nonlinear stiffness and damping 
influence low-frequency transverse vibrations. These studies underscore the im-
portance of nonlinear coupling elements in altering the dynamic characteristics of 
beam-based structures. 

In the context of rotating systems, He et al. [3] analyzed the dynamic behavior of a 
spinning Timoshenko beam-rigid disk system with nonlinear elastic boundaries under 
axial loading. Their findings emphasized the sensitivity of the system’s response to 
nonlinear boundary parameters and initial conditions, illustrating the complexity of 3D 
beam dynamics in rotational environments. Furthermore, the identification of stiffness 
in beam structures with elastic foundations has been addressed by Yao et al. [4], who 
proposed a combined global mode and time-domain nonlinear subspace method to ac-
curately determine both linear and nonlinear stiffness terms. This approach highlights 
the significance of precise parameter identification for reliable dynamic modeling of 
3D beam systems. Additionally, Zhao et al. [5] introduced a nonlinear coupling oscil-
lator to control the transverse vibration of a beam-plate system, demonstrating that ad-
justable nonlinear parameters can effectively suppress vibrations across coupled com-
ponents. Additionally, the adoption of isogeometric analysis with NURBS basis func-
tions has enabled the development of nonlinear spatial Bernoulli beam elements, capa-
ble of handling arbitrary cross-sectional orientations and large displacements with C^1-
continuity between elements [6]. These advancements underscore the growing sophis-
tication of computational tools available for 3D nonlinear beam analysis. 

This paper aims to contribute to the ongoing research by presenting a comprehensive 
study of spatial nonlinear analysis for 3D beam structures, integrating insights from 
finite element formulations, analytical solutions, and isogeometric approaches. 
Through a combination of theoretical derivations and numerical validations, we seek to 
address the challenges posed by large displacements and finite rotations, offering a 
framework that balances accuracy and computational efficiency for engineering appli-
cations. 

The focus of this paper is the analysis of spatial beam elements undergoing large 
deformations. A primary challenge in this domain is accurately accounting for the ef-
fects of rigid body motion (translation and rotation) and distinguishing it from the actual 
deformation that generates internal forces. While existing methods, such as those rely-
ing on traditional fixed coordinate systems or simplified kinematic assumptions, have 
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advanced the field, they often exhibit limitations. These include insufficient precision 
in separating rigid body motion from deformation, particularly under large rotations, 
and computational inefficiency due to complex coordinate transformations or excessive 
reliance on iterative solvers. Such shortcomings can lead to errors in predicting internal 
forces and deformations, compromising the reliability of finite element analysis (FEA) 
for geometrically nonlinear structures. To overcome these limitations, this study adopts 
a co-rotational coordinate system that dynamically follows the rigid body motion of the 
element, enabling a more precise computation of true deformation by effectively iso-
lating rigid body effects. Additionally, a moving reference point method is introduced 
to streamline transformations between coordinate systems, reducing computational 
overhead while maintaining consistency and accuracy. 

2 Effects of Large Deformation 

In finite element analysis of structural problems involving large displacements and ro-
tations, the incremental nodal displacements induce motion in each element. This mo-
tion can be decomposed into three components: (1) rigid body translation of the ele-
ment; (2) rigid body rotation of the element; and (3) the portion of motion that causes 
element deformation (i.e., the part that genuinely generates end forces in the element 
during computation). In geometric nonlinearity studies, most researchers adopt the La-
grangian coordinate system. In this system, the initial undeformed  configuration of 
the object serves as the reference configuration, known as the Total Lagrangian (T.L.) 
formulation; alternatively, the last known equilibrium configuration at a given time step 
is used as the reference configuration, which changes with each computation, termed 
the Updated Lagrangian (U.L.) formulation [7, 8]. 

To accurately subtract the rigid body translation and rotation of the element, a coor-
dinate system that follows the element’s translation and rotation, called the co-rota-
tional coordinate system, is attached to each element. At a given structural configura-
tion at time t , the incremental nodal displacements from t  to tt  are calculated, 
and the rigid body translation and rotation are deducted from the nodal displacement 
increments for each element, yielding the portion of the nodal displacement increment 
that causes element deformation during t to tt  . Multiplying this portion of the 
nodal displacement increment by the tangent stiffness matrix of the element at time t 
provides the incremental end forces of the element during t to tt  . 

