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Abstract. In this paper, we discuss the existence of fixed point for set-valued
mappings in partially ordered partial metric spaces. Our theorems improve some
result of Sedhgi et al (2013). By using the contraction’s mapping principle of
Aydi et al (2012) and partial ordered’s definition on Gregorio (2014), we prove
that the existence of fixed points is guaranteed.
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1 Introduction

In economics and game theory, studying about setvalued mappings’ fixed points is very
important. This condition shows that the study of set-valued mappings’ fixed points
is quite applicable. This is one of the reasons why the research on the scope of set-
valued mappings’ fixed points continues to develop. The pioneer, Nadler in 1969 [1],
introduced the theorem about fixed point for set-valued mappings to generalize the con-
traction principle of Banach [2].

Theorem 1. [1] Suppose that (Q2,d) be a complete metric space and CB(Q2) = {A C
Q : A #0,A closed and bounded }. If F : Q — CB(Q) and there exist x € [0,1) such
that H(F(a),F(B)) < kd(a, B), for all a, B € Q, then set-valued .F has a fixed point.

Aydi et al. (2012) adapted the fixed point theorem introduced by Nadler to the context
of partial metric spaces [3].

Theorem 2. [3] Let (2,p) be a complete partial metric space and CBP(Q) = 1A C
Q:A#0,A closed and bounded } If F : Q — CBP () and there exist k € [0, 1) such
that HP (F(a),F(B)) < kp(e,B) for all o, € Q, then set-valued F has a fixed point.

The discussion about the theorem of set-valued mappings’ fixed points has been
extended to the context of metric spaces with partial order, as has been done by Beg and
Butt [4], who have shown the existence of setvalued mappings’ fixed points on partially
ordered metric spaces. What has been done by Beg and Butt aims to generalize the
theorem of single-valued mappings’ fixed point on metric spaces with partial order, as
has been done by Ran and Reurings [5].
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Theorem 3. [4] Suppose that (Q,<) is partially ordered set and (Q,d) is a complete
metric space. If a non-decreasing sequence o, — o in metric space €2, then ¢, <X Q,
Sor each n. Let mapping F : Q — CB(Q) satisfy the following conditions:

a. there exist kK € (0,1) with
H(F(a),F(B)) < xd(a, B)

Soreach a < 3
b. ifd(a,B) < € <1 for some B € F(a) therefore we have a. < 3,
c. there exist ay € Q and oy € \ script F (o) with oy < o such that d (op,0r) < 1,

then F has a fixed point.

The study about the theorem of fixed points for setvalued mappings on metric spaces
with partial order is still developing. Sedhgi et al [6] and Gregorio [7] conducted some
of the studies. Using the ordering relation defined by Altun and Imdad [8] , Sedhgi
proved the theorem of set-valued mappings’ fixed point on partial metric spaces with
partial order.

Theorem 4. Let (2, p) be a complete partial metric. If oo X 3 then p(o, &) < p(B,B),
SJorall a,f € Q. A function ¢ : Q — R is below bounded and < the ordered introduced
by ¢. Suppose that F : @ — 2% be a setvalued mapping, [r,0) denote the elements
of Q, namely B such that @ < B, and 4 denote the elements of a € Q such that
F(a)N[a,o) is nonempty set. Suppose that

a. Set-valued mapping F is upper semi continuous, that is, for o, € Q and 3, € F (o)
with o4, — O and B, — Po, implies that By € F (o),

b. M0,

c. foreach a € M, we have F(a) "M N [at,o0) # 0,

then F has a fixed point a*. It means there exists sequence (&) with 0,— < @, where
o, € F (), for each n, such that o, — o*. If mapping ¢ is lower semicontinuous,
therefore o, < o for alln

On the other hand, Gregorio used a relation to give the theorem of fixed point for set-
valued mapping in partial metric space with partial order.

Definition 1. Let (2,<) be a partially ordered set, and (2, p) is complete partial met-
ric space.

Let F : Q — CBP(Q) be set-valued mapping. Let we consider the definition of relation
as follows:

a.  S<UyJifforeach o € S, there exists T € J such that ¢ < 7.
b. S <UD Jif for each o € S, there exists 7 € J such as that ¢ < T and p(o,1) <
HP(S,7).