The co-rotational (CR) formulation for planar beam elements has been thoroughly 
explained in many textbooks [9-12] and will not be repeated here. However, in 3D 
analysis, large rotations are not true vectors, and the rotation of element coordinate axes 
does not follow vector laws. The result of coordinate axis rotation depends on the se-
quence of rotations about each axis, making it impossible to directly extend the CR 
formulation for planar beam elements to spatial beam elements. In the following sec-
tions, three coordinate systems are established, and the nodal displacements in the ele-
ment’s co-rotational coordinate system are obtained using vector rotation transfor-
mations based on the relationships between these coordinate systems. 
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2.1 Three Coordinate Systems 

To obtain the nodal displacements that genuinely cause element deformation after sub-
tracting rigid body translation and rotation, three coordinate systems are established: 
(1) the structural coordinate system; (2) the element co-rotational coordinate system; 
and (3) the element end cross-sectional coordinate system. 

The structural coordinate system serves as the foundational coordinate system for 
the entire structural computation. By solving the structural equilibrium equations, the 

translational displacements and rotational displacements jU , j , 2,1j , at 

nodes are obtained, where j denotes the endpoints 1 and 2 of the beam element. 
The element co-rotational coordinate system is determined by the deformed position 

of the element, with its unit vectors denoted as 3,2,1, iei . The element defor-

mation, end forces, and stiffness matrix are defined in this coordinate system. 
The element end cross-sectional coordinate system has unit vectors denoted as 

2,1;3,2,1,  jie ij
s . Each of the two endpoints of the element corresponds to a 

cross-sectional coordinate system. The origin of this coordinate system is at the centroid 

of the end cross-section, with the normal direction to the cross-section chosen as s
jx1 , 

and the principal axes of the cross-section as s
jx2  and s

jx3 . 

The rotational deformation at the beam ends is determined by the rotation of these 
end cross-sectional coordinate systems relative to the element’s co-rotational coordi-
nate system. Clearly, at time t=0 , when the structure has not undergone displacement, 
the element is in a stress-free state, and the end cross-sectional coordinate system coin-
cides with the co-rotational coordinate system. 

2.2 Calculation of End Cross-Sectional and Co-Rotational Coordinate 
Systems 

For the sake of discussion, here is a brief introduction to the finite rotation formula. Let 

the initial position of vector R  be represented by OP , with the unit vector along the 
direction of rotation denoted as n . After a rotation of angle   around the n-axis, the 

resulting vector 
'R  is represented by OQ . Thus, the finite rotation formula can be 

expressed as figure 1. 

   sin)(cos)()(' RnRnnRRnnVQNVONR   (1) 

Using the finite rotation formula, the total rotation vector j of the end cross-sec-

tion at time tt   is applied to the end cross-sectional coordinate system ie  at time 

t=0 , yielding the unit vectors 2,1;3,2,1,  jie s
ij

tt of the end cross-sectional 



 (2) 

 (3) 
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coordinate system at time tt  . The co-rotational coordinate system 1x
tt  at time

tt   can be determined by the straight line passing through endpoints 1 and 2. 

  

Fig. 1. Vector Diagram of Finite Rotation 

An approximate method for calculating the basis vectors 2e
tt   and 3e

tt   of the 

co-rotational coordinate system is introduced first. Define the rotation vector 
*
j  from 

1e
tt   to e12 stt e1
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Applying the rotation vector *
j
 to 2,1;3,2,1,  jies

ij
tt , as shown in Fig-

ure 2. Clearly, s
j

tt e1
  and 

1e
tt  coincides with the deformed chord direction, while 

'
2
s
j

tt e  and 
3e

tt   represent the principal axis directions after pure torsion at the end 

cross-sections. Thus, the unit vectors 
2e

tt   and 
3e

tt   of the co-rotational coordi-

nate system should be taken as the average of the two end cross-sections: 

  3,2,/ '
2

'
1

'
2

'
1   ieeeee s

i
tts

i
tts

i
tts

i
tt

i
tt  

Next, a precise method for calculating the basis vectors 
2e

tt   and 
3e

tt   of the 

co-rotational coordinate system is introduced. Define the rotation vector from 
1e

tt   

to 
1e

t as *
j
, which can be computed using Equation (5). Applying the vector rotation 
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formula to 
2e

t  and 
3e

t  yields 
2e

tt   and 
3e

tt  . At this point, all three basis vec-

tors of the co-rotational coordinate system have been calculated. 

 
Fig. 2. Diagram of Co-Rotational System Calculation and Beam End Deformation 

2.3 Calculation of Total Beam End Deformation 

In the co-rotational coordinate system, element deformation can be decomposed into 
axial, bending, and torsional deformations. 