Moreover, suppose that ¢, f € Q such that o < 3 then F is called:
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a. monotone non-decreasing in type ( / ) when
F(a) <" F(B)
b. monotone non-decreasing in type (II) when
F(a) <" F(B)
Gregorio’s fixed point theorem as follow:

Theorem 5. [7] Let (Q2,<) be a partially ordered set and (2, p) is a complete partial
metric space. Suppose that mapping F : Q — CBP(Q) be a set-valued mapping with
four conditions:

a. there exist oy € Q such that ag' F (ap)

b. set-valued mapping F is monotone non-decreasing sequence of type (1)

c. if a4, — o is a non-decreasing sequence in €2 thus o, < o for each n

d. for each a,p € Q with o < B, H?(F(a),F(B)) < ¢(p(e,B))p(ex, B), where ¢ is
an MT-function,

then F has a fixed point.

Based on this work, we will combine the techniques that are employed by Aydi et al.
and Gregorio in improving Sedghi et al.’s fixed point theorem.

2 Preliminaries

For a metric space (£2,d), and suppose that

CB(Q)={AC Q: .o #0,A closed and bounded }

A point o € Q is fixed point of a set-valued mapping F : Q — CB(Q) if a € F(«).
Furthermore, the Pompeiu-Hausdorff metric is mapping H : CB() x CB(2) — [0, )
defined by

H(A,B) := max{d(A,#),d(B,A)} (1)

with the definition d(A,B) = sup{d(a,B) : o« € A} and d(ot,B) = inf{d(et, ) : B € B}.
Furthermore, a pair (CB(£2),H) is called by Pompeiu-Hausdorff metric spaces.

Matthews [9], in 1992, introduced a new concept of metric space, we can call it as
partial metric space, to generalize the metric space concept. One of the characteristics
of this partial metric space is the nonzero self-distance.

Definition 2. Let Q be nonempty set. Partial metric on L is a mapping p : 2 x Q —
[0,00) which satisfies following conditions:

(P1) p(a.,B) = p(B, )

(P2) If p(a, ) = p(a, B) = p(B. B) then o = B,

(P3) p(a, @) < p(a, B)

(P4) p(at,7)+p(B.B) < p(a,B)+p(B.7).

SJorall o, B,y € Q. Pair (2, p) is called a partial metric space.
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Every partial metric p that is defined on £ generates a Ty topology T, on £ which has

a base in the family of open p-ball
{Bp(a,e): o€ 2,e >0}

where

By(a,e) = {B € Q: p(a, B) < plat, ) +£}

for every o0 € Q2 and € > 0 [3,6,9-12]. A basic illustration of partial metric space
is the pair ([0,0), p), where p(a,B) = max{a, B} for all o, 3 € [0,00). Some partial
metric space’s properties in this work are refer to [12—14] and reference therein.

Definition 3. Let (2, p) be a partial metric space. A sequence (a,) is said to be a
convergence sequence to a point o € Q iff

p (ana (X) = p(OC, (X)
Definition 4. Let (2, p) be a partial metric space. A sequence (04,) is called Cauchy
sequence iff

)4 (O‘na am)

is finite.

Definition 5. Let (2, p) be a partial metric space. If every Cauchy sequence () con-
verges to point o € §2 such that

P (0, 04n) = p(a, @)

then (L, p) is known as complete partial metric space.

In 2012, Aydi et al[3] generalize Pompeiu-Hausdorff metric space to partial metric
space, so we have p Pompeiu-Hausdorff metric space or partial Pompeiu Hausdorff
metric space. Therefore, for a partial metric space (€2, p), we have

CBP(Q)={AC Q:A+#0,A closed and bounded } The p-Pompeiu-Hausdorff metric
is mapping

H? :CBP(Q) x CB?(2) — [0,00) defined

H?(A,B) :=max{p(A,B),p(%,A)} 2)

with the definition p(A,B) = sup{p(a,B): o« € A}, and p(o,B) =inf{p(e,B) : B € B}.
Furthermore, the pairs (CB? (Q), H?) is called p-Pompeiu-Hausdorff (partial Pompeiu-
Hausdorff) metric space.
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Theorem 6. Suppose that (2, p) be partial metric space, we have
a. p(A,A) =sup{p(a,a): o cA},

b. p(A,</) < p(A,B),

c. If (A,B) =0, then A =B,

d. p(A,B) < p(A,C)+p(C,B)

—inf{p(y,y): v€C}
foreach A,B,C € CB?(Q),

The following properties are refer to [3, 15—-17] and reference therein

Theorem 7. Let (Q,p) be a partial metric space. Suppose that A C Q A # 0, then
o € A ifand only if

p(a,A) = p(a, a)

Theorem 8. Ler (2, p) be a partial metric space, we have
a. HP(A,A) < HP(A,B),

b. HP(A,B) = HP(B,A),

c. HP(A B) < HP(A,C)+HP(C,B)

—inf{p(y,7y) : v € C}

d. IfHP(A,B) =0 then A = B,

foreach A,B,C € CB?(Q).

For our results, we use space which refer to the following definition.

Definition 6. A partial order is a binary relation < on Q which satisfies three condi-
tions:
a. o< o(reflexivity),
b.if o < B and B <X a then oo = B (antisymmetry),
c.ifa < B and B X ythen a X Y, (transitivity),

for all o, 3,7 € Q. The pairs (2, <) is called partially ordered set.

Definition 7. [18, 19] If (2, <) is partially ordered set and (,d) is metric space then
we have partially ordered metric space (2,d,<).

Definition 8. [18, 19] If (Q,d) in Definition 7 is complete metric space, then triple
(2,d, <) in Definition 7 is called complete partially ordered metric space.

3 Main Results

From Definition 7 and Definition 8 we can derive the general definition as an extended
result to the partial metric spaces.

Definition 9. If (Q,<) is partially ordered set and (Q, p) is partial metric space then
we have partially ordered partial metric space (Q2,p,<).
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Definition 10. If (2, p) in Definition 9 is complete partial metric space, then triple
(2, p, =) in Definition 9 is called by complete partially ordered partial metric space.

We begin with Theorem 9 that show the fixed point of set-valued mapping in partially
ordered partial metric space.

Theorem 9. Ler (2, p,=<) be a complete partially ordered partial metric space. Sup-
pose that mapping F : Q — CBP(Q), and [o,0) = {B € Qo< B}, alsoM={aecQ:
F(o)N[a, )} with M # 0 such that for each o € M,F(ot) "M N[, o) # 0. Suppose
that four assumptions are satisfied:

a. F is upper semi continuous, i.e. sequence o, € Q and B, € F (0y,) with o, — 0
and B3, — Bo implies By € F (o),

b. there exist ay € 2 and some oy € F (o) such that p (o, 0p) < 1,

c. for A,B € CBP(Q) with o € A and 3 € B satisfy p(a, ) < HP(A,B)

d. there exist x € [0,1) such that

HP(F(a),F(B)) < xp(a, B)
Sforall a < B.

then set-valued mapping F has a fixed point &, i.e. there exist sequence (04,) with
01 < O, whenever.

o € F(—1),n=1,2,3,...

Proof. Since M # 0, then there exist o € M. This means there exist @; € F (xo) "M
with oy < . Since o € F (), then by assumption 2 we have

p(oo,00) <1 3)
By assumption 4 , there exist k € [0, 1) such that
HP (F (00), F (eu)) < xp (00, 01)
for all ap < . Thus by inequality (3), we obtain
H? (F(a),F (o)) <xl=x

Since a; € F (ap) N M, this means o € M. This condition guarantee that there exist
o € F(ay) M with a; < o. Thus o € F (@) and by assumption 3 we have

plai, o) <HP(F(a),F(oy)) <k

So, we obtain
plai,m) <k “)

Furthermore, due to assumption 4, there exist k € (0,1) such that

HP (F(ou),F (o)) < xp(ou, o)
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for all o < . Then by inequality (4) we have

HP (F(0q),F(0p)) < K2

Lets consider that ap € F (a) NM so ax € M, then there exist a3 € F (0p) N M with
0 < 0. Therefore a3 € F (), and due to assumption 3, we have
plon,08) <HP (F(04),F (o)) < K>

By continuing this process, we have o, € F (0,—1) "M with o4, < ¢,. Thus o, € M
thus there exist
01 € F (o) NM

with o, < 0,11. Since @, +1 € F () then
P (0, Quy1) < HP (F (01, F () < K
Next, we show that (¢,) is Cauchy sequence in Q. For m,n € N with m > n, we have
P (G, Q) <p (0, On1) + P (Gt 1, On)
— P (Cut1, 0t1)

Sp ((xn,a,,H) +p(an+laam)
<K'+ p(Cuy1,Om)

Similarly, for p (0+1, ®,) We have
p (an+17 am) <p (an+1a an+2) +p (an+2> am)
- P (an+27 an+2)

<p (01, 0n12) + P (Cpy2, Oln)
<K+ p (G2, 0m)
Continuing in this way, we obtain
P (0, 0) < KT T2 ]
=k"(l+Kk+K++x"" 1
=Kk"(I+Kk+K++Kx"")
(1)
1-x
"
1—-x

=x"

<

Since Kk € [0,1), then lim p(a,0y,) = 0. This implies that (o,) is a Cauchy sequence
n,m—»oo

in 2. Considering that partial metric space €2 is complete then we know that ( o, ) is
converges sequences, namely o, — & whenever n — co. So, we obtain

p(anyam) = p((xn,a) = p(OC,OC)

Since F is semi continuous then o € F (). This means « is fixed point of F. Similarly,
we can establish the another condition as in the Theorem 10 below.
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Theorem 10. Suppose that (2,p,<) be a complete partially ordered partial metric
space.