(1) Approximate Rotational Deformation Calculation: Based on the assumption 
that the deformation rotations at the two endpoints of the beam element are small. Un-

der this premise, the rotation vector *
j obtained from Equation (5) is decomposed 

along the axes 3,2,  ixi
tt

 to obtain the bending deformation increment

2,1;3,2,  jiij . Let 2,1,1 jj  be the rotation vector from 2e
tt   to 

'
2
s
j

tt e , which represents the torsional angle deformation increment at node j. From 

the above derivation, the following relationship is easily obtained 1211   . 

(2) Precise Rotational Deformation Calculation: Since rotational displacements 
are not vectors, they cannot be obtained by vector decomposition and synthesis between 
the global coordinate system and the co-rotational coordinate system. As shown in Fig-

ure 3, the rotational deformation 2,1;3,2,1,  jiij at the two ends of the element 
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can be determined based on the relationship between the end cross-sectional coordinate 
system and the basis vectors of the co-rotational coordinate system. 

 
Fig. 3. Diagram of Rotational Deformation Calculation 

The rotation deformation j3 about the z-axis is the angle between the projection of 

the vector sx1 in the xoy-plane and the x-axis; the rotation deformation j2 about the 

y-axis is the angle between the sx1 projection in the xoz-plane and the x-axis; and the 

rotation deformation j1 about the x-axis is the angle between the sx2 projection in the  

yoz-plane and the y-axis. First, transform the basis vectors 
s
ije of the cross-sectional 

coordinate system to the local coordinate system: 
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where sr  is the transformation matrix from the cross-sectional coordinate system 

to the local coordinate system, expressed as: 
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ijv is the vector after transforming the basis vectors 
s
ij

tt e
of the cross-sectional 

coordinate system to the local coordinate system. The projection vectors of 
s
j

tt e1


 in 

the xoy-plane, xoz-plane, and along the x-axis ( xyv , xzv , xv ), and the projection 

vectors of 
s
j

tt e2


 in the yoz-plane and along the y-axis ( yzv , yv ) are: 
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(3) Axial Deformation: Assume that in the co-rotational coordinate system, the lat-
eral deflection curve of the beam element follows a cubic (Hermitian) polynomial, the 
axial rotation varies linearly along the beam axis, and the membrane strain along the 
deformed beam axis is constant. Thus, the membrane strain can be calculated from the 
change in the arc length of the element. 

The lateral deflection curves of the beam element are: 

  3242233122111  NuNNuNxv   

  2243232123111  NuNNuNxw   

where v  and w  represent deflections in the 2x  and 3x  directions, respec-

tively, and iju , ij are the nodal displacements and rotations. 4,1, iNi  are shape 

functions, expressed as: 
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where c  is the current chord length of the element, cxi /21 is the di-

mensionless coordinate, and jx1  is the nodal coordinates 1x are in the co-rotational co-

ordinate system 2,1, jj . The current arc length along the beam axis is: 

 



1

1

1

2/12'2'1
2

dxwv
c

S  

2.4 Moving Reference Point Method 

Through the above analysis, the deformation and incremental end forces in the co-ro-
tational coordinate system have been obtained. However, the structural deformation is 
computed in the global coordinate system. Here, the moving reference point method is 
introduced to calculate the incremental end forces in the global coordinate system. 

Using vector rotation, the three basis vectors 3,2,1,  iei
tt of the co-rotational 

coordinate system at time tt   are obtained. Define the moving reference point co-

ordinate as kkk zyx ,, . Clearly, the moving reference point must lie along the direc-

tion of the vector 2e
tt   with an origin at some point on the element. Let the coordi-

nates of a point on the element at time tt   be eee
tt zyx

tttt  ,, , and the vector 

length be 1, then: 

kzzjyyixxe ekekek
tt tttttt

)()()(2



  

Using Equation (17), the reference point coordinates of the specified element at time 
tt   can be determined, thereby obtaining the coordinate transformation matrix of 

the element. 

3 Solution Methods for Nonlinear Equilibrium Equations 

The basic methods for solving nonlinear equilibrium equations include the incremental 
method, the iterative method, and the combined incremental-iterative method. 

In nonlinear solutions, the most effective approach combines the advantages of the 
incremental and iterative methods, applying the load in stages and iteratively solving 
the structure at each load step, known as the incremental-iterative method. In co-rota-
tional coordinate iteration, the external load is first divided into several incremental 
steps. At the start of each incremental load step, the elastic stiffness matrix, geometric 
stiffness matrix, and coordinate transformation matrix of the element are recalculated 
based on the structural displacements and end forces from the previous step. These are 
then assembled into the global stiffness matrix, which is decomposed, stored, and up-
dated as needed for iterations within the current load step using an iterative method. 
During iteration, residual unbalanced forces from the previous step typically exist. To 
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maintain structural equilibrium, the new nodal step equilibrium forces are calculated at 
the start of each incremental load step based on the current load increment and the re-
sidual forces from the previous step. 