LetF:Q —CBP(Q),(—,a]={fecQ:fa}landM={0ecQ:F(a)N(—,a]}
with M # 0 such that for every o € M, we have . (ot) "M N (—oo, &t] # 0.

Suppose that four condition are satisfied:

a. F is upper semi continuous, i.e, sequence a, € Q and 3, € F (a,) with @, — ®
and f3, — By implies By € F (o),

b. there exist oy € Q and some @; € F (o) such that p (ap,0) < 1,

c. forA, % € CB?(Q2) with @ € A and § € B we have p(c,3) < HP(A,B),

d. there exist x € [0, 1) such that

HY(F(a),F(B)) < xp(a,B)
forall B < o,

then F has fixed point a and there exist sequence (o) with o, < o,—1 with o, €
F(ay—1),n=1,2,3,... such that o, — .
Proof. The proof is following Theorem 9’s proof.
If we replace the first conditions in

Theorem 9 by this condition:”if any sequence in Q, ¢, — ¢« whose concecutive
terms are comparable then o, < « for all n”, while other conditions are still met, we
will have conclusion that F' has fixed point. This result is described in the Theorem 11
below.

Theorem 11. Suppose that (2,p,<) be a complete partially ordered partial metric
space. Suppose that F : Q — CB?(Q), [a,)={B € :a=< B}, and
M={aecQ:F(a)n[o,)} with M # 0 such that for each a0 € M,F(ot) "M N
[@,00) # 0. Suppose that four conditions are followed:

a. if oy, — o where @, @, € Q for all n whose have comparable concecutive terms
then o, < « for all n,

b. there exist oy € Q and some @; € F (o) such that p (ap,0) < 1,

c. forA,B € CBP(Q) with o € A and B € B we have p(a,3) < HP(A,B),

d. there exist x € [0, 1) such that

HP(F(a),F(B)) < kp(a,B)
for all @ < f3,

then « is fixed point of ..
Proof. On the similar line with the proof of Theorem 9, we only have to check that
o € F(a). Let € > 0. Since o, — « then there is N € N such that for n > N

pla,, o) —pla,o) < % 5)

where k € [0,1). Similarly,
p(0n,00) =0 (6)
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where n — oo. It means p(c, o) = 0. Therefore, for k above, by condition 4 we have
and
HP (F (o), F(at)) < kp (04, @)

HP(F(0),F(@)) < kp(at, 1)
Therefore, we obtain
HP (F (o), F(a)) —HP(F(a), F(a))
<k (p(og, ) = p(a, @)

By (5) we have
H? (F (o) ,F(a)) —HP(F(a),F(@)) < €

This conditions means F (o) — F ().
Since a,4+1 € Z (@) then

P (i1, F(@)) < p(F (o), F(a))
< HP(F (o), F(a))
Since F (o) — F () then H? (F (o), F (o)) — 0, it implies
p(Cui1, 7 () =0 (7
for n — oo. Furthermore, by using the properties of partial metric we have

p(a,F(@)) <p(a,0ui1) +p(Cus1,F(a))
- p(anJrl P an+1)
SP(‘L (Xn+1) +p(an+1 ,F(Ot))

Then by (6) and (7) we obtain p(a,F(a)) = 0. Therefore we have p(o,F (o)) =
p(a,o), soitmeans o € F(a).

Since F(a) € CBP(a) then o € F (o) = F(a). So, we conclude that ¢ is fixed point of
F. In the same way, we show that the result in the Theorem 12 is proven. Theorem 12

below can be proven in the same way as Theorem 11

Theorem 12. Let (Q, p, <) be a complete partially ordered partial metric space.

Let F: Q -5 CB’(Q), (—=,0]={feQ:fxatandM={aecQ:F(a)n
(—eo, ]} with M # 0 such that for every o € M,F(a) "M N (—oo, 0] # 0. Suppose
that four condition are satisfied:

a. if oy, — o where a, @, € Q for all n whose have comparable concecutive terms
then o < a, for all n,

b. there exist @y € £ and some o € F () such that p (ap,04) < 1,

c. forA,B € CB?(Q) with o € A and B € B we have p(a,3) < HP(A,B),

d. there exist x € [0, 1) such that

HP(F(a),F(B)) < xp(a,B)
for all B <% «,

then « is fixed point of .7.
Proof.The proof of this theorems follows on the similar lines as Theorem 11
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