Various convergence criteria exist in iterative computations, including displacement 
convergence, unbalanced force convergence, and energy convergence. This paper 
adopts the displacement convergence criterion, with the judgment standard as follows:  

     mqqMaxqqqqMax nnn 000001.0,,,001.0/,,/ 111   且  (16) 

The nonlinear computation in this paper uses the incremental-iterative method, with 
three iteration approaches: (1) tangent stiffness iteration; (2) constant stiffness iteration; 
and (3) hybrid tangent and constant stiffness iteration (i.e., performing tangent stiffness 
correction after n constant stiffness iterations). 

4 Numerical Example 

Based on the foregoing theory, the author developed a pure 64-bit nonlinear structural 
analysis program, NSAP (Nonlinear Structural Analysis Program), using VS2015 with 
MFC technology. This program is suitable for 3D nonlinear analysis of spatial struc-
tures. It supports multi-document editing, complies with Windows industrial standards, 
and features a user-friendly human-computer interface, embodying the visibility, inter-
activity, and responsiveness characteristic of Windows programs. 

Using structural data from Reference [13], NSAP was employed for analysis. A con-
centrated load was applied along the z-axis at the free end, causing the beam to undergo 
large spatial bending and torsional deformation, as shown in Figure 4. The beam is a 
45-degree curved beam in the X−Y plane with a radius of 100, a square cross-section 
of 1×1 , elastic modulus 710E , and shear modulus 6105G . The beam was 

divided into 10 elements, with a load increment of 10 per step. The computation results 
were satisfactory, and comparisons are presented in Table 1. The figures 4 and 5 show 
the beam configurations at initial time and after loading steps of 300, 600, 900, 1500, 
and 2400, with all data in the example being dimensionless. 

45

R=100

Fixed

P

 
Fig. 4. Schematic of Loaded Curved Beam
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Fig. 5. Deformation Process of the 45-Degree Spatial Curved Beam 

Table 1. Comparison of Free-End Coordinates of the 45-Degree Curved Beam After Defor-
mation 

NSAP ADINA-2 ANSYS 

x y y y

0 29.3 70.7 0.0 29.3 70.7 0.0 29.3 70.7 0.0 

300 22.2 58.5 40.4 22.15 58.57 40.45 22.23 58.44 40.47

600 15.7 46.8 53.6 15.60 46.92 53.62 15.89 46.65 53.57

900 --- --- --- 11.83 39.83 59.12 12.25 39.50 59.01

1500 --- --- --- 7.888 31.76 64.08 8.01 31.28 64.04

2400 --- --- --- 5.206 25.52 67.36 5.366 25.07 67.28

5 Conclusion 

This study successfully developed and implemented a method for analyzing the geo-
metric nonlinearity of spatial beam elements. By employing a co-rotational coordinate 
system and the moving reference point method, we effectively addressed the challenges 
faced by traditional approaches in handling large displacements and rotations. Unlike 
existing methods that rely on fixed coordinate systems or simplified kinematic assump-
tions, our approach significantly enhances the precision of distinguishing rigid body 
motion from true deformation by dynamically tracking the element’s rigid body mo-
tion, particularly excelling in scenarios involving large rotations. Furthermore, the in-
troduction of the moving reference point method streamlines coordinate transfor-
mations, substantially reducing computational overhead compared to the complex 
transformations or excessive dependence on iterative solvers typical of conventional 
methods, while maintaining consistency and reliability in the analysis. The developed 
nonlinear structural analysis program (NSAP) demonstrated its effectiveness through a 
test case involving a 45-degree spatial curved beam under concentrated loading. The 
results from NSAP showed strong agreement with those from ADINA and ANSYS, 
further confirming the accuracy and practicality of this approach. This work contributes 
a comprehensive framework to the field of structural engineering, enabling more 
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efficient and precise handling of large deformation effects in spatial beam elements. 
The proposed methods and techniques are applicable to a wide range of structures, en-
hancing the capability of finite element analysis to address geometric nonlinearity. Fu-
ture research could focus on extending this method to other element types, such as shells 
or solids, and exploring the coupled effects of material nonlinearity with geometric 
nonlinearity. 
